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Uvod

Habilitacni prace je souborem ¢lanku [1] — [4]. T¥i z nich byly publikovény v ¢asopise Semigroup
Forum, ktery je evidovan v databazi Web of Science, jeden byl publikovan v ¢asopise Acta
Scientiarum Mathematicarum, ktery je evidovan v databazi Scopus.

Préace stru¢né popisuje hlavni vysledky ¢lanki [1] — [4]. Na vhodngch mistech jsou pfipome-
nuty definice a také je strucné popsan kontext naseho vyzkumu, tedy prace a vysledky jinych
autort vztahujici se ke studované problematice.

Aby habilita¢ni prace byla kompaktnéjsi, sestava z vybranych ¢lanku, které se, aZz na jeden,
vénuji jednomu tématu — varietam uspotradanych pologrup. Jeden ¢lanek se zabyva enumeraci
usporadanych pologrup. Po vysloveni definice néjaké struktury (napiiklad usporadané polo-
grupy) totiz pfirozené vyvstane otazka, kolik takovych struktur existuje. V referencich lze pak
najit seznam dalsich praci autora z teorie pologrup ([5] — [16]).

Dva z ¢lankt, zarazenych do této prace, maji spoluautora. Spoluatorem ¢lanku [1] je Libor
Polék a spoluautorem ¢lanku [2] je Petr Gajdos. V prvnim pfipadé byl pfinos autori rovnocenny.
Vysledk ¢lanku [1] bylo dosazeno na zakladé spole¢nych konzultaci a diskusi. Ostatné, varietam
polosvazové uspofadanych pologrup se autor zacal vénovat jiz ve své diplomové praci [5], jejimz
vedoucim byl pravé docent Libor Polak. Co se tyka ¢lanku [2], autor sestavil teoretickou Cast
(naptiklad algoritmus pro konstrukci, klasifikaci a enumeraci usporddanych pologrup), Petr
Gajdos pak programoval a vénoval se realizaci vypoc¢ti. Podle nazoru Petra Gajdose byl piinos
autora nadpolovi¢ni. Kvantitativné tedy autortv pfinos k ¢lanktm [3, 4] byl 100%, k ¢lanku
[1] byl 50% a k ¢lanku [2] byl 70%.

Podékovani

Dékuji docentu Liboru Polakovi za to, Zze mne uvedl do svéta pologrup, a za vSechno, co
jsem se naucil pod jeho vedenim.

Dékuji Petru GajdoSovi, na néjz jsem se vzdy v pripadé potifeby mohl obratit jako na
vyborného programatora.

Dékuji Jitimu Ptibylovi za pomoc s pocitaci, tiskdrnami a systémem pocitacové sazby zva-
nym TEX.

Dékuji své zené Irence za péci, trpélivost a lasku.

Dékuji svym détem Marence, Jenikovi a Kubikovi za trpélivost a mnoho radosti.



1 Usporadané pologrupy

1.1 Definice
Uspotadana pologrupa je struktura (.5, -, <), kde
1. (S,-) je pologrupa
2. (5, <) je usporadand mnozina
3. Pro vsechna a, b, c € S plati: Jestlize a < b pak ca < ¢b a ac < be.

Uvedme par jednoduchych (a také dilezitych) ptikladi usporadanych pologrup. V celé praci
budeme symbolem P(M) oznacovat potenéni mnozinu mnoziny M, symbolem P (M) mnozinu
vsech konecnych neprazdnych podmnozin mnoziny M a symbolem P(}(M ) mnozinu vsech ko-
necnych podmnozin mnoziny M.

1. Relaci délitelnosti na mnoziné pfirozenych ¢isel oznacme | (tedy a | b pravé kdyz existuje
ptirozené ¢islo ¢ spliujici ac = b). Pak (N, -, |) je uspofadany monoid.

2. ([20], XIV. 1., piiklad 2) Necht S je pologrupa. Definujme operaci - na potenéni mnoziné
P(S) takto:
A-B=AB={abla€c Abec B}.

Pak (P(S), -, C) je uspofadana pologrupa.

Zakladni informace o usporddanych pologrupach lze najit napfiklad v knize [23].

Uvazme jazyk L, ktery obsahuje jeden operac¢ni symbol - cetnosti 2 a jeden rela¢ni symbol
< Cetnosti 2. Jsou tedy uspotadané pologrupy strukturami jazyka L.

V jazyku L uvazme teorii T' = {z - (y-2) = (x-y) -2z, v <z, <y & y<z) >z =
Yy, (e <y&y<z)mar<z,e<y—z-ax<zy r<y—z-z<y-z} Struktura A jazyka
L je uspotradana pologrupa pravé tehdy, kdyz A je model teorie T

Tiida vsech usporadanych pologrup je kvazivarieta, protoze kazdy axiom teorie T je kva-
ziidentita (viz napfiklad [39], str. 126).

Polosvazové uspofadané pologrupa je struktura (S, -, V), kde

1. (S,-) je pologrupa
2. (S,V) je polosvaz
3. Pro vSechna a,b,c € S plati: ¢(a Vb) =ca V cb, (aV b)c=acV be.

Jesté obecnéjsi strukturou jsou multiplikativni polosvazy. Jejich definici dostaneme tak, ze
podminku 1 v definici polosvazové uspofadané pologrupy nahradime pozadavkem, aby (.S, )
byl grupoid. Jak uvadi Birkhoff ([20], XIV.4.), poprvé tento pojem zavedli Dubreil-Jacotin,
Lesieur a Croisot v knize [32].



Kazdy distributivni svaz (D, A, V) je polosvazové usporadana pologrupa, pokud za operaci
- vezmeme operaci A.

Na polosvazové usporadané pologrupy lze nahliZet (a mnozi autofi tak ¢ini) také jako na
polookruhy s komutativnim a idempotentnim s¢itanim.

Polosvazové usporadané pologrupy jsou studovany také v teoretické informatice. O tom se
lze docist v knize [40] v kapitole ”Semirings with particular properties” (kapitola 5, strany 68
az 88).

Ttida vSech polosvazové usporadanych pologrup je varieta.

Necht (S, -, V) je polosvazové usporadand pologrupa. Na mnoziné S definujme relaci < takto:
a<b< aVb=0>b Pak (S,-, <) je usporddana pologrupa.

Nyni uvedeme tii jednoduché, prirozené a také dilezité priklady polosvazové usporadanych
pologrup.

1. ([20], XIV.4., priklad 4) Necht (A, V) je polosvaz. Na mnoziné End(A, V) vSech endomor-
fismt polosvazu (A, V) definujme operace o a V takto:

(a0 B)(a) = a(B(a)), (aV p)(a)=ala)V 5(a)
(o, B € End(A, V), a € A). Pak (End(A, V), 0, V) je polosvazové uspofadané pologrupa.
2. Necht S je pologrupa. Pak (P(S5),-,U) a (P¢(S),-,U) jsou polosvazové uspotfadané polo-
grupy.

3. Necht A je mnozina. Pak mnozina Rel(A) vSech binarnich relaci na mnoziné A s operacemi
skladani a sjednoceni je polosvazové usporadana pologrupa.

Dilezitost uvedenych prikladd vyplyva z nasledujicich tii veét.

Véta 1 ([1], Theorem 2.4). KaZdd polosvazové usporadand pologrupa je izomorfni podstrukture
polosvazové uspordadané pologrupy (End(A,V),o,V) pro vhodny polosvaz (A, V).

Symbolem X budeme znaéit mnozinu X = {xy,x2, z3,...}. Volnou pologrupu na mnoziné
X oznacime X ™.

Véta 2 ([1], Theorem 2.5). (Pp(XT),-,U) spolu s vnotenim k : x — {z}, v € X, je volnd
algebra na mnozine X wve varieté vsech polosvazové usporddanych pologrup.

Strukturu (P;(X™),-,U) budeme déle struéné oznafovat X".

Rikame, Ze polosvazové usporadand pologrupa (S, -, V) je reprezentovatelns binarnimi rela-
cemi, existuje-li mnozina A a injektivni homomorfismus f : (S,-,V) — (Rel(A), o, U).

Pfipomenme, ze polosvaz (A, V) se nazyva distributivni, pokud pro vSechna z,y,z € A,
r<yVz=xz=y VZprongakiy, 2 € A vy <y, 2 <z



2 3 4 3 6 7 8 9
5 24 188 1915 28634 1627672 3684030417 105978177936292

Tabulka 1: Pocet vSech neizomorfnich pologrup fadu n

Véta 3 (H. Andréka [18], Theorem 1). Necht (A,-,V) je polosvazové usporidand pologrupa
takovd, Ze (A, V) je distributivni polosvaz. Pak (A, -, V) je reprezentovatelnd bindrnimi relacemi.

V ¢lanku [1] je podan pfimy a elementarni diikaz nasledujiciho disledku Véty 3.

Dusledek 4 ([1], Theorem 2.7). Necht S je pologrupa. Pak polosvazové usporadand pologrupa
(P(S),-,U) je reprezentovatelnd bindrnimi relacemi.

1.2 Enumerace

V této ¢asti budeme predevsim prezentovat vysledky ¢lanku [2].

V predchozi ¢asti jsme definovali usporadanou pologrupu. Naskyta se prirozenad otazka:
Kolik usporfadanych pologrup existuje v zavislosti na po¢tu prvka (¢ili fadu)? Pfitom izomorfni
usporadané pologrupy budeme pii tomto pocitani ztotoznovat.

Usporadané pologrupy (Si,-1,<1) a (Sa, 2, <s) jsou izomorfni, pokud existuje bijekce ¢ :
S1 — S takova, ze

L o(z-1y) = o) 2 0y)
2. 1 <1y = o(r) <2 90(y)

pro vSechna x,y € S;. Bijekce ¢ se nazyva izomorfismus.

Fakt, ze struktury A, B téhoz jazyka jsou izomorfni, oznac¢ime A = B. Jestlize (51,1, <1) &
(S2, -2, <o) pak (S, -1) = (59, -2) a také (S, <q) = (57, <2). Opac¢na implikace obecné neplati.

Pocet vSech neizomorfnich pologrup fadu n oznaé¢me S(n), pocet vSech neizomorfnich uspota-
danych mnozin fadu n ozna¢me OSet(n).

Enumeraci pologrup se zabyvala fada autorti. Patrné nejvyznamnéjsi prace napsali Plem-
mons, Jiirgensen, Wick, Satoh, Yama, Tokizawa, Distler. Nyni jsou zndmy hodnoty S(n) pro
n < 9. Hodnotu S(9) poprvé zvefejnil Distler v [27] (viz také [29]). V praci [27] je také uvedena
prehledna tabulka obsahujici hodnoty S(n) pro n < 9 (strana 139, Table A.16). Tyto hodnoty
1ze najit také v [59], posloupnost A027851. My je uvadime v tabulce 1.

Pfipomenime, Ze pologrupy (51, 1) a (S, 2) se nazyvaji antiizomorfni, pokud existuje bijekce
Y Sy — Sy takova, Ze ¢ (x-1y) = 1 (y) -2 () pro viechna z,y € S;. Rikdme, ze dvé pologrupy
jsou ekvivalentni, jestlize jsou izomorfni nebo antiizomorfni.

Hodnota S(10) dosud zndma neni. AvSak Distler, Jefferson, Kelsey a Kotthoff v [28] jiz
uvadéji, ze pocet vSech neekvivalentnich pologrup fadu 10 je 12418001077381302684.



n OSet(n)
1 1
2 2
3 5
4 16
5 63
6 318
7 2045
8 16999
9 183231
10 2567284
11 46749427
12 1104891746
13 33823827452
14 1338193159771
15 68275077901156
16 | 4483130665195087

Tabulka 2: Pocet vSech neizomorfnich usporadanych mnozin fadu n

Enumeraci usporadanych mnozin se také zabyvala fada autorti. Nejdale prozatim postou-
pili Brinkmann a McKay. V [24] popisuji efektivni metodu konstrukce vzajemné neizomorf-
nich usporddanych mnozin a také podavaji vysledky ziskané pocitacovym programem. Urcili
OSet(n) pro n < 16 (viz také [59], posloupnost A000112). Tyto hodnoty jsou zde uvedeny v
tabulce 2.

Pocet vSech neizomorfnich uspotfddanych pologrup fadu n ozna¢me OS(n), pocet vSech
neizomorfnich linedrné uspofadanych pologrup fadu n ozna¢me LOS(n).

Dtive se autofi vénovali enumeraci usporadanych pologrup pouze ve dvou extrémnich pri-
padech, a to pro diskrétné usporadané pologrupy (tj. pro pologrupy usporadané relaci =) a pro
linedrné uspotradané pologrupy. Uvédomme si, ze usporadané pologrupy (51,1, =) a (52,2, =)
jsou izomorfni pravé tehdy, kdyz jsou izomorfni pologrupy (Si,:1) a (Ss,-2). To znamena, Ze
tabulka 1 je také tabulkou poc¢tu vSech neizomorfnich diskrétné uspotradanych pologrup radu
n <9.

Jen nékolik autort se vénovalo enumeraci linearné usporadanych pologrup (Gabovich, Jiir-
gensen, Slaney). Pfed publikaci ¢lanku [2] byly znamy hodnoty LOS(n) pro n < 8 ([56], 4.1.5,
strana 61, a [59], posloupnost A084965). V [2] jsou nové uréeny hodnoty LOS(9) a LOS(10).

My (Petr Gajdos a autor habilita¢ni prace) se v [2] vénujeme konstrukei, klasifikaci a enu-
meraci pologrup usporadanych libovolné.

Potiebujeme vhodnou reprezentaci usporadanych mnozin. Pro kladné celé ¢islo n oznac¢ime
mnozinu {1, 2, ...,n} struéné jako [n]. Necht (F, <) je uspofadand mnozina s n prvky. Vezméme



bijekci f : [n] — E takovou, ze f(i) < f(j) implikuje i < j, pro v8echna i,j € [n]. Takova
bijekce existuje, protoze < ma linearni rozsifeni. Definujeme bindrni matici A = (a;;) typunxn

takto:
a,:{ L f(i) 2 ()
K 0 f(i) 2 f(5)

pro libovolnd i, j € [n].
Znédme-li matici A a bijekci f, pak zname relaci <. Jestlize ztotoznime f(i) a i (tj. prvek
f (i) oznac¢ime jako i), pak F = [n] a i < j implikuje : < j a

N A Ay
W0 4
pro libovolnd i, j € [n].

Vsimnéme si, ze vsechny prvky matice A lezici pod hlavni diagonélou jsou rovny 0 a vSechny
prvky matice A lezici na hlavni diagonéle jsou rovny 1. V dusledku toho kompletni informace

o relaci < je obsazena v binarni posloupnosti délky "2;  totiz v posloupnosti

a12...01p " A23...02n ... An—2n—-10n—2n * Ap—1,n-

Tato notace pomoci binarni posloupnosti slouzi hlavné k zapisu usporadané mnoziny v sevieném
tvaru, coz je vhodné pro tabulku 3 v [2] (strany 649 — 659). Aby se tyto posloupnosti lépe cetly,
klademe tecku mezi a;;, & ;11,42 (pro 1 <i <n —2).

Mnozinu v8ech automorfismi usporadané mnoziny E oznacime Aut(E). Mnozina Aut(E) je
podgrupou symetrické grupy Sym(F) mnoziny E. Jestlize E je slozena z prvkua 1,2,...,n, pak
Aut(FE) je podgrupa symetrické grupy Sym(n).

Diilezitost grup automorfismt usporadanych mnozin pro nase tcely ukazuje tifeba tento
fakt: Necht (.S, <X) je uspofddand mnozina. Pak uspotdadané pologrupy (S, *, <), (S, 0, <) jsou
izomorfni pravé tehdy, kdyz existuje 7 € Aut((S, X)) tak, ze m(x*y) = m(z)on(y) (pro vsechna
z,y €5).

Pro kladné celé ¢islo n uvazme rozklad mnoziny vSech usporadanych mnozin s prvky 1,...,n
podle ekvivalence =. Mnozinu reprezentanti vSech t¥id ekvivalence oznac¢ime OSET (n).

V ¢lanku [2] jsme popsali konstrukei vSech neizomorfnich uspofadanych pologrup fadu nej-
vySe 7. Pron € {1,2,3,4,5,6,7} jsme potfebovali znat OSET (n) a grupy automorfismii vSech
prvki z OSET (n).

Necht A je binarni matice typu nxn. Definujeme binarni relaci p4 na mnoziné [n] nasledovné:
ipaj pravé tehdy, kdyz a;; = 1 (pro 4,7 € [n]).

Mnozinu OSET (n) jsme urcili takto:

S vyuzitim pocitace jsme nasli binarni matice A, As,..., A; typu n x n s 0 pod hlavni
diagonalou a s 1 na hlavni diagonale takové ze

([n]vpz‘h)’ ([n]vaz)’ SRR ([n]apAz)



jsou vSechny neizomorfni uspofadané mnoziny s n prvky. Mame OSET (n) = {4y, As, ..., A}
Samoziejmé, [ = OSet(n).

Nase konstrukce mnoziny OSET (n) nebyla efektivni, byla provedena metodou hrubé sily.
Efektivni metodu konstrukce vzajemné neizomorfnich usporadanych mnozin popsali Brinkmann
a McKay v [24].

Déle jsme pro vSechna A € OSET (n) (n € {1,2,3,4,5,6,7}) urcili grupu Aut(A). Pro
kazdou permutaci # € Sym(n) jsme testovali, zda ipaj a mw(i)pam(j) jsou ekvivalentni pro
v8echna i, j € [n]. Permutace spliiujici uvedenou podminku patii do Aut(A).

Uvedena metoda opét neni efektivni, je to metoda hrubé sily. Pfeiffer v [42] urcil pocet
vsech neizomorfnich uspofadanych mnozin s n prvky pro n < 12 a také urcil jejich grupy
automorfismu (viz také [59], posloupnost A091070).

Necht n je kladné celé ¢islo. VSechny neizomorfni usporadané pologrupy fadu n jsme sestro-
jili ve dvou krocich: Nejprve jsme uréili mnozinu

OSET(R) = {([TL], j1)> ([TL], 52)7 R ([n]’ jOSet(ﬂ)H"

Konstrukce mnoziny OSET (n) je popsana vyse. Pak jsme pro kazdé i € {1,...,0Set(n)} nasli
v8echny neizomorfni usporadané pologrupy tvaru ([n], *, <;). Oznacime je
([n]a *i17 jz)u ey ([n]7 *ipm jz) Pak

([TL], *ijs jl) 1= 1, .. .,OSet(n), j = 1, oy Di

jsou vSechny neizomorfni usporadané pologrupy s n prvky.
Necht S je pologrupa. Pro kladné celé ¢islo n definujeme mnoziny S™ rekurzivné nasledujicim
zpusobem:

1. St=S
2. S" = SS" ! pron > 1.

Necht £ je kladné celé ¢islo. Pfipomenime, Ze k-nilpotentni pologrupa je pologrupa S s
vlastnostmi card(S*) = 1 a card(S') > 1 pro vSechna celd ¢isla [ splitujici 0 < [ < k. Tudiz
1-nilpotentni pologrupy jsou pfesné pologrupy s jednim prvkem a pologrupa S je 2-nilpotentni
pravé tehdy, kdyz card(S) > 1 a existuje b € S takové, ze xy = b pro vSechna x,y € S.

Jesté nez zformulujeme hlavni algoritmus z ¢lanku [2], uvedeme formuli pro O2N.S(n), kde
O2N S(n) znaéi pocet vSech neizomorfnich usporddanych 2-nilpotentnich pologrup fadu n.

Tvrzeni 5 ([2], strana 644). Necht n je kladné cel€ ¢islo. Pak

1
O2NS(n) = Z W' Z F(r) ],

EcOSET (n) TEAUt(E)



O2NS(n)

11

47

243
1533
12038
118818
1487301
10 23738557
11 484673601
12 | 12677658783
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Tabulka 3: Pocet vsech neizomorfnich usporadanych 2-nilpotentnich pologrup fadu n

kde F(7) je pocet pevnych bodi permutace T.

Pouzitim formule z Tvrzeni 5 byly vypocteny hodnoty O2N S(n) pron < 12. Zde je uvadime
v tabulce 3. Byli jsme schopni vypo¢itat hodnoty O2N.S(n) pro n < 7 a hodnoty O2N S(n) pro
n < 12 na nasi zaddost laskavé vypocital Goetz Pfeiffer ze svych tidaji o grupach automorfismi
usporadanych mnozin.

Uvedené hodnoty ukazuji rozdil mezi pologrupami a usporadanymi pologrupami. Napiiklad,
existuje pouze jedna 2-nilpotentni pologrupa se 7 prvky, ale existuje 12038 usporadanych 2-
nilpotentnich pologrup se 7 prvky.

Nyni jiz koneéné uvedeme hlavni algoritmus ¢lanku [2] a poté budeme komentovat vysledky
vypocti.

Necht n je kladné celé ¢islo. Necht ([n], <) je usporadand mnozina. Chceme sestrojit vSechny
neizomorfni usporadané pologrupy tvaru ([n], *, <).

Necht M, (U) zna¢i mnozinu vSech matic typu n X n nad mnozinou U. Kazd& matice A =
(a;;) € M,([n]) uréuje bindrni operaci *4 na [n] predpisem

i*Aj:CLij

(i,7 € [n]). Takze A je Cayleyho tabulka operace 4.
Pro kazdou permutaci 7 € Sym(n) a kazdou matici A € M, ([n]) definujeme

m(A) = B = (by;) € My([n]),

kde
bij = ’/T(Clﬂ-—l(i)m.—l(j))

(pro i,j € [n]).

10



Ozna¢me C,([n], %) mnozinu vSech A € M, ([n]) takovych, Ze operace *, je asociativni
a kompatibilni s relaci < (tj. pro vSechna i,5,k € [n], i < j implikuje i x4 k < j*x4 k a
kxai=Fkxyj). Takze

Cn([n], X) = {A € M,([n])| ([n], *4, =X) je usp. pologrupa}.

Definujeme binarni relaci = na mnoziné C,([n],=X) nasledovné: Pro A, B € C,([n], =),
A = B tehdy a jen tehdy, kdyz m(A) = B pro néjaké m € Aut(([n], =)). Plati

Lemma 6 ([2], Lemma 3.4). Relace = je relace ekvivalence na mnoziné C,([n], X) a pro vSechna
A, B € C,([n], X) plati: ([n], x4, <) = ([n], x, X) prdvé tehdy, kdyz A = B.

Zajima nas tedy faktorova mnozina C,([n], %)/ =.
Necht C,([n], <)/ = = {T1,T2...,T,}. Uvédomme si, ze p je pocet vSech neizomorfnich
usporadanych pologrup tvaru ([n], x, <).
Mnozina M, ([n]) je linedrné uspotradana relaci <, ktera je definovana nésledujicim pravi-
dlem: Necht A, B € M, ([n]). Pak
A<B

pravé kdyz a;; = b;; pro vSechna i, j € [n| nebo existuje dvojice k,1 € [n] tak, ze
apr < by

(symbol < zde oznacuje ostré obvyklé usporadani celjych ¢isel) a a;; = b;; pro vSechna i, j € [n]
splnujici
j+ (=1 n<l+(k-1)n
Jako obvykle, A < B znamend A < B a A # B.
Sestrojili jsme matice Ay, As, ..., A,, které pro kazdé i € {1,2,...,p} spliuji
1. A, €T,
2. A; < B pro vsechna B € T;.

Necht A = M,,([n] U {0}). Na matici A se mizeme divat jako na tabulku parcidlni bindrni
operace na mnoziné [n|. Necht i,j € [n]. Jestlize a;; = 0, pak prvek ¢ %4 j neni definovan.
Jestlize a;; # 0, pak @ x4 j = a;;.

Necht A € M, ([n] U{0}). Definujeme mnozinu matic R(A) pfedpisem

R(A) = {B € M,([n])| pro lib. 7, j € [n], a;; # 0 implikuje b;; = a;;}.

Tudiz R(A) je mnozina v8ech matic, které ziskdme tak, Ze vSechny nuly v A nahradime
prvky mnoziny [n].
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Necht opét A = (a;;) € M,([n]U{0}). Necht k € [n]. Definujeme matici k(A) = B = (b;;) €
M, ([n]) predpisem
b" _ { aij CLZ‘j 7é0
ij

k aij:0

Tudiz k(A) je matice, kterou ziskdme tak, Ze vSechny nuly v A nahradime prvkem k. Ziejmé
k(A) € R(A). Pokud A € M,([n]), je k(A) = A.
Je ziejmé, ze
1(4) < B < n(A)
pro v8echna B € R(A).
Pro kazdou permutaci 7 € Sym(n) a kazdou matici A € M,,([n] U {0}) definujeme

7(A) = B = (bij) € My([n] U{0}),

b — { Ta1051()) G am1g) # 0
S0 Ur-1(3),7-1(5) = 0

Jestlize A € M, ([n]), pak T(A) = 7(A).
N4&s algoritmus je zalozen na myslenkach, které prezentoval Plemmons v [47]. Rozdil spociva
v tom, Ze my pouzivame grupu automorfismi Aut(([n], <)) misto symetrické grupy Sym(n).

Algoritmus 7 ([2], Algorithm 3.5). Vstup: Uspofddand mnozina ([n], <) pro néjaké kladné
celé ¢islo n.

Vystup: matice Ay,..., A, € M,([n]) takové, ze ([n], *4,,=X),...,([n], *4,, %) jsou vSechny
neizomorfni usporadamé pologrupy tvaru ([n], *, <).

Algoritmus pracuje s matici A = (ag) € M, ([n] U{0}) a s celymi ¢isly ¢,4,j,1 <i<n,1 <
Jj<n.

1. (Inicializace.) ay <— 1 pro vSechna k,l € [n], ¢ <~ 1, i< n, j < n, A, < A.
2. Jestlize a;; < n, pak a;; < a;; + 1 a jdi na krok 4.
3. (Mame a;; = n.)

(i) a;; + 0

)
(ii) Jestlize j > 1, pak j < j — 1 a jdi na krok 2.
(i)

)

(Mame j = 1.) Jestlize i > 1, pak i < i — 1, j < n a jdi na krok 2.
(iv) (Mame j =i = 1.) Vypocet kon¢i a mame vSechny matice A;, As, ..., A,.

4. (Test asociativity.) Jestlize aj,, # 0, akq,, # 0, ar # 0, Gayym # 0 & Ak q,, F Gayym PIO
néjaké k, [, m € [n], pak jdi na krok 2.
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5. (Test kompatibility.) Jestlize k < I, amr # 0, amy # 0, @k 2 @y nebo k < 1) agy, # 0,
Ay 7 0, g 2 pro néjaka k, [, m € [n], pak jdi na krok 2.

6. (Test izomorfismu.) Jestlize n(7w(A)) < 1(A) pro néjaké m € Aut(([n], X)), pak jdi na krok
2.

7. (i) Jestlize j < n, pak j < j+ 1 a jdi na krok 2.
(ii) (Mame j = n.) Jestlize i < n, pak i «— i+ 1, j + 1 a jdi na krok 2.
(iii) (Mame j=i=mn.) ¢+ g+ 1, A, < A ajdi na krok 2.

Abychom sestrojili vSechny neizomorfni usporadané pologrupy s n prvky, musime najit
v8echny neizomorfni uspofddané mnoziny (|[n], <;) s n prvky, i = 1,...,0Set(n), a pak apli-
kovat Algoritmus 7 na kazdou uspofddanou mnozinu ([n], <;), i = 1,...,0Set(n). Ziskané
uspotradané pologrupy jsou roztfidény podle typu svého usporadani.

Popsanym zptisobem se nam podarilo sestrojit vSechny neizomorfni uspofadané pologrupy
s n prvky, kde n < 7.

V [2], Table 3, jsou uvedeny po¢ty uspotadanych pologrup s n prvky postupné pro n =
1,2,3,4,5,6. Binarni posloupnost v prvnim sloupci urc¢uje relaci usporadani na [n] a to zptso-
bem, ktery jsme jiz vyse popsali. Symboly s, ¢, m, b, r, i, 2, 3 v zdhlavi tabulky jsou zkratky:

e s — pologrupa

¢ — komutativni pologrupa (zy = yz pro vSechna x,y € S)

e m — monoid (S mé neutralni prvek)

b — band (z? = x pro vSechna = € S)

e r — reguldrni pologrupa (pro vSechna x € S existuje prvek y € S takovy, Zze zyr = x a
yry =y)

e i — inverzni pologrupa (pro vSechna x € S existuje pravé jeden prvek y € S takovy, Ze
TYr = a yry = y)

e 2 — 2-nilpotentni pologrupa (card(S?) =1 a card(S) > 1)
e 3 — 3-nilpotentni pologrupa (card(S®) =1 a card(S?) > 1)
Jako ptiklad uvedme jeden fadek z tabulky Table 3:

S c m b r 1 2 3
1111.000.00.0 1740 277 199 244 313 44 2 118
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pocet prvki 1 2 3 4 5 6 7
pologrupy 1 11 173 4753 198838 13457454 4207546916
komutativni pologrupy 1 7 83 1468 37248 1337698 71748346
monoidy 1 4 37 549 13371 504634 32113642
bandy 1 7 69 1035 20305 494848 14349957
regularni pologrupy 1 8 76 1149 22419 546386 15842224
inverzni pologrupy 1 4 26 239 2886 44275 830584
2-nilpotentni pologrupy 0 3 11 47 243 1533 12038
3-nilpotentni pologrupy 0 0 7 246 14150 2561653 3215028097

Tabulka 4: Celkové pocty neizomorfnich usporadanych pologrup

Uvedeny tadek tika, ze existuje 1740 neizomorfnich uspotadanych pologrup obsahujicich
nejmensi prvek a dalsi ¢tyfi prvky, které jsou vzajemné neporovnatelné. Dale existuje celkem
277 neizomorfnich usporadanych komutativnich pologrup obsahujicich nejmensi prvek a dalsi
¢tyTi prvky, které jsou vzajemné neporovnatelné, atd.

V Table 3 neni prezentovana enumerace usporadanych pologrup fadu 7, protoze by to k
tabulce pfidalo dalsich OSet(7) = 2045 fadkid. Najdeme vSak v [2] hodnoty, jez zde uvadime v
tabulce 4.

V [2] je také algoritmus (Algorithm 3.6), v némz na vstupu je uspofddana mnozina ([n], <),
kde 1 < 2 < --- < n pro néjaké kladné celé ¢islo n, a na vystupu jsou matice A;,..., A, €
M, ([n]) takové, ze ([n], *a,, <), ..., ([n], *4,, <) jsou vSechny neizomorfni usporddané pologrupy
tvaru ([n],*, <). Tento algoritmus je modifikaci Algoritmu 7 a podafilo se nAm pomoci néj
sestrojit vSechny neizomorfni linedrné uspotadané pologrupy s n prvky, kde n < 10. Celkové
poCty linedrné usporfadanych pologrup jsou uvedeny v [2], Table 5, a to v ¢lenéni obdobném
¢lenéni tabulky 4.

Necht n je kladné celé ¢islo. Piipomerime, Ze pocet vSech neizomorfnich pologrup s n prvky
jsme oznadili S(n) a pocet vSech neizomorfnich uspofadanych pologrup s n prvky jsme oznadili
0S(n). Pocet vSech neizomorfnich linedrné uspotradanych pologrup s n prvky oznacime LOS(n).
Hodnoty S(n), LOS(n) a OS(n) porovnavame v tabulce 5.

Hodnoty S(n) jsou zndmy pro n < 9 ([27], Table A.16). Hodnoty LOS(n) byly znamy pro
n < 8 ([56], 4.1.5, strana 61, a [59], posloupnost A084965). My jsme uréili hodnoty LOS(n)
pro n < 10 a hodnoty OS(n) pron < 7.

2 Variety usporadanych pologrup

2.1 Uplné invariantni stabilni kvaziusporadani

V ¢asti 2 budeme pfedevsim prezentovat vysledky ¢lanku [3].
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n S(n) LOS(n) 0OS(n)
1 1 1 1
2 ) 6 11
3 24 44 173
4 188 386 4753
) 1915 3852 198838
6 28634 42640 13457454
7 1627672 516791 4207546916
8 3684030417 6817378 ?
9 | 105978177936292 98091071 ?
10 7 1569786228 ?

Tabulka 5: Pocty neizomorfnich pologrup, linearné usporadanych pologrup a uspotradanych
pologrup

Ptipomeneme nejdiive nekteré zakladni pojmy a poznatky univerzalni algebry.

Necht je dan jazyk L. VétSinou budeme strukturu jazyka L a jeji nosi¢ oznacovat stej-
nym symbolem. Neni to striktné vzato spravné, ale jednak se to tak nékdy déla a jednak se
domnivame, Ze to nepovede k nedorozumeéni.

Necht A, B jsou struktury jazyka L.

Zobrazeni f : A — B se nazyva izomorfismus A na B, plati-li:

1.
2.
3.

f je bijekce
pro kazdy konstantni symbol ¢ jazyka L je f(c?) = c®

pro kazdy opera¢ni symbol * jazyka L ¢etnosti n (n je kladné celé ¢islo) a pro vSechna
ay, ay, . ..,an € Aje f(xay, ag, ..., a,)) = *2(f(ay), flaz),. .., flan))

. pro kazdy relacni symbol < jazyka L cetnosti n a pro vsechna aq,as,...,a, € A plati:

(alu Az, ... 7an) €<<A préVé tehdy; kdyi (f<a1)7 f(a‘2>7 ey f(an)) E<<B

Rikdme, Ze struktury A, B jsou izomorfni (zapis: A & B), jestlize existuje n&jaky izomorfis-
mus A na B.
Zobrazeni f : A — B se nazyva homomorfismus A do B, plati-li:

1.
2.

pro kazdy konstantni symbol ¢ jazyka L je f(c?) = c?

pro kazdy opera¢ni symbol x jazyka L Cetnosti n (n je kladné celé ¢islo) a pro vSechna
ay, dy, . ..,an € Aje f(xay, ag, ..., a,)) = *2(f(ay), flaz),. .., fla,))

pro kazdy relacni symbol < jazyka L cetnosti n a pro vSechna aq,as,...,a, € A plati:
(a1,as,...,a,) €< implikuje (f(a1), f(aa), ..., flan)) €<P.
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Endomorfismem struktury A rozumime homomorfismus A do A. Mnozinu vSech endomor-
fismu struktury A budeme znacit End(A).

Rikame, 7e struktura B je homomorfnim obrazem struktury A, jestlize existuje homomor-
fismus A na B.

Rikéme, 7e struktura B je podstrukturou struktury A, plati-li:

1.
2.

3.

BCA

pro kazdy konstantni symbol ¢ jazyka L je ¢ = ¢4

pro kazdy opera¢ni symbol * jazyka L Cetnosti n (n je kladné celé ¢islo) a pro vSechna
bl, bg, c. ,bn €eB je *B<b1, bg, c. ,bn) = *A(bl,bg, e bn)

pro kazdy rela¢ni symbol < jazyka L Cetnosti n a pro vSechna by,b,,...,b, € B plati:
(bl, bg, ce ,bn) €<<B pI‘éVé tehdy, kdyi (bl, bg, ce >bn) €<<A.

Necht A;, i € I, je mnozina struktur jazyka L. Kartézskym (piimym) souc¢inem struktur
A, 1 € I, rozumime strukturu A jazyka L s nosicem [[,.; A;, pficemz plati:

1.
2.

pro kazdy konstantni symbol ¢ jazyka L a pro kazdé i € I je m;(c?) = ci

pro kazdy operac¢ni symbol * jazyka L Cetnosti n (n je kladné celé ¢islo), pro vSechna
ay, dy, . ..,an € A akazdé i € I je (x4 (a1, a, ..., a,)) = ¥ (m(a1), m(az), . .., mi(a,))

pro kazdy relacni symbol < jazyka L cetnosti n a pro vSechna aq,as,...,a, € A plati:
(a1, a, ..., a,) €K pravé tehdy, kdyZ pro kazdé i € I je (mi(ay), mi(as), ..., m(a,)) €<

Zavedeme operatory |, H, S, Pr zobrazujici t¥idy struktur jazyka L do t¥id struktur jazyka
L. Necht C je tfida struktur jazyka L. Necht A je struktura jazyka L. Pak

e A cI(C) praveé tehdy, kdyz A je izomorfni s néjakou strukturou ze t¥idy C

e A € H(C) pravé tehdy, kdyz A je homomorfnim obrazem néjaké struktury ze tfidy C

e A€ S(C) pravé tehdy, kdyz A je podstruktura néjaké struktury ze tfidy C

e A € Pr(C) pravé tehdy, kdyz A je kartézskym soucinem néjakého souboru struktur ze

tiidy C.

Necht C je tiida struktur jazyka L. Volnou strukturou ve tiidé C na neprazdné mnoziné
Z rozumime uspoiadanou dvojici (F,¢), kde FF € C a + : Z — F je zobrazeni s nésledujici
univerzalni vlastnosti: pro kazdou strukturu A € C a kazdé zobrazeni ¢ : Z — A existuje jediny
homomorfismus ¢ : F' — A takovy, ze 1) = 0. Necht (Fy,t1), (Fy,t2) jsou volné struktury ve
tfidé C na mnoziné Z. Pak existuje izomorfismus ¢ : Fy; — F; takovy, ze 110 = 1.
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V pripadech, kdy zobrazeni ¢ je zfejmé, budeme vétsinou ¢ vynechavat a budeme strucné
fikat, ze F' je volna struktura v C na Z.

Ttida C struktur jazyka L je netrivialni, pokud obsahuje aspon jednu aspon dvouprvkovou
strukturu.

Necht C je netrividlni t¥ida struktur jazyka L. Necht (F,:) je volné struktura ve tfidé C na
neprazdné mnoziné Z. Pak zobrazeni ¢ je prosté. Po ztotoznéni z a ¢(2), pro kazdé z € Z, bude
Z CF.

Bud Y neprézdnd mnozina. Symbolem Y+ budeme znacit mnoZinu vSech neprazdnych slov
nad abecedou Y. Prazdné slovo budeme znacit e. Polozime Y* = Y U {¢}. Mnozina Y
spolu s operaci skladani slov je pologrupa. Mnozina Y* spolu s operaci skladani slov je monoid
(neutralnim prvkem je ). T¥idu vSech pologrup budeme znacit S, t¥idu vSech monoidi budeme
znacit M. Pak pologrupa Yt je volnd v S na mnoziné Y a monoid Y* je volny v M na mnoziné
Y.

Nasledujici véta zarucuje, ze v jistych tridach struktur jazyka L existuji volné struktury na
kazdé neprazdné mnoziné.

Véta 8 (J. Jezek [39], Véta 16.6). Necht C je netrividlng trida struktur jazyka L spliugici
I(C) C C, S(C) C C, Pr(C) C C. Pak pro kaZdou neprdazdnou mnoZinu Z existuje v C volnd
struktura na mnoziné Z.

Uvazme nyni jazyk L, ktery obsahuje jeden funkéni symbol - Cetnosti 2 a jeden relac¢ni
symbol < cetnosti 2. TFidu vSech usporadanych pologrup budeme znacit OS. Ziejmé OS je
tiida struktur jazyka L. Snadno lze ukézat, ze I(OS) C OS, S(OS) C OS, Pr(OS) C OS. Na
zékladé Véty 8 pro kazdou neprazdnou mnozinu Z existuje volna usporadana pologrupa na Z.
Tento fakt také plyne z [3], Theorem 2.5. O tom podrobnéji pojedndme déle.

Pripomenime, Ze jazyk neobsahujici rela¢ni symboly se nazyva typ. Struktury, jejichz jazyk
je typem, se nazyvaji algebry.

Tfida V algeber typu 7 se nazyva varieta, plati-li: H(V) C V, S(V) CV a Pr(V) C V.

Z Veéty 8 ihned plyne, ze v kazdé netrivialni varieté existuje volna algebra na libovolné
neprazdné mnoziné.

Plati nésledujici klasicka

Véta 9 (Birkhoffova) (G. Birkhoff [20], VI, Theorem 22; S. Burris, H. P. Sankappanavar
[25], Theorem 11.9). TFida algeber daného typu T je varietou prdavé tehdy, kdyz je tridou vsech
modelu néjakée teorie v jazyku T, jejiz kaZdy axiom je identitou.

Pripomenme si, ze identita je formule s = t, kde s a t jsou libovolné termy téhoz jazyka
(typu).

Pripomenme jesté, ze kongrunce p algebry A se nazyva uplné invariantni, pokud apb impli-
kuje f(a)pf(b) pro v8echna a,b € A a pro kazdy endomorfismus f algebry A. Mnozinu vSech
uplné invariantnich kongruenci algebry A budeme znacit FIC(A).
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Jiz v ¢asti 1.1 jsme symbol X rezervovali pro mnozinu {x1, 2, z3, . .. }. Tedy X je nekone¢na
spocetnd mnozina. Prvky mnoziny X se nazyvaji proménné.

Zvolme nyni libovolné néjakou netrivialni varietu V algeber typu 7. Vime, ze ve )V existuje
volna algebra na mnoziné X. Tuto volnou algebru oznacme F'.

F-identitou (stru¢né: identitou) budeme rozumét usporddanou dvojici prvkd mnoZiny F.
Rekneme, Ze identita (u,v) plati (je splnéna) v algebie A typu 7 pokud f(u) = f(v) pro kazdy
homomorfismus f : F' — A.

Bud ¥ C F x F. Ozna¢me Mody(X) tfidu vSech algeber z variety V spliiujicich kazdou
identitu z mnoziny ¥. Snadno lze dokézat, ze Mody, (X)) je varieta.

Bud C C V. Ozna¢me Eq,,(C) mnozinu vSech identit platicich v kazdé algebte ze t¥idy C.
Snadno lze dokézat, ze Eq,,(C) je Gplné invariantni kongruenci algebry F'.

Nyni zformulujeme dtlezitou vétu.

Véta 10 (J. Jezek [39], Véta 39.1; viz také G. M. Bergman [19], Proposition 8.6.4). Necht V
je netrivialni varieta algeber typu 7. Necht I je volnd algebra ve varieté V na mmnoZiné X.
Pravidla

W — Eqy,(W), p— Mody(p)

urcugi vzajemne inverzni bijekce mezi vsemi podvarietami variety V a vsems uplné invariantnimsi
kongruencemi algebry F'. Pritom

1. pro libovolné variety Wy, Wh algeber typu 7, Wy CV, Wy C V), plati:

W1 - WQ <~ EqV(W1> 2 EqV(Wz)

2. pro libovolné uplné invariantni kongruence py, ps algebry F' plati:

p1 € pa <= Mody(p1) 2 Mody(ps).

Specielné tedy mame bijekci mezi vSemi podvarietami variety S a vSemi tipln€ invariantnimi
kongruencemi pologrupy X . V této souvislosti misto Eqg(W) piSeme Casto pyy.

Ukoncime nyni prehled zakladnich pojmt a tvrzeni univerzalni algebry, jez jsou dilezité pro
nase Ucely, a za¢neme (kone¢né€) prezentovat hlavni vysledky naseho ¢lanku [3].

V [3] je formulovéna a dokdzana analogie Véty 10 pro tiidu OS.

Musime nejprve vyjasnit, jaké podtiidy t¥idy OS budou hrat roli podvariet.

Bud nyni L jazyk, ktery mé jeden operac¢ni symbol - ¢etnosti 2 a jeden rela¢ni symbol <
Cetnosti 2.

Usporadané pologrupy jsou strukturami jazyka L. Ziejmé 1(0OS) C OS, S(OS) C OS,
Pr(OS) C OS. Definujme struktury A, B jazyka L takto: A i B maji nosi¢ {0,1} a -4 =
B =. <4={(0,0),(1,1)}, <B={(0,0),(0,1),(1,0),(1,1)}. Pak A € OS. Identické zobrazeni
je homomorfismus A na B. Takze B € H(OS). Oviem B ¢ OS, protoZe relace <” neni
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antisymetrickd. Ukdzali jsme, ze H(OS) ¢ OS. Roli podvariet tfidy OS nebudou tedy hrat
podtiidy C C OS spliujici H(C) C C, S(C) C C, Pr(C) CC.

Budeme operator H relativizovat vzhledem ke t¥idé OS. Bud C t¥ida struktur jazyka L. Pak
klademe Hps(C) = H(C) N OS.

Necht V je t¥ida struktur jazyka L. Budeme fikat, ze V je varieta usporadanych pologrup,
budou-li splnény nasledujici podminky:

e VCOS
e Hos(V)CV

S(V)cv
o Pr(V) C V.

Nyni jedno dulezité upozornéni: V ¢lanku [3] se misto Hog piSe pouze H. Je to déno tim, Ze
v celém clanku [3] se ze struktur jazyka L berou v tvahu pouze uspofadané pologrupy.

Nyni je na misté zminit pojem varieta usporadanych algeber, ktery zavedl a zkoumal Bloom
v [22].

Bud dén typ 7. Uspofadana algebra typu 7 je struktura A jazyka 7U{<}, kde < je binarni
relaéni symbol, (A, <) je usporfdadana mnozina a pro viechna * € 7 plati: Jestlize * mé4 cetnost
naa,as,...,a, €A, by,by, ... b, €A, pak

3] SA bl/\a2 SA bQA/\an SA bn:*A(alya%-"?an) SA *A(b17b2a-"7b7L)'

Ttidu vSech usporadanych algeber typu 7 ozna¢me O.

Pro C C O polozme Ho(C) = H(C) N O.

Bloom v [22] definuje operator Q. Jeho definice je jina, neZ nasSe definice operdtoru Ho,
avSak ekvivalentni (tj. pro kazdé C C O je Q(C) = Ho(C)).

Déle Bloom definuje varietu uspotadanych algeber. Necht V je tfida struktur jazyka U{<}.
Budeme tikat, ze V je varieta usporadanych algeber typu 7, plati-li:

e VCO

e o
w T
< S
n S
IN
<

o Pr(V)

Variety usporadanych pologrup jsou specidlnim pripadem variet usporadanych grupoidi.
Poznamenejme, Ze varietdm usporadanych algeber obecné se vénuje také Don Pigozzi v [43].
Vratme se ted k nasi analogii Véty 10 pro t¥idu OS.

Vyjasnime, jaké relace budou hrat roli aplné invariantnich kongruenci.
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Necht Y je neprazdnd mnozina. Nerovnost je libovolnd usporéddana dvojice u < v slov
u,v €Y.

Necht S je usporadana pologrupa. Nerovnost u < v je splnéna v S (nebo S spliiuje nerovnost
u = v), pokud ¢(u) <% p(v) pro kazdy homomorfismus ¢ : Y+ — (S, -%). Nerovnost u < v je
splnéna ve tiidé C usporadanych pologrup, je-li splnéna v kazdé usporadané pologrupé z C.

Pro danou tfidu C uspofadanych pologrup ozna¢me Iny (C) mnozinu vSech uspotradanych
dvojic (u,v) € YT x Yt takovych, Ze nerovnost v < v je splnéna v C.

Pro danou mnozinu nerovnosti X C Y+ x Y+ ozna¢me Mody (X) t¥idu vSech uspofadanych
pologrup S takovych, ze S spliiuje vsechny nerovnosti ze ..

Snadno se dokaze nasledujici lemma.

Lemma 11 ([3], Lemma 2.1). Necht ¥ C Y+ x Y. Pak Mody (X) je varieta uspordidanych
pologrup.

Kvaziusporadani (tj. reflexivni a tranzitivni relace) p na pologrupé S se nazyvé stabilni,
pokud pro vSechna a,b,c € S plati: apb implikuje capch a acpbe.
Necht p je stabilni kvaziusporadani na pologrupé S. Definujme binarni relaci ~, na S takto:
proa,be S,
a~, b <= apb A bpa.

Snadno lze ukdzat, Ze ~, je kongruence na pologrupé S. Kongruence ~, urcuje pologrupu
S/ ~,,0). Definujme na mnoziné S/ ~, relaci < takto: pro a,b € S,
p y p b

(a~,) < (b~,) <> apb.

Snadno zkontrolujeme, Ze relace < na mnoziné S/ ~, je definovana korektné. Dale, (S/ ~,
,0,<) je usporadané pologrupa. Budeme ji oznacovat S/p.

Kvaziuspoiadani p na pologrupé S se nazyva tplné invariantni, jestlize pro vsechna a,b € S
a kazdy endomorfismus 7 : S — S plati: apb implikuje n(a)pn(b).

Mnozinu vSech tplné invariantnich stabilnich kvaziusporadani na pologrupé S budeme ozna-

covat FISQ(S).
Lemma 12 ([3], Lemma 2.3). Necht C C OS. Pak Iny(C) € FISQ(Y ™).
Nyni pfichdzime k dilezité véte:

Véta 13 ([3]|, Theorem 2.5). Necht V je varieta usporddanich pologrup. Pak Y™ [Iny (V) je
volnd struktura v Mody (Iny(V)) na mnoZine Y a Y1 /Iny (V) € V. Specielné, Y /Iny (V) je
volnd struktura ve V na Y.

Pro C C OS je I(C) € Hos(C). Pro netrivialni varietu V uspotadanych pologrup tedy exis-
tence volné struktury ve )V na mnoziné Y vyplyva z obecné Véty 8. Nase Véta 13 podava
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syntakticky popis volnych struktur ve varietach usporadanych pologrup pomoci tplné invari-
antnich stabilnich kvaziusporadani na volnych pologrupach.
Dospéli jsme k analogii Véty 10 pro tfidu OS:

Véta 14 ([3], Theorem 2.10). Pravidla
Vi InX(V), p— Mde(p)

urcugi vzdjemné inverzni bijekce mezi vSemi varietami uspordadanych pologrup a vsemi uplné
invariantnimi stabilnimi kvaziuspordddnimi na X+. Pritom

1. pro libovolné variety Vi, Vo uspordadanych pologrup plati:

Vl Q VQ < |nx(V1) 2 |nX<V2)

2. pro libovolnd tuplné invariantni stabilni kvaziuspordaddni p1, po na X plati:

p1 C p2 <= Modx (p1) 2 Modx (p2).

Dusledek 15. Necht C je trida usporadanych pologrup. Plati: C je varieta usporadanijch polo-
grup prdvé tehdy, kdyz C = Modx(X) pro néjakou mnoZinu nerovnosti ¥ C X+ x XT.

Pravé uvedeny diisledek je analogii Birkhoffovy véty (viz Vétu 9) pro tfidy uspofadanych
pologrup.

Obecnéji, Bloom ve své préci [22] formuluje a dokazuje analogii Birkhoffovy véty pro variety
usporadanych algeber daného typu 7 (Theorem 2.6). Viz také [43], Theorem 3.14.

Nasim prinosem v této oblasti je predevsim Véta 14 udéavajici syntakticky popis variet
uspotradanych pologrup pomoci tplné invariantnich stabilnich kvaziusporadani na volné polo-
grupé X+.

Necht V je varieta (uspofadanych, polosvazové usporadanych) pologrup. VSechny podvariety
variety V), uspofadané relaci inkluze, tvoii svaz. Tento svaz oznac¢me L(V).

Necht C je tfida pologrup. Klademe

0C = {(S,-%,<%) € 08] (S, 5) € C}.

Déle, necht Eqy(C) zna¢i mnozinu vSech usporadanych dvojic (u,v) € X x X takovych, ze
identita u = v je splnéna ve vSech pologrupéch ze t¥idy C. Poznamenejme, Ze Eq(C) je totéz
co Eqg(C) v oznaceni pouzitém ve Vété 10.

Nésledujici véta popisuje vztah mezi £(S) a £(OS).

Véta 16 ([3], Theorem 3.1). Necht V je varieta pologrup. Pak
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1. OV je varieta usporadanych pologrup
2. Inx(OV) = Eqx (V)

3. Zobrazeni
O:L(V)— L(OV)

je vnorent svazu vsech podvariet variety V do svazu vsech podvariet variety OV .

2.2 Variety usporadanych bandu
Pfijmeme nésledujici oznaceni pro variety pologrup (nékteré znaceni jsme zavedli jiz diive):
e T trividlni pologrupy (pologrupy spliiujici identitu a = x)
e LZ pologrupy levych nul (ax = a)
e RZ pologrupy pravych nul (za = a)
e SL polosvazy (2% = z,zy = yr)
e LNB levé normélni bandy (22 = x, ary = ayzx)
e RNB pravé normélni bandy (z? = z, xya = yza)
e ReB rektangularni bandy (22 = x,a = awa)

e NB normélni bandy (2? = z, axya = ayza)

B bandy (2% = x)

S pologrupy.

V této ¢asti podame popis svazu L£(OB) vsech variet usporadanych bandi Tento popis je
proveden (samoziejmé véetné dikazti) ve ¢tvrté ¢asti clanku [3].

Popis svazu L£(B) vSech variet bandi podali roku 1970 Birjukov [21], Fennemore [34] a
Gerhard [36] (viz také [37]).

Vyznamny krok v popisu svazu £(OB) ucinil Emery, ktery ve své praci [33] popsal svaz
vSech variet usporfadanych normélnich bandf.

Pouzijeme zkratku: pro u,v € X+ piSeme pouze u = v namisto u < v,v < u.

Véta 17 (S. J. Emery [33], Theorem 2.1). Svaz L(ONB) vsech variet uspordadanych normdlnich
bandi sestdvd z ndsledugicich 16 variet (viz také obrdzek 1):

e V, = Modx(2? = z,azya = ayra) = ONB
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=uz,za X a)
=x,a = za)
=uz,2a =a) = ORZ
=z, zy = yr) = OSL

zr,xar < a)

=x,a X rar)

V [3] se podarilo dokézat nasledujici dvé véty:

Véta 18 ([3], Theorem 4.6). Zobrazeni O : [SL, B] — [OSL, OB] je izomorfismus.

Véta 19 ([3]|, Theorem 4.9). Jestlize V je varieta uspordadanych bandi, OSL Z V, pak V C

Uvédomme si nyni, ze Véta 18 a Véta 19 poskytuji uplny popis svazu £(OB). Pro¢ tomu tak
je? Svaz L(OB) se sklada z uzavieného intervalu [OSL, OB] a z variet V € £(OB) takovych,
ze OSL ¢ V. Jestlize V je varieta usporddanych bandt, OSL ¢ V, pak V € L(ONB) (viz
Vétu 19). Svaz L(ONB) vSech variet uspofadanych normélnich bandi plné popsal Emery [33]
(zde Véta 17). Dale vime z Véty 18, ze uzaviené intervaly [SL, B], [OSL, OB] jsou izomorfni
(izomorfismus je dan zobrazenim V — OV). A konecné, svaz vSech variet bandu (a tedy také

interval [SL, B]) je plné popsan v [21], [34], [36].
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Obrazek 1: Svaz L(ONB)

Uvazme vnoreni O : L(S) — £L(0S), V +— OV. Necht M C L(S). Polozme, jak je zvykem,
O(M)={0OV|V e M}.
Plati nasledujici véta:
Véta 20 ([3], Theorem 4.12). V oznaceni z Véty 17,
L(OB) — O(L(B)) = {V2, V3, Vs, V1. V1o, V11, Via, Vis }-

Poznamenejme na zaveér této ¢asti, zZe popis svazu vsech variet usporadanych bandt vyuzivaji
Almeida a Klima ve své praci [17].

3 Variety polosvazové usporadanych pologrup

3.1 Pripustné uzavérové operatory

Je obecné zndmo, ze v riiznych oblastech matematiky hraji vyznamnou roli uzavérové operatory.
Necht M je mnozina. Zobrazeni [ | : P(M) — P(M) se nazyva uzavérovy operator na
mnoziné M, pokud pro vSechna A, B C M plati:
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3. A C B implikuje [A] C [B].

Uzavérovy operator [ | na mnoziné M se nazyva finitarni (nebo také algebraicky), pokud
pro kazdé A C M plati

0
BeP%

Rikdme, Ze uzavérovy operator | | zachovava prazdnou mnozinu, pokud [()] = ().

Klasickou oblasti, kde se pracuje s uzavérovymi operatory, je naptiklad topologie. Uzavérovy
operator [ | na mnoziné M je topologicky uzavérovy operator, pokud zachovévd prazdnou
mnozinu a pro vsechna A, B C M je [AU B] = [A] U [B].

Necht S je pologrupa, | | je uzévérovy operator na S. Rikdme, 7e operator [ ] je piipustny,
jestlize pro vSsechna A, B C S plati:

[A][B] € [AB]

Poznamka: Pro finitdrni uzavérovy operator | | na S, ktery zachovava prazdnou mnozinu,
stac¢i pozadovat splnéni podminky [A][B] C [AB] pouze pro vSechny kone¢né neprazdné podm-
noziny A, B mnoziny S.

Pojem piipustny uzavérovy operator zavedl Jaromir Fuchs v [35] (Fuchs pracuje s uzavéro-
vymi operatory na monoidech).

Samoziejmeé, pripustny uzavérovy operator je mozno definovat nejen pro pologrupy, ale pro
algebry libovolného typu.

Necht A je algebra typu 7. Necht * je opera¢ni symbol jazyka 7, x ma ¢etnost n (n je kladné
celé ¢islo). Pro By,..., B, C A klademe

LSA(By, . B,) = {xAby,...,by)| by € By,....,b, € By}

Opét, necht A je algebra typu 7. Necht [ ] je uzévérovy operator na A. Rikdme, 7ze operator
[ ] je pfipustny, jestlize pro kazdy operacni symbol * jazyka 7 a pro vSechna By, ..., B, (zde
kladné celé ¢islo n znadi ¢etnost opera¢niho symbolu ) plati:

PO((By],...,[Bu]) C [¥"N(By,...,B,)]

Finitarnimi pripustnymi uzavérovymi operatory zachovavajicimi prazdnou mnozinu na al-
gebrach obecného typu se zabyvaji Pilitowska a Zamojska-Dzienio v [46].

V ¢asti 3.1 habilita¢ni prace budeme prezentovat vysledky ¢lanku [1], a to pfedevsim ¢asti
4, 5, 6. StéZejnim pojmem tohoto ¢lanku je p-pfipustny uzavérovy operétor, kde p € FIC(X™)
(pfesnd definice pfijde za chvili).
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V [1] je p-ptipustny uzavérovy operator zaveden (presnéji: poprvé se tento pojem objevuje
jiz. v autorové diplomové praci [5]) a je ukdzana jeho tzka souvislost s varietami polosvazové
usporadanych pologrup. Autor pak vysledky c¢lanku [1] pouzil mimo jiné ke studiu variet po-
losvazové uspofadanych normélnich bandi (o tom vice v ¢asti 3.2) a také k fesSeni problému
identit pro variety polosvazové usporadanych normalni bandi (tomu je vénovana ¢ast 3.3).

Rada autorti vyuziva vysledkii ¢lanku [1] (piipadné je zobeciiuje nebo aspon povazuje za
dilezité se o nich zminit): [26], [30] (zde je citovan rukopis ¢lanku [1]), [31], [44], [45], [46], [48],
[49], [50], [51], [52], [53], [54], [55], [57], [58].

Snad lze dokonce ¥ici, Ze vznik nékterych praci byl pfimo motivovan nasim c¢lankem [1].
Napiiklad v ¢lanku [46] jsou zobecnény metody prezentované v [1].

Ptichézime ted kone¢né k definici p-ptipustného uzavérového operatoru (viz [1], strany 37 a
38, nebo téz [4], strana 38). Musime vSak jesté zavést néjaké znaceni.

Pro r € X* budeme symbolem c(r) oznacovat mnozinu vSech proménnych slova 7.

Pro ¢ € X*, x,y € X, definujeme ¢(x|y) jako mnoZinu vSech slov ziskanych ze slova g
dosazenim y za nékteré vyskyty proménné x. Formalné: Jestlize z & c(q), pak q(z|y) = {q}.
Jestlize x € c(q), ¢ = qurqex . . . qr_12qx, kde ¢; € X*, v € c(q;) (i=1,...,k), pak

q(zly) ={aHz yH{eHz v Ao Hz, yHaed

Uvedeme nékolik pfikladt. Necht z,y, z jsou tfi rtizné proménné. Pak
2*(zly) = evere = {eH{z, yHeH{z, yHet = {2% 2y, yz, v*}
vz(zly) = exz(xly) = {e{z, y}{z} = {zz,y2}
vz(z|r) = erz(z|z) = {e}{x, s }{z} = {e}{e}{z} = {zz}

Necht p € FIC(X ™). Zobrazeni [ | : P(XT/p) — P(X™/p) se nazyva p-piipustny uzévérovy
operator (nebo pouze piipustny operétor, je-li p zndmo z kontextu), jestlize je to finitarni
uzavérovy operator na mnoziné X /p, ktery zachovava prazdnou mnoZinu a navic spliiuje
nasledujici podminky:

() {t}] = {u}] implikuje t = u
(ID) [T][U] € [1TU]
(II) f([T7) < [f(T)]
(IV) ap € {a1p, - - -, arp}] implikuje q(z]y)p C [q1(z]y)p U ... U g (z|y)p]

pro vSechna t,u € X*/p, T,U € Py(X*/p), f € End(XT/p), ¢, q1,...,qx € XT, 2,y € X.

Ptitom pro M C Xt je Mp = {qp| ¢ € M }.

Radu piikladt explicitné zadanych p-pfipustnych uzavérovych operatort lze najit v ¢asti
3.2 (konkrétné vSechny p-pripustné uzavérové operatory pro p € {pr, prz, PSL; PLNB })-

Necht C je tfida pologrup. Ozna¢ime SLOC t¥idu vSech polosvazové usporadanych pologrup
(S, -, V) takovych, ze (S, -) € C. Jestlize V je varieta pologrup, pak SLOV je varieta polosvazové
usporadanych pologrup.
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Vime, e X" je volnd algebra na mnoZind X ve varieté SLOS (viz Vétu 2). Dle Véty
10 pak existuje bijekce mezi vSemi podvarietami variety SLOS a vSemi Uplné invariantnimi
kongruencemi polosvazové usporddané pologrupy X=.
Necht ~& FIC(X"). Definujeme binarni relaci p. na X+ nésledujicim zptisobem: pro q,r €
X,
gp~r <= {q} ~ {r}

Ziejmé p.. je kongruence pologrupy X *. Déle definujeme operator [ | : P(X T /p.) — P(X T /p.)
nasledovné: pro T € P(X " /p.), ¢ € X,

qp~ € [T~
praveé tehdy, kdyz

{q1, - ak,q} ~ {q1,-..,q} pro néjaké kladné celé ¢islo k a qq,...,q, € X takova, ze
@pms- - Qipn €T

Vsimnéme si, ze definice operatoru | |. je korektni: Necht ¢,r,q1,...,qx € X, qp~r,

{ar, v ae,q} ~{q1, - a}s upe~, - - s qep~ € T Jelikoz {q} ~ {r}, dostavame {q1, ..., qx, ¢} ~

{Q1a s ,Qk,r} a tedy {q17 s »C]kﬂ”} ~ {qla s >qk}
Nyni mtzeme zformulovat hlavni vétu z [1].

Véta 21 ([1], Theorem 4.7).
(i) Necht ~€ FIC(X"). Pak p. € FIC(X™T) a [ |~ je p~-pFipustny uzdvérovy operdtor.

(ii) Necht p € FIC(X™) a necht || je p-pripustny uzdvérovy operator. Definujme bindrni relaci
~p 1 na Pg(XT) ndasledovné: pro Q, R € Py(X™) poloZime

Q ~p1) R <= Q] = [Rp].
Pak ~, € FIC(XD).
(iif) Pro vSechna ~€ FIC(X") plati: ~ = ~, ..
(iv) Pro vSechna p € FIC(X™) a vSechny p-pripustné uzdvérové operdtory | | plati:
P= by 1=y
Existuje tedy bijekce mezi vSemi tiplné invariantnimi kongruencemi polosvazové usporadané

pologrupy X" a viemi uspofddanymi dvojicemi (p, [ ]), kde p je tiplné invariantni kongruence
pologrupy X+ a [ | je p-pFipustny uzavérovy operator. Tato bijekce je ddna pfifazenimi

~ = (pes [12)s (0 []) =~
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Uvedme jesté vétu popisujici prinik Gplné invariantnich kongruenci polosvazové usporadané
pologrupy X" pomoci piipustnych uzavérovych operatorti.

Véta 22 ([1], Theorem 4.9). Necht p1,pe € FIC(XT), [ |1 je p1-pfipustny uzdvérovy operdtor,
[ |2 je po-pTipustny uzdvérovy operdtor. PoloZme ~ = ~, 11, N ~,,11,. Pak

P~ = P10 P2

ap~ € {q1p~, - p~}l~ = qpr € {a1p1,- .., @1}l
qp2 € {q1pa2, - -, qup2}l2

(Qaq17"'7q1€ € XJr)

Operétor | | z Véty 22 oznacime [ |; A [ |2. Pfi tomto oznaceni miizeme psat

~or[ () ~oa [ 127 ~pinpz,] LAl L2

Necht V je varieta pologrup.

Pak SLOV je varieta urend mnozinou identit {({u},{v}) | (u,v) € py}. Necht W je
varieta polosvazové usporadanych pologrup , ~ je odpovidajici uplné invariantni kongruence
polosvazové usporadané pologrupy X". Dle Véty 21 ~ odpovid4 uspofadané dvojici (p, [ ]), kde
p € FIC(X™) a [ ] je p-pFipustny uzavérovy operator. Mame:

WCSLOV <= ~2{({u}{v}) | (u,v) € pv}
— p=2pv

Tedy: Nalezeni vSech podvariet variety SLOYV je redukovano na popis vSech p-piipustnych
uzavérovych operatori pro vechna p € FIC(X ™) takové, ze p 2 py.

Ném se podafilo najit vSechny p-pfipustné uzavérové operatory pro p € FIC(X ™) takova,
ze p O prns- Lim je ziskdn popis svazu L(SLOLNB) pomoci pfipustnych uzavérovych ope-
ratora (viz nasledujici ¢ast 3.2). Tento vysledek pak dava dva dalsi: popis svazu L(SLONB)
pomoci pfipustnych uzavérovych operatort a také feseni problému identit pro vSechny variety
polosvazové uspofadanych normalnich bandu (viz 3.3).

3.2 Variety polosvazové uspoiradanych normalnich bandu

Nyni vylozime hlavni vysledky clanku [4].

Na obrazku 2 vidime svaz vSech podvariet variety NB.

V [4] jsou nejprve explicitné popsény vSechny p-pfipustné uzavérové operatory, kde p 2O
PLNB-

Ptipomenme popis volnych algeber na mnoziné X v nékterych podvarietach variety NB.
Nejprve vysvétlime oznaceni: Necht w € X . Pak c(w) je mnozina vSech proménnych (pismen)
slova w (toto oznaceni jsme zavedli jiz diiv), h(w) je prvni proménna (pismeno) slova w, t(w)
je posledni proménné (pismeno) slova w. Pro libovolnd u,v € X* méme
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Obrazek 2: Svaz L(NB)
NB

ReB RNB

RZ

(i) uprzv pravé tehdy, kdyz h(u) = h(v)
X*/prz = (X,0),kde xoy ==

(ii) upspv pravé tehdy, kdyz c(u) = c(v)
X /ps = (P(X),U)
(iii) uppnpv pravé tehdy, kdyz c(u) = c(v), h(u) = h(v)

Xt/pne = {(y,Y)| Y € Pp(X),y € Y},0) kde (y,Y) o (2,2) = (y,Y U Z), a izomor-
fismus je dan predpisem uprng — (h(u),c(u))

(iv) uprngv pravé tehdy, kdyz c(u) = c(v), t(u) = t(v)
Xt/prng = {(Y, )| Y € Pe(X),y € Y}, 0) kde (Y,y)o(Z,2) = (Y UZ, z), a izomorfis-
mus je dan predpisem uprns — (c(u), t(u))

Jak je ¢astym zvykem, izomorfni struktury budeme ztotoznovat - tedy misto X+ /prz bu-
deme pracovat s (X, o), a podobné. Doufejme pfitom, Ze nedojde k nedorozuméni.

Existuje presné jeden uzaveérovy operator na jednoprvkové mnoziné, ktery zachovava prazd-
nou mnozinu, totiz identicky operator. Plati tedy

Véta 23. Existuje presne jeden pr-pripustny uzdvérovy operdator, totiZ identiticky operdator na
P(X™*/pr).

29



Véta 24 ([5], Véta 5.2). Existuje presné jeden prz-pripustny uzdvérovy operdtor, totiZ identicky
operator na P(X™ /prz).

Definujeme ¢tyii operatory na P(X*/psr). Necht T' € P(X ' /psr), Y € X /psr. Klademe

Ye[I)) —= ZCYproZeT

Yelll, < Y CUyp?

Ye[Tls <= ZCY CUyeqpZproZeT
YelT, <— Y=Z,U---UZypro Zy,...,Z, €T

Véta 25 ([5], Véta 5.3). Existugi presné ctyri psy-pripustné uzavérové operdtory, totiz [ |1, | |2,

[Jas [a-

Déle definujeme nékolik operatori na P(X*/prng). Necht T € P(Xt/png), (v,Y) €
X*/prns- Klademe

(v, Y)€e[T]s <= y=2,Z2CY pro(z1,721),(20,725) €T

(v,Y)eTls <= y=2ZCYpro(z,2)eT

(y,Y) € [T]7 — y=zYC U(z,Z)ETZ pro (’Z7 Z) eT

(W, Y)e[Ils <= y=2,22CY CU,zerZ pro (21,21), (20, 22) €T

W Y)e[Tly <= y=22CY CU,perZpro(z,2)eT

(v, Y)e[Th <= y==2Y=2U---UZypro(z,2),(z1,21),..., (2, Zk) €T
(’y,Y)E[T]H S y:zl,Y:Zlu~~Ukaro(zl,Zl),...,(zk,Zk)eT

Véta 26 ([4], Theorem 4.6). Ezistuje presné sedm prNg-pripustnych uzdvérovych operdtori,
totiz [ s, [ e, [ 17, [ I8 [ Jo, [ J10, [ Ju1-

Plati: p € FIC(X™), p 2 punp pravé tehdy, kdyz p € {pr, prz, psr, pnB}. Ve vétach
23, 24, 25 a 26 jsou explicitné popsany vsSechny p-piipustné uzévérové operatory pro p €
{pr, prZ, psL, pLnB }. Dostavame tak popis vSech variet polosvazové usporadanych levych nor-
malnich bandi pomoci usporaddanych dvojic (p,[]), kde p € FIC(X™), [] je p-piipustny uzave-
rovy operator. S vyuzitim Véty 22 dostavame dokonce popis svazu L(SLOLNB):

Véta 27 ([4], Theorem 5.1) Svaz vsech variet polosvazové usporadanych levych normdlnich
banddi je distributivni, mad 13 prvkid a je uveden na obrazku 3.
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Obrézek 3: Svaz L(SLOLNB)
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Definujme jesté operator na P(X*/prng). Necht T € P(X " /prns), (Y,y) € Xt /prNB-
Klademe
Yy e[Tle¢ <= y=22ZCY pro(Z,z)eT
Z duélni verze Véty 26 plyne, Ze [ ¢ je prnp-PIipustny uzavérovy operator.

Ozna¢me Irr mnozinu vSech spojové ireducibilnich variet v L(SLONB). Plati

Tvrzeni 28 ([4], Lemma 6.1). Svaz vsech variet polosvazové usporddanych normdlnich bandi
obsahuge 7 spojové ireducibilnich variet. Usporadand mnozina (Irr, C) je na obrdazku 4.

Obrézek 4: Usporadand mnozina (Irr, C)

PRNB, [ ]6/

Prz,id

Neni obtizné dokazat, Ze svaz L(SLONB) vSech variet polosvazové usporadanych normal-
nich bandu je kone¢ny a distributivni (v [41] je dokonce ukézano, ze svaz L(SLOB) je distribu-
tivni a ma ptesné 78 variet). Jsou tedy variety polosvazové usporadanych normélnich bandi ve
vzadjemné jednoznacné korespondenci s dédi¢nymi podmnoZinami uspoiradané mnoziny (Irr, C).
Ptitom dédi¢né podmnoziné {W;, W, ..., Wi} odpovida varieta Wy V Wy V - - - V Wi

Je snadné najit vSechny dédi¢né podmnoziny usporddané mnoziny (Irr, C). Existuje 1
prazdna dédi¢nd podmnozina, 4 dédi¢né podmnoziny s jednim prvkem, 6 dédi¢nych podmnozin
se dvéma prvky, 7 dédi¢nych podmnozin se tfemi prvky, 7 dédicnych podmnozin se ¢tyimi
prvky, 6 dédi¢nych podmnozin s péti prvky, 3 dédicné podmnoziny s Sesti prvky a 1 dédi¢na
podmnozina se sedmi prvky.

Existuje tedy pfesné 1 +4+6+ 7+ 7+ 6 4+ 3 + 1 = 35 variet polosvazoveé usporadanych
normalnich band.

Svaz L(SLONB) popsali Ghosh, Pastijn a Zhao v [38], Theorem 4.9. Naskyta se tedy
prirozend otazka: Jaky vyznam ma nase zkoumani variet polosvazoveé usporadanych normalnich
bandt? Na tuto otazku lze odpovédét nasledovneé:

1. Je to ukéazka ”praktického” vyuziti pripustnych uzavérovych operatori. VSechny variety
polosvazové usporadanych levych normalnich bandi jsme nasli tak, ze jsme nasli vSechny
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p-pripustné uzavérové operatory pro p € FIC(X™), p O ppng. Duélné jsme tedy také nasli
vSechny variety polosvazové usporadanych pravych norméalnich bandd. Tim jsme téz nasli
vSechny spojové ireducibilni variety ve svazu vSech variet polosvazové usporadanych nor-
malnich bandi a diky distributivité tohoto svazu uz vlastné vSechny variety polosvazove
usporadanych normalnich bandi. Struc¢né feceno, nalezeni vsech p-pripustnych uzavéro-
vych operétori pro p € FIC(X™), p D pLns, poskytlo popis svazu L(SLONB). Variety
polosvazové uspofadanych normalnich bandu byly nalezeny jinak (jinou metodou) nez v

[38).

2. Variety polosvazové usporadanych norméalnich bandi popisujeme pomoci usporadanych
dvojic (p,[]), kde p € FIC(X ™), [] je p-pFipustny uzévérovy operator. Tedy jinak, nez v
[38]. Jak uvidime v dalsi ¢asti, tento popis také dava feseni problému identit pro vSechny
variety polosvazové uspofadanych norméalnich bandi.

3. Za zminku snad stoji také to, Ze jiz roku 1988 v [5] byla vyslovena hypotéza, ze svaz variet
polosvazové usporadanych normalnich bandi ma 35 prvk.

3.3 Problém identit pro variety polosvazové usporadanych normal-
nich bandu

Obecné feceno, varieta V algeber urcitého typu ma fesitelny problém identit, kdyZ existuje
algoritmus rozhodujici o kazdé identité, zda plati ve V.

Specifikujme problém identit pro variety polosvazové usporadanych pologrup.

Dle Véty 2 je X" volna algebra na mnoziné X ve varieté vSech polosvazové uspoiddanych
pologrup. Dle Véty 10 pravidla

W — Eqgros(W), ~ — ModsLos(~)

urcuji vzajemneé inverzni bijekce mezi vSemi podvarietami variety SLOS a vSemi tplné invari-
antnimi kongruencemi algebry X".

Necht V je varieta polosvazové uspotfadanych pologrup. Necht ~ € FIC(XY), ~ odpovida
varieté V (tj. ~ = Eqgp,og(V)). Vyfesit problém identit pro varietu V znamend najit algoritmus,
ktery pro kazdou dvojici (@, R) € P¢(X™) rozhoduje, zda @ ~ R.

JeV =W VWy V.- VW, kde {W;, Ws,... ., Wi} je dédiénd podmnozina usporadané
mnoziny (Irr,C). Necht pro i € {1,2,...,k} je ~;€ FIC(X"), ~; odpovida variets W;. Je
~ =~ N~y NN~y Na zakladé Tvrzent 28 ~; = ~,, (1, kde (03, ( );) patii do mnoziny

{(pLz,1d), (psr. [ 1) (psv, [ |2), (Prz,1d), (pns; [ J6), (pst, [ ]4), (prNB, [ ]6) }-
Necht (@, R) € P¢(X ™). Plati:

Q~R <= Qn~g )y, Rproi=12 ..k
<~ <QO'Z>Z = <RO’Z>1 prot = 12, Cee k.
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Je Qo;, Ro; € P¢(X™" /0;) a v kone¢né mnoha krocich rozhodneme, zda (Qo;); = (Ro;);. Umime
tedy Tesit problém identit pro kazdou varietu V polosvazové uspofadanych norméalnich bandi.
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Abstract We construct, classify and enumerate all non-isomorphic ordered semi-
groups of size at most 7. In the special case of linearly ordered semigroups we achieve
size 10.
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1 Introduction

A relation < onasemigroup S is stable if, foreverya, b, c € S, a < bimpliesac < bc
and ca < cb. An ordered semigroup is a semigroup S equipped with a stable partial
order < on S.

Let S and T be two ordered semigroups. A morphism of ordered semigroups ¢ :
S — T is an order-preserving semigroup morphism from S into 7.

Let A, B be structures of the same type. If there exists an isomorphism from A to
B then we say that .4 and B are isomorphic and write 4 = B.

Let S and T be ordered semigroups. It follows directly from the definitions that
S = T implies S, T are isomorphic as semigroups and also S, T are isomorphic as
ordered sets. The converse is not generally true.

A basic introduction to the theory of ordered semigroups is provided in [1].

We have constructed all non-isomorphic ordered semigroups with at most 7 ele-
ments. Obtained ordered semigroups have been classified and enumerated. Up to now,
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640 P. Gajdos, M. Kufil

ordered semigroups were enumerated only in two extreme cases: discretely ordered
semigroups and linearly ordered semigroups. We are interested in semigroups which
are ordered arbitrarily.

The problem of construction, classification and enumeration of discretely ordered
semigroups is equivalent to the same problem for semigroups without order relation.
Many authors have studied the problem (note that frequently two semigroups are
considered to be equivalent if they are isomorphic or anti-isomorphic): Plemmons in
[11], [12] (all non-equivalent semigroups of size n, for n < 6), Jiirgensen and Wick in
[9] (for n < 7), Satoh et al. in [15] (for n < 8), Distler in [3] (for n < 9), and others.

A few authors studied the problem of construction and enumeration of linearly
ordered semigroups: Gabovich in [5] (for n = 4), Jiirgensen in [8] (for n < 6), Slaney
in [16] (forn < 7).

Now, some words about the structure of the paper. Section 2 has a preparatory
character. We present facts concerning ordered sets that will be used later.

Section 3 forms the central part of our paper. We construct, classify and enumerate
all non-isomorphic ordered semigroups with n elements, n < 7. First, in Sect.3.1, we
study ordered 2-nilpotent semigroups. This is an example to demonstrate the difference
to the enumeration of semigroups without order. In Sect. 3.2 we formulate an algorithm
based on the ideas described by Plemmons in [12]. Using an implementation of the
algorithm we have constructed all non-isomorphic ordered semigroups of size n, n <
7. Results of our computations are presented in Sect. 3.3, but we do not present the
constructed semigroups here. The reason is simple—there are too many of them. We
present only quantitative results of the classification (Table 3, Table 4). In the case of
linearly ordered semigroups (Sect. 3.4) we were able to perform the computation for
n < 10 (results are given in Table 5).

-----

We thank Goetz Pfeiffer for extending of Table 2.
Our thanks to the referee also who read the paper very carefully and gave us useful
comments.

2 Ordered sets

The section contains the information on the representation of ordered sets in the paper
and on the computation of their automorphism groups.

For a positive integer n, let G (n) denote the number of all non-isomorphic ordered
sets with n elements. The values, presented in Table 1, can be found in [2] (see also
[17] , Sequence A000112). Note that Brinkmann and McKay computed in [2] the
values G (n) forn < 16.

Table 1 Numbers of non-isomorphic ordered sets

n 1 2 3 4 5 6 7 8 9 10 11 12

Gn)y 1 2 5 16 63 318 2045 16999 183231 2567284 46749427 1104891746
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Ordered semigroups of size at most 7 641

We need a suitable representation of ordered sets. Let n be a positive integer. Let
(E, <) be an ordered set with n elements. Let us choose abijection f : {1,2,...,n} —
E such that forall i, j € {1,2,...,n}, f(i) < f(j) impliesi < j. Such a bijection
exists since < has a linear extension. We define a binary matrix A = (a;;) of size
n X n in the following way:

“":Il @)= 10
T FOALG)

foranyi, j € {1,2,...,n}.

Knowing the matrix A and the function f we know the relation < on the set E. If
we identify f(i) and i (i.e. we denote the element f (i) by i), then £ = {1, 2, ..., n}
and i < jimpliesi < j and

I ixj
a,-j:[ =7

0 A

forany i, j € {1,2,...,n}.

Note that all elements of the matrix A lying under the main diagonal are equal to 0.
Of course, all elements of the matrix A lying on the main diagonal are equal to 1 (the
relation < is reflexive). Consequently, the complete information about the relation <

is contained in a binary sequence of length ==, namely in the sequence

ap...dip a3 ...aAp ...dp-2 n—-14n-2,n-An—1,n-

The notation as a binary sequence mainly serves the purpose to specify the ordered
set in a compact form, which is suitable for Table 3.

In order to make the sequences easy to read we put a dot between a;, and a;+1 ;12,
forl <i<n-2.

It should be mentioned that different sequences can represent isomorphic ordered
sets. For example, the sequences 00.1, 01.0, 10.0 represent the ordered set consisting
of one incomparable element and one 2-element chain .

Let E be an ordered set. An isomorphism from E to E is called an automorphism of
the ordered set E. The set of all automorphisms of E will be denoted by Aut(E). The
set Aut(E) is a subgroup in the symmetric group Sym(E) of the set E. If ordered sets
E1 and E; are isomorphic, then groups Aut(E£7) and Aut(E»>) are also isomorphic.
If {1,2,...,n}, where n is a positive integer, is the underlying set of E then the
automorphism group Aut(E) forms a subgroup in the symmetric group Sym(n). Two
extreme cases follow.

1. If E is a discretely ordered set then Aut(E) = Sym(E).
2. If E is a linearly ordered set then Aut(E) is isomorphic to the trivial group.

It is interesting that the automorphism group is the full symmetric group if and
only if the order is the discrete order, but there are non-linear orders with trivial
automorphism group.
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The importance of automorphism groups of ordered sets for our purpose can be seen
in the next observation. Let (S, <) be an ordered set. Then two ordered semigroups
(S, *, <), (S, o, <) are isomorphic if and only if there is 7 € Aut((S, <)) such that
m(x*xy) =m(x)om(y) forevery x,y € S.

Example 2.1 We give a list of all non-isomorphic ordered sets E with card(E) = 3.
We present also the corresponding automorphism groups Aut(E). A permutation w €
Sym(3) is written in the form 7 (1) (2)7(3). Remember that G(3) = 5.

E; |Aut(E;)

00.0{123, 132, 213, 231, 312, 321
10.0(123

11.0(123, 132

01.1(123,213

11.1{123

N B W N =

Let n be a positive integer. Denote by OSET (n) a set of representatives of all
isomorphism classes of ordered sets with elements 1, 2, ..., n.

In the next section we describe a construction of all non-isomorphic ordered semi-
groups of size at most 7. Forn € {1, 2, 3,4, 5, 6,7}, we need to know OSET (n) and
automorphism groups for all members of OSET (n).

Let A be a binary matrix of size n x n. We define a binary relation p4 on the
set {1,2,...,n} in the following way: For i, j € {1,2,...,n},ipaj if and only if
ajj = 1.

We have determined a set OSET (n) in the following way:

By brute-force computations we have found binary matrices A1, Ay, ..., A; of size
n x n with 0 under the main diagonal and with 1 on the main diagonal such that

(1,2,...,n}, pay), ..., ({1, 2,...,n}, pa,)

are all non-isomorphic ordered sets with n elements. We have OSET (n) =
{A1, Ao, ..., A;}. Of course, [ = G(n).

Our construction of OSET (n) is not efficient, but brute-force. An efficient method
to construct pairwise non-isomorphic ordered sets was described by Brinkmann and
McKay in [2].

Let A € OSET (n). We determine the group Aut(A). We check, for every per-
mutation 7 € Sym(n), whether ip4j and m(i)pam(j) are equivalent for every
i,jef{l,2,...,n}. Permutations, satisfying the condition, are members of Aut(A).

Again, the method is not efficient, but brute-force. Note that Pfeiffer in [10] enu-
merated the ordered sets on up to 12 points and determined their automorphism groups
(see also [17], Sequence A091070).

3 All ordered semigroups of size at most 7

Let n be a positive integer. The set {1, 2, ..., n} will be denoted by [n].
Recall that G (n) denotes the number of all non-isomorphic ordered sets of size n.
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Ordered semigroups of size at most 7 643

We construct all non-isomorphic ordered semigroups of size n in two steps. At first,
we determine a set of representatives of all isomorphism classes of ordered sets with
n elements

OSET (n) = {([n], 21), ([n], 22), ..., ([n], ZGm)}-

The construction of the set OSET (n) is described in Sect. 2. Then, for every i €
{1,..., G(n)}, wefind all non-isomorphic ordered semigroups of the form ([n], *, <;).
Let us denote them ([n], *;1, <X;), ..., ([n], *ip;, <;). Then

([n],*ij,ji) i=1,....,Gn), j=1,..., p;

are all non-isomorphic ordered semigroups with n elements.

3.1 Ordered 2-nilpotent semigroups

Let S be a semigroup, A € S, B C S. Weput AB = {xy| x € A, y € B}. Further,
for positive integers n we define sets S” recursively in the following way:

1. S'=¢
2. 8" =881 forn> 1.

Let k£ be a positive integer. Recall that by a k-nilpotent semigroup we mean a
semigroup S with the properties card(S¥) = 1 and card(S’) > 1 for every integer
[ with 0 < [ < k. Thus 1-nilpotent semigroups are exactly semigroups with one
element, and a semigroup S is 2-nilpotent if and only if card(S) > 1 and there exists
b € Ssuchthatxy =bforall x,y € S.

Let G be a group. We recall the notion of G-sets. Let X be a set, o be a function
(called an action),« : G x X — X, «a : (g, x) — gx. Then X is a G-set if

1. Ix =xforallx € X
2. g(thx) = (gh)x forallg,h e Gandx € X.

One also says that G acts on X. The relation = on X, defined by x = y if and only
if y = gx forsome g € G (x, y € X), is an equivalence relation whose equivalence
classes are called G-orbits (or simply orbits).

Theorem 3.1 Ifafinite group G acts on a finite set X and N is the number of G-orbits
of X, then

1
N = card(G) Z F@,

teG
where F (1) is the number of x € X fixed by t € G.

Proof e.g. [13], Theorem 3.22. q.e.d.
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Let n be an integer, n > 2. We define, for any b € [n], a binary operation -5 on [n]
by the rule

xXpy=>b

for all x, y € [n]. Clearly, ([n], -») is a 2-nilpotent semigroup. Let b, ¢ € [n]. Then
([n1, -») = ([n], -¢). There is, up to isomorphism, only one 2-nilpotent semigroup with
n elements.

Let ([n], <) be an ordered set. Let x, y,z € [n]. If x < ythenx -, z < y -, z and
ZpX =< Z-p Y, because all four products x -, z, ¥y -» 2,2 » X, 2 -p ¥ €qual b. Hence
([n], -p, =) is an ordered 2-nilpotent semigroup for every b € [n].

Lemma 3.2 Let b, ¢ € [n]. Then ([n], -p, X) = ([n], ¢, X) if and only if m(b) = ¢
for some w € Aut(([n], <)).

Proof 1. Suppose that ([n], -, X) = ([n], ¢, X). So, there is 7 € Aut(([n], <
), w(x py) = w(x) -« w(y) for any x, y € [n]. Consequently, there is & €
Aut(([n], x)), 7 (b) = c.

2. Suppose that there exists 7 € Aut(([n], X)), t(b) = c. Let x, y € [n]. Then
(xpy) =7m(b) =c=mx)-m(y).So, ([n], b, ) = ([n], ¢, 2.

g.e.d.

Ordered 2-nilpotent semigroups lead to examples in which the semigroups are
isomorphic and the ordered sets are isomorphic but the ordered semigroups are not.

The group Aut(([n], <)) acts on [n] by (77, x) > 7 (x) (forr € Aut(([n], X)), x €
[n]). It follows from Lemma 3.2 that ([n], -5, <) = ([n], ¢, X) if and only if b = c.

Thus the number of all non-isomorphic ordered 2-nilpotent semigroups on [n] with
the order relation < is equal to the number of Aut(([n], <))-orbits.

Denote by O2N S(n) the number of all non-isomorphic ordered 2-nilpotent semi-
groups of size n. We use Theorem 3.1 and obtain

1
O2NS(m) = > —— . > F(n].
EcOSET (n) card(Aut(E)) TeAut(E)

where F(t) is the number of fixed points of the permutation 7.

Example 3.3 We use the formula for O2N S(n) and Example 2.1. If n = 3, we have

5

1
02NSG) = | — TR >, F@

i=1 TeAut(E;)

1 1,1 1 1
=-B+1+14+04+0+D+-3+-CB+D+-C+D+-3
6 172 2 1

= 11.

Using the formula for O2N S(n), the values O2N S(n) have been calculated for
every n < 12. The values are presented in Table 2. We were able to compute the values
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Table 2 Numbers of non-isomorphic ordered 2-nilpotent semigroups

n 23 4 5 6 7 8 9 10 11 12

O2NS(n) 3 11 47 243 1533 12038 118818 1487301 23738557 484673601 12677658783

O2NS(n) for n < 7 and the values O2N S(n) for n < 12 were computed by Goetz
Pfeiffer from his data on automorphism groups of partial orders (see [10]).

This example shows the difference between semigroups and ordered semigroups:
there is only one 2-nilpotent semigroup with 7 elements but there are 12038 ordered
2-nilpotent semigroups with 7 elements (of course, the number 7 could be replaced
here).

3.2 The algorithm

We used computer for construction of all non-isomorphic ordered semigroups of size
n<"T7.

Let n be a positive integer. Let ([n], <) be an ordered set. We want to construct all
non-isomorphic ordered semigroups of the form ([n], *, <).

Let M, (U) be the set of all n x n matrices over aset U. Any A = (a;;) € M, ([n])
determines a binary operation x4 on [r] by the rule

[ %A ] = ajj

(i, j € [n]). So, A is the Cayley table of the operation 4.
For each permutation 7w € Sym(n) and each matrix A € M,,([n]) we define

m(A) = B = (b;j) € My([n])
where
bij = ”(aﬂ‘l(i),N‘l(j))

(fori, j € [n]).
It holds, for every m, p € Sym(n), A € M, ([n)),

id(A) = A, (pm)(A) = p(7(A)).
Thus Sym(n) acts on M, ([n]) via (7w, A) — w(A).
Denote by C,([n], <) the set of all A € M, ([n]) such that the operation x4 is
associative and compatible with the relation < (i.e.i < jimpliesi x4 k < j x4 k and

kxai <k=xp j,foreveryi, j, k € [n]). Thus,

C,([n], x) = {A € M, ([n])| ([n], x4, <) is an ordered semigroup}.

@ Springer



646 P. Gajdos, M. Kufil

We define a binary relation = on C,([n], <) in the following way: For A, B €
Cn([n], X), A = Bifand only if 7(A) = B for some = € Aut(([n], X)).

Lemma 3.4 The relation = is an equivalence relation on C,([n], X) and, for every
A, B € Cy([n], 2), ([n], x4, 2) = ([n], *p, X) if and only if A = B.

Proof 1. Sym(n) acts on M, ([n]), C,([n], X) € M, ([n]) and Aut(([n], X)) is a
subgroup in Sym(n). Consequently, the relation = is an equivalence relation on
Cu([n], =).

2. Let A, B € C,([n], X). Let ([n], x4, X) = ([n], *p, X). There exists m €
Aut(([n], <)) suchthat(kx4l) = mw(k)*pm(l) foreveryk,l € [n].Leti, j € [n].
Then

bijj=1i%*pj
= (' (@) xp w(r ()
=@ (@) x4 7 ()
= n(an_1(l~)7n_1(j)).
Consequently, 7(A) = B, A = B.

3. Let A,B € C,([n], X). Let A = B. There exists 7 € Aut(([n], <)) such that
m(A) = B. Leti, j € [n]. Then

(i x4 j) = m(aij)
= 7T (Ar 1 (r (i)' (2 (j)))

= br(i).7(j)
=m(i)*g w(j).

Consequently, 7 : ([n], x4, X) — ([n], *p, <) is an isomorphism.
g.e.d.

Thus, we are interested in the factor set C,, ([n], <)/=.
Let C,([n], 2)/= = {T1.T2,...,Tp}. Note that p is the number of all non-
isomorphic ordered semigroups of the form ([n], *x, <).
The set M,,([n]) is linearly ordered by the relation < defined by the following rule:
Let A, B € M,([n]). Then
A<B
if a;; = b;; for each i, j € [n] or there is a pair k, [ € [n] such that

akl < by

(the symbol < denotes here the strong usual order of integers) and a;; = b;; for all
i, j € [n] with

j+ri—-1D -n<l+k—-1)- n.
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Asusual, A < Bmeans A < Band A # B.
We will construct matrices Ay, ..., A, which satisfy, forany i € {1, ..., p},

1. Ai 677
2. A; < Bforall B eT,.

Let A = (a;;) € M, ([n]U{0}). We can think of the matrix A as a table of a partial
binary operation x4 on [n]. Let i, j € [n]. If a;; = O then i %4 j is undefined. If
ajj #Othenixy j = aij-

Let A = (a;j) € M, ([n] U {0}). We define a set R(A) of matrices by

R(A) = {B € M, ([n])| for all i, j € [n], ajj # 0 implies bij = a,‘j}.

Thus R(A) is the set of all matrices which are obtained if all zeros in A are replaced
by elements of [n].

Again, let A = (a;;) € M,([n] U {0}). Let k € [n]. We define a matrix k(A) =
B = (bij) € M, ([n]) by

b — % aij 0
& k Cl,‘j:O

Thus k(A) is the matrix which is obtained if all zeros in A are replaced by k.
Obviously, k(A) € R(A). Further, if A € M,,([n]) then k(A) = A.
It is clear that

1(A) < B < n(A)

forall B € R(A).
For each permutation 7w € Sym(n) and each matrix A € M,,([n] U {0}) we define

T(A) = B = (b;j) € M, ([n] U {0})
where

b = | T @t a=1() Gt aiy 70
oo 1 (i), m=1(j) = O

Obviously, if A € M, ([n]) then T(A) = w(A).

Our algorithm is based on the ideas presented by Plemmons in [12] (Plemmons was
interested in the construction of non-equivalent finite semigroups). The difference lies
in the fact that we use the automorphism group Aut(([n], <)) instead of the symmetric
group Sym(n).

Algorithm 3.5 Input: An ordered set ([n], <) for some positive integer n.

Output: Ay, ..., A, € M,([n]) such that ([n], x4,, <), ..., ([n], *A, <) are all
non-isomorphic ordered semigroups of the form ([n], *, <).

The algorithm works with a matrix A = (ax) € M, ([n] U {0}) and with integers
q,i,j,1 <i<n,1<j<n.
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1. (Initiation.) ag; <= 1forallk,l € [n],qg <= 1,i < n,j < n, A; < A.
2. If a;jj < nthena;; < a;; + 1 and go to step 4.
3. (We have g;; = n.)
(1) ajj <0
(i) If j > 1then j <— j — 1 and go to step 2.
(i11)) (Wehave j =1.)Ifi > 1theni <—i — 1, j <— n and go to step 2.
(iv) (We have j =i = 1.) The process is complete and we have all the matrices
A, Ay, A,
4. (Test for associativity.) If a;,, # 0, ak,q,, 7 0, ar; # 0, ag,;.m # 0 and ay g4, #
aqy,,m for some k, [, m € [n] then go to step 2.
5. (Test for compatibility.) If &k < I, ar # 0, apmy # O, amkﬁaml ork <1I,ap, #
0,aim #0, aim ﬁalm for some k, [, m € [n] then go to step 2.
6. (Test for isomorphism.) If n(7w(A)) < 1(A) for some 7w € Aut(([n], <)) then go
to step 2.
7. (i) If j <nthen j < j 4+ 1 and go to step 2.
(i1)) (Wehave j =n.)Ifi <ntheni < i+ 1, j < 1 and go to step 2.
(iii)) (Wehave j =i =n.)g < q+1,A; < A and go to step 2.

Now, in order to construct all non-isomorphic ordered semigroups with n ele-
ments, we have to find all non-isomorphic ordered sets ([n], <;) with n elements, i =
1,2, ..., G(n) (recall that G (n) denotes the number of all non-isomorphic ordered sets
with n elements), and to apply Algorithm 3.5 to every ([n], <;),i = 1,2,..., G(n).
This two step process is described at the beginning of Sect. 3. Of course, obtained
ordered semigroups are sorted by the type of their orderings.

3.3 Results and classification

We are going to present results of our computations.

We used a computer with quad core 2.40 GHz CPU and 2 GB RAM. We used 3
cores in parallel.

We have constructed all non-isomorphic ordered semigroups with n elements where
n < 7. The constructed ordered semigroups of size n < 6 are available in the Internet
at http://physics.ujep.cz/CZ/usr_files/download-rucne/

The constructed ordered semigroups of size 7 were not stored. In our article we
present only the enumeration of ordered semigroups of size n < 7.

The computations lasted 30 days (75 min for ordered semigroups of size n < 6).

In Table 3 the numbers of ordered semigroups with n elements are given, step by
step forn = 1,2,3,4,5,6. The binary sequences in the first column of any table
determine the order relation on [#], in the way explained in Sect. 2. The symbols s, ¢,
m, b, r, i, 2, 3 in the heads of the tables are meant as abbreviations:

s—semigroup

c—commutative semigroup (xy = yx for all x, y € S)

m—monoid (S contains an identity)

b—band (x2 = x forall x € S)

r—regular semigroup (forall x € S thereexistsanelementy € S suchthatxyx = x

and yxy =y)
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Table 3 Numbers of non-isomorphic ordered semigroups
S c m b r i 2 3
1 Element
1 1 1 1 1 1
Sum 1 1 1 1 1 1
2 Elements
0 5 3 3 4 2 0
1 6 4 4 4 2 2 0
Sum 11 7 4 0
3 Elements
00.0 24 12 7 10 13 5 1 1
10.0 53 27 10 20 22 8 3 2
11.0 26 12 11 12 4 2 1
01.1 26 12 11 12 4 2 1
11.1 44 20 17 17 5 3 2
Sum 173 83 37 69 76 26 11 7
4 Elements
000.00.0 188 58 35 46 67 16 1 9
100.00.0 591 181 73 136 158 34 3 23
110.00.0 324 101 36 70 81 19 3 17
111.00.0 178 51 28 47 56 12 2 9
010.10.0 324 101 36 70 81 19 3 17
110.10.0 584 176 58 119 128 26 4 34
001.10.0 210 64 28 66 70 12 2 10
011.10.0 210 82 12 40 42 10 4 14
111.10.0 439 133 56 90 92 18 4 27
011.11.0 48 20 0 2 2 0 2 2
111.11.0 220 69 19 41 45 9 3 12
001.01.1 178 51 28 47 56 12 2 9
101.01.1 439 133 56 90 92 18 4 27
111.01.1 214 65 31 48 52 11 3 10
011.11.1 220 69 19 41 45 9 3 12
111.11.1 386 114 34 82 82 14 4 14
Sum 4753 1468 549 1035 1149 239 47 246
5 elements
0000.000.00.0 1915 325 228 251 355 52 1 118
1000.000.00.0 8123 1335 720 1010 1230 160 3 335
1100.000.00.0 5084 842 396 571 692 96 3 342
1110.000.00.0 3203 546 224 374 454 68 3 298
1111.000.00.0 1740 277 199 244 313 44 2 118
0100.100.00.0 5084 842 396 571 692 96 3 342
1100.100.00.0 9445 1509 680 1018 1159 139 4 677
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Table 3 continued

S c m b r i 2 3
0010.100.00.0 5481 952 426 846 904 101 3 240
0110.100.00.0 4393 923 230 380 406 64 5 322
1110.100.00.0 8820 1540 531 807 859 115 5 876
0011.100.00.0 2556 473 220 430 465 55 4 171
0111.100.00.0 1750 415 46 214 253 37 4 154
1111.100.00.0 6135 1015 548 673 748 92 4 499
0110.110.00.0 965 219 48 20 20 0 3 46
1110.110.00.0 4398 789 254 378 426 58 4 383
0101.110.00.0 502 156 23 58 60 10 3 74
0111.110.00.0 745 228 0 12 12 0 4 65
1111.110.00.0 4039 719 366 322 352 46 4 410
0111.111.00.0 202 59 0 2 2 0 2 10
1111.111.00.0 1774 328 126 172 207 27 3 148
0010.010.10.0 3203 546 224 374 454 68 3 298
1010.010.10.0 8820 1540 531 807 859 115 5 876
1110.010.10.0 3950 714 266 383 434 62 4 269
0001.010.10.0 2556 473 220 430 465 55 4 171
0011.010.10.0 1750 415 46 214 253 37 4 154
1011.010.10.0 3132 686 80 289 295 41 5 315
1111.010.10.0 2986 564 218 306 334 48 4 208
0110.110.10.0 4398 789 254 378 426 58 4 383
1110.110.10.0 7637 1325 450 780 822 94 5 394
0001.110.10.0 4756 854 396 750 762 82 5 299
0011.110.10.0 1767 437 69 191 195 25 5 209
0111.110.10.0 2471 597 53 202 211 31 5 186
1111.110.10.0 5269 953 402 544 553 63 5 279
0011.001.10.0 502 156 23 58 60 10 3 74
1011.001.10.0 1767 437 69 191 195 25 5 209
1111.001.10.0 2304 408 211 278 284 31 3 174
0011.011.10.0 745 228 0 12 12 0 4 65
1011.011.10.0 2471 597 53 202 211 31 5 186
0111.011.10.0 1122 334 0 8 8 0 5 121
1111.011.10.0 3203 671 209 182 190 30 5 255
0111.111.10.0 826 230 0 4 4 0 4 53
1111.111.10.0 4308 838 268 358 366 44 5 232
0011.011.11.0 202 59 0 2 2 2 10
1011.011.11.0 826 230 0 4 4 0 4 53
1111.011.11.0 792 170 42 10 11 3 3 49
0111.111.11.0 876 200 0 106 129 17 3 23
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Table 3 continued

s c m b r i 2 3
I1T11.111.11.0 2120 417 96 185 202 24 4 82
0001.001.01.1 1740 277 199 244 313 4 2 118
1001.001.01.1 6135 1015 548 673 748 92 4 499
1101.001.01.1 2986 564 218 306 334 48 4 208
1111.001.01.1 1206 239 115 182 217 30 3 54
0101.101.01.1 4039 719 366 322 352 46 4 410
1101.101.01.1 5269 953 402 544 553 63 5 279
0011.101.01.1 2304 408 211 278 284 31 3 174
0111.101.01.1 3203 671 209 182 190 30 5 255
1111.101.01.1 3855 761 286 406 414 50 5 170
0111.111.01.1 792 170 42 10 11 3 3 49
I1111.111.01.1 2071 409 130 210 228 29 4 67
0011.011.11.1 1774 328 126 172 207 27 3 148
1011.011.11.1 4308 838 268 358 366 4 5 232
I1111.011.11.1 2071 409 130 210 228 29 4 67
O111.111.11.1 2120 417 96 185 202 24 4 82
1111.111.11.1 3852 710 184 422 422 42 5 83
6 elements
00000.0000.000.00.0 28634 2143 2237 1682 2471 208 1 4671
10000.0000.000.00.0 144825 10894 9335 8624 10854 814 3 16550
11000.0000.000.00.0 103461 7566 5674 4987 6242 522 3 17744
11100.0000.000.00.0 82570 5710 3633 3592 4550 406 3 21916
11110.0000.000.00.0 54385 3886 2066 2408 3049 294 3 16197
11111.0000.000.00.0 24823 1815 1863 1506 2017 174 2 4671
01000.1000.000.00.0 103461 7566 5674 4987 6242 522 3 17744
11000.1000.000.00.0 197107 13854 10331 9271 10997 794 4 35407
00100.1000.000.00.0 143438 11954 7833 10738 12046 795 3 11092
01100.1000.000.00.0 108901 10111 4679 4034 4558 416 5 15853
11100.1000.000.00.0 238652 17038 9611 8245 9293 743 5 63552
00110.1000.000.00.0 97382 8645 4591 7033 7802 578 5 11979
01110.1000.000.00.0 58648 6064 1826 2526 2927 287 5 10604
11110.1000.000.00.0 219822 15670 7031 7443 8357 709 5 71595
00111.1000.000.00.0 28490 2546 1558 2356 2742 214 4 4788
01111.1000.000.00.0 23667 2811 289 1305 1602 152 4 4773
11111.1000.000.00.0 124342 9076 7242 5575 6480 508 4 28910
01100.1100.000.00.0 23620 2418 1035 254 282 0 3 2743
11100.1100.000.00.0 119842 8788 4801 3986 4723 379 4 29640
01010.1100.000.00.0 18055 2366 538 662 691 75 4 4184
01110.1100.000.00.0 26593 3428 745 206 206 0 5 3468
11110.1100.000.00.0 164730 11580 4643 3511 3809 349 5 64459
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Table 3 continued

s c m b r i 2 3
00011.1100.000.00.0 10708 1016 821 968 1119 91 2 1406
01011.1100.000.00.0 11072 1712 237 567 654 70 5 3862
01111.1100.000.00.0 12285 1885 0 102 114 0 4 1998
11111.1100.000.00.0 115789 8262 5957 2980 3498 286 4 37887
01110.1110.000.00.0 6377 831 202 28 28 0 3 461
11110.1110.000.00.0 66233 5023 2000 1986 2387 209 4 21663
01101.1110.000.00.0 3757 759 0 46 46 0 3 1232
01111.1110.000.00.0 7607 1275 0 18 18 0 4 865
11111.1110.000.00.0 73901 5490 3856 1686 1976 170 4 25002
01111.1111.000.00.0 1768 285 0 2 2 0 2 119
11111.1111.000.00.0 24600 2035 1204 869 1125 97 3 6500
00100.0100.100.00.0 82570 5710 3633 3592 4550 406 3 21916
10100.0100.100.00.0 238652 17038 9611 8245 9293 743 5 63552
11100.0100.100.00.0 94417 7603 4413 3649 4326 366 4 17812
00010.0100.100.00.0 97382 8645 4591 7033 7802 578 5 11979
00110.0100.100.00.0 58648 6064 1826 2526 2927 287 5 10604
10110.0100.100.00.0 110881 10563 3264 3358 3511 339 6 22649
11110.0100.100.00.0 96631 8454 3351 3188 3557 351 5 21911
00011.0100.100.00.0 15140 1620 446 1362 1546 112 4 2650
00111.0100.100.00.0 12694 1740 168 1040 1410 132 4 2578
10111.0100.100.00.0 40182 4561 397 1797 2041 185 5 8973
11111.0100.100.00.0 61230 5421 3100 2587 3028 283 4 11329
01100.1100.100.00.0 119842 8788 4801 3986 4723 379 4 29640
11100.1100.100.00.0 189503 14705 8253 8296 9256 628 5 30565
00010.1100.100.00.0 187132 16076 8586 12934 13610 892 6 23878
00110.1100.100.00.0 62636 6718 1881 2346 2441 205 6 14811
01110.1100.100.00.0 88248 9338 2557 2567 2712 262 6 13697
11110.1100.100.00.0 172716 14930 5933 6175 6488 508 6 34708
00011.1100.100.00.0 32914 3269 1842 2820 3010 204 5 4260
00111.1100.100.00.0 13391 1879 268 961 1120 90 5 3171
01111.1100.100.00.0 25687 3505 213 1286 1495 135 5 3158
11111.1100.100.00.0 104740 8844 5437 4770 5255 377 5 16649
00110.0010.100.00.0 18055 2366 538 662 691 75 4 4184
10110.0010.100.00.0 62636 6718 1881 2346 2441 205 6 14811
11110.0010.100.00.0 74999 6282 2652 3085 3259 239 4 20179
00001.0010.100.00.0 19784 1844 1308 2220 2320 132 2 1376
00101.0010.100.00.0 36464 4246 1094 2422 2518 206 6 4912
01101.0010.100.00.0 81293 7521 4030 5258 5390 390 6 14105
00111.0010.100.00.0 7567 1287 124 427 475 53 4 1684
10111.0010.100.00.0 51130 5968 729 2148 2292 196 6 13268
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Table 3 continued

s c m b i 2 3
11111.0010.100.00.0 96935 7785 5354 4330 4547 325 4 21048
00110.0110.100.00.0 26593 3428 745 206 206 0 5 3468
10110.0110.100.00.0 88248 9338 2557 2567 2712 262 6 13697
01110.0110.100.00.0 39538 5030 1122 182 182 0 6 6525
11110.0110.100.00.0 115128 10464 3563 2013 2155 223 6 32487
00101.0110.100.00.0 7567 1287 124 427 475 53 4 1684
01101.0110.100.00.0 17333 2537 365 674 685 69 6 5178
00011.0110.100.00.0 5180 1062 46 208 212 26 6 2198
00111.0110.100.00.0 9128 1916 0 100 100 0 6 2080
10111.0110.100.00.0 46818 5706 322 1175 1221 121 6 12069
01111.0110.100.00.0 19867 3053 0 82 82 0 6 4489
11111.0110.100.00.0 116911 10335 4946 1871 1958 214 6 33272
01110.1110.100.00.0 28795 3522 826 118 118 0 5 2794
11110.1110.100.00.0 151025 13299 4784 4547 4785 377 6 31373
01101.1110.100.00.0 9537 1610 165 399 409 41 4 1722
00011.1110.100.00.0 11936 1818 287 510 516 50 6 4657
00111.1110.100.00.0 8641 1737 0 52 52 0 6 2734
01111.1110.100.00.0 20209 3501 0 74 74 0 6 2717
11111.1110.100.00.0 137864 12032 6911 3660 3759 299 6 31500
00011.0011.100.00.0 7274 1000 96 124 124 0 4 668
10011.0011.100.00.0 41251 3993 1778 2502 2706 198 5 6808
00111.0011.100.00.0 3088 740 0 24 24 0 5 627
10111.0011.100.00.0 20158 2419 250 634 697 59 5 6469
01111.0011.100.00.0 9750 1526 0 68 68 0 5 2192
11111.0011.100.00.0 63361 5315 3613 2117 2282 166 5 17491
00111.0111.100.00.0 2466 583 0 14 14 0 4 310
10111.0111.100.00.0 29454 3732 288 1031 1219 115 5 6429
01111.0111.100.00.0 8494 1503 0 10 10 0 5 1211
11111.0111.100.00.0 57740 5374 2535 909 1075 111 5 16527
01111.1111.100.00.0 7009 1185 0 4 4 0 4 621
11111.1111.100.00.0 80060 7344 3567 2530 2840 216 5 16514
00110.0110.110.00.0 6377 831 202 28 28 0 3 461
10110.0110.110.00.0 28795 3522 826 118 118 0 5 2794
11110.0110.110.00.0 25927 2504 872 120 133 17 4 6320
00101.0110.110.00.0 3088 740 0 24 24 0 5 627
00111.0110.110.00.0 2466 583 0 14 14 0 4 310
10111.0110.110.00.0 11522 1798 0 44 44 0 5 1860
11111.0110.110.00.0 25039 2296 1123 134 152 20 4 6376
01110.1110.110.00.0 28549 3072 876 1406 1670 148 4 1173
11110.1110.110.00.0 70885 6518 2302 2441 2701 207 5 12073
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Table 3 continued

00101.1110.110.00.
00111.1110.110.00.
01111.1110.110.00.
11111.1110.110.00.
00011.0101.110.00.
00111.0101.110.00.
10111.0101.110.00.
11111.0101.110.00.
00111.0111.110.00.
10111.0111.110.00.
01111.0111.110.00.
11111.0111.110.00.
01111.1111.110.00.
11111.1111.110.00.
00111.0111.111.00.
10111.0111.111.00.
11111.0111.111.00.
01111.1111.111.00.

14288 2348 242 443 455 51
4822 1024 0 26 26 0
16655 2605 140 808 910 88
58664 5287 2858 1774 1924 150
334 112 0 2 2 0
1778 522 0 2 2 0
14700 2436 0 18 18
33954 3116 1569 313 321 41
1292 374 0 2 2 0
12641 2051 0 24 24
6261 1195 0 2 2 0
38737 3624 1780 86 97 15
6139 1092 0 16 18 0
53135 5103 2280 1263 1378 112
358 98 0 2 2 0
4061 727 0 4 4
8306 810 457 19 23 7
5911 842 0 445 591 51
11111.1111.111.00. 22159 2187 873 775 934 72 3800
00010.0010.010.10. 54385 3886 2066 2408 3049 294 16197

0 6 3899
0 5
0 5
0 5
0 2
0 4
0 6
0 4
0 4
0 5
0 5
0 5
0 4
0 5
0 2
0 4
0 3
0 3
0 4
0 3
10010.0010.010.10.0 219822 15670 7031 7443 8357 709 5 71595
0 5
0 4
0 4
0 4
0 5
0 5
0 4
0 5
0 6
0 4
0 6
0 6
0 6
0 6
0 6
0 6
0 6
0 6
0 6

1044
1037
11837
96
240
3536
12722
116
1825
884
11980
450
11973
18
323
1926
167

11010.0010.010.10. 96631 8454 3351 3188 3557 351 21911
11110.0010.010.10. 31283 3184 1399 1688 2065 195 3177
00001.0010.010.10. 28490 2546 1558 2356 2742 214 4788
00011.0010.010.10. 23667 2811 289 1305 1602 152 4773
10011.0010.010.10. 40182 4561 397 1797 2041 185 8973
11011.0010.010.10. 35158 4201 360 1427 1537 158 6681
11111.0010.010.10. 23983 2671 1081 1432 1669 159 2460
01010.1010.010.10. 164730 11580 4643 3511 3899 349 64459
11010.1010.010.10. 172716 14930 5933 6175 6488 508 34708
00110.1010.010.10. 74999 6282 2652 3085 3259 239 20179
01110.1010.010.10. 115128 10464 3563 2013 2155 223 32487
11110.1010.010.10. 111399 11225 4339 4152 4420 368 11966
00001.1010.010.10. 81293 7521 4030 5258 5390 390 14105
00011.1010.010.10. 51130 5968 729 2148 2292 196 13268
01011.1010.010.10. 46818 5706 322 1175 1221 121 12069
11011.1010.010.10. 59594 7044 700 2290 2336 192 9958
00111.1010.010.10. 30745 3805 617 1537 1561 121 6361
01111.1010.010.10. 33269 4553 258 886 926 104 5725
11111.1010.010.10. 79902 8714 3188 3278 3376 290 8499
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Table 3 continued

s c m b i 2 3
01110.1110.010.10.0 25927 2504 872 120 133 17 4 6320
11110.1110.010.10.0 58108 5876 2307 2249 2512 213 5 4644
00001.1110.010.10.0 34522 3541 1932 2406 2578 200 5 3459
00011.1110.010.10.0 13465 1889 367 650 710 70 5 2575
01011.1110.010.10.0 19122 2966 283 455 462 52 6 3486
01111.1110.010.10.0 11294 1819 60 60 62 10 5 1443
11111.1110.010.10.0 38713 4329 1850 1598 1734 146 5 3962
00001.0001.010.10.0 10708 1016 821 968 1119 91 2 1406
10001.0001.010.10.0 32914 3269 1842 2820 3010 204 5 4260
00011.0001.010.10.0 11072 1712 237 567 654 70 5 3862
10011.0001.010.10.0 13391 1879 268 961 1120 90 5 3171
01011.0001.010.10.0 17333 2537 365 674 685 69 6 5178
11011.0001.010.10.0 30745 3805 617 1537 1561 121 6 6361
01111.0001.010.10.0 13465 1889 367 650 710 70 5 2575
11111.0001.010.10.0 34661 3613 1849 1820 1941 160 5 4320
00011.0011.010.10.0 12285 1885 0 102 114 0 4 1998
10011.0011.010.10.0 25687 3505 213 1286 1495 135 5 3158
01011.0011.010.10.0 19867 3053 0 82 82 0 6 4489
11011.0011.010.10.0 33269 4553 258 886 926 104 6 5725
01111.0011.010.10.0 8277 1366 0 50 56 0 5 1707
11111.0011.010.10.0 26803 3271 887 824 970 101 5 3456
01011.1011.010.10.0 11522 1798 0 44 44 0 5 1860
11011.1011.010.10.0 44983 5743 441 1548 1582 136 6 6298
00111.1011.010.10.0 4892 860 0 18 18 0 4 1207
01111.1011.010.10.0 13897 2419 0 30 30 0 6 2000
11111.1011.010.10.0 50377 5963 1707 1218 1243 121 6 6823
01111.1111.010.10.0 4692 798 0 2 2 0 4 433
11111.1111.010.10.0 34695 4038 1441 1199 1311 116 5 4043
00110.0110.110.10.0 66233 5023 2000 1986 2387 209 4 21663
10110.0110.110.10.0 151025 13299 4784 4547 4785 377 6 31373
11110.0110.110.10.0 58108 5876 2307 2249 2512 213 5 4644
00001.0110.110.10.0 41251 3993 1778 2502 2706 198 5 6808
00011.0110.110.10.0 20158 2419 250 634 697 59 5 6469
00111.0110.110.10.0 29454 3732 288 1031 1219 115 5 6429
10111.0110.110.10.0 44983 5743 441 1548 1582 136 6 6298
11111.0110.110.10.0 40559 4404 1679 1676 1810 157 5 2512
01110.1110.110.10.0 70885 6518 2302 2441 2701 207 5 12073
11110.1110.110.10.0 111971 10707 4204 5418 5632 364 6 6433
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Table 3 continued

S c m b r i 2 3
00001.1110.110.10.0 73112 7054 3990 5270 5330 336 6 7670
00011.1110.110.10.0 25709 3493 675 1071 1088 88 6 5307
00111.1110.110.10.0 26593 3807 471 983 991 81 6 4196
01111.1110.110.10.0 35121 4955 420 1263 1319 113 6 3575
11111.1110.110.10.0 73248 7610 3447 3603 3645 241 6 4313
10001.0001.110.10.0 27572 2708 1430 2477 2498 154 3 1762
00011.0001.110.10.0 11936 1818 287 510 516 50 6 4657
10011.0001.110.10.0 12364 1858 368 888 888 62 6 2468
00111.0001.110.10.0 14288 2348 242 443 455 51 6 3899
10111.0001.110.10.0 19812 2866 281 1085 1122 90 6 2181
01111.0001.110.10.0 25709 3493 675 1071 1088 88 6 5307
11111.0001.110.10.0 60645 5927 3760 3419 3443 225 6 5676
00011.0011.110.10.0 9750 1526 0 68 68 0 5 2192
10011.0011.110.10.0 19812 2866 281 1085 1122 90 6 2181
00111.0011.110.10.0 14700 2436 0 18 18 0 6 3536
10111.0011.110.10.0 16582 2700 152 334 342 42 6 1960
01111.0011.110.10.0 15834 2540 0 44 44 0 6 3062
11111.0011.110.10.0 32714 4114 1458 898 914 86 6 3536
00111.0111.110.10.0 12641 2051 0 24 24 0 5 1825
10111.0111.110.10.0 30736 4410 164 1038 1066 98 6 1892
01111.0111.110.10.0 16600 2786 0 16 16 0 6 2002
11111.0111.110.10.0 42776 5042 1778 973 1010 98 6 2507
01111.1111.110.10.0 11564 1876 0 16 16 0 5 860
11111.1111.110.10.0 58532 6426 2349 2296 2332 162 6 3605
00011.0011.001.10.0 3757 759 0 46 46 0 3 1232
10011.0011.001.10.0 9537 1610 165 399 409 41 4 1722
01011.0011.001.10.0 8641 1737 0 52 52 0 6 2734
11011.0011.001.10.0 19122 2966 283 455 462 52 6 3486
01111.0011.001.10.0 4892 860 0 18 18 0 4 1207
11111.0011.001.10.0 16210 1992 669 301 318 42 4 2358
01011.1011.001.10.0 4822 1024 0 26 26 0 5 1044
11011.1011.001.10.0 26593 3807 471 983 991 81 6 4196
00111.1011.001.10.0 2619 583 0 18 18 0o 3 726
01111.1011.001.10.0 8722 1710 0 18 18 6 1198
11111.1011.001.10.0 38299 4485 1844 922 938 86 6 4869
01111.1111.001.10.0 3001 550 0 8 8 0o 3 253
11111.1111.001.10.0 26632 2871 1348 1128 1152 76 4 3039
00011.0011.011.10.0 7607 1275 0 18 18 0 4 865
10011.0011.011.10.0 20209 3501 0 74 74 0 o6 2717
11011.0011.011.10.0 11294 1819 60 60 62 10 5 1443
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Table 3 continued

s m b i 2 3
00111.0011.011.10.0 8494 1503 0 10 10 0 5 1211
10111.0011.011.10.0 13897 2419 0 30 30 0 6 2000
11111.0011.011.10.0 16100 2107 479 61 63 13 5 1635
01011.1011.011.10.0 16655 2605 140 808 910 88 5 1037
11011.1011.011.10.0 35121 4955 420 1263 1319 113 6 3575
00111.1011.011.10.0 8722 1710 0 18 18 0 6 1198
01111.1011.011.10.0 16698 2910 37 490 529 61 6 960
11111.1011.011.10.0 36770 4652 1157 923 958 9 6 3555
00111.0111.011.10.0 6261 1195 0 2 2 5 884
10111.0111.011.10.0 16600 2786 0 16 16 6 2002
01111.0111.011.10.0 8862 1798 0 2 2 6 1010
11111.0111.011.10.0 25651 3445 894 54 55 13 6 2762
01111.1111.011.10.0 7169 1308 0 22 23 3 5 408
11111.1111.011.10.0 36709 4721 1392 759 797 79 6 3932
00111.0111.111.10.0 4061 727 0 4 4 0 4 323
10111.0111.111.10.0 16614 2872 0 8 8 0 6 942
11111.0111.111.10.0 17384 2193 741 44 46 14 5 891
01111.1111.111.10.0 16936 2448 0 884 998 80 5 388
11111.1111.111.10.0 48428 5548 1784 1687 1721 123 6 2918
00011.0011.011.11.0 1768 285 0 2 2 0o 2 119
10011.0011.011.11.0 7009 1185 0 4 4 0 4 621
11011.0011.011.11.0 4692 798 0 2 2 0 4 433
11111.0011.011.11.0 3406 450 104 10 11 3 3 201
01011.1011.011.11.0 6139 1092 0 16 18 0 4 450
11011.1011.011.11.0 11564 1876 0 16 16 0 5 860
00111.1011.011.11.0 3001 550 8 8 0 3 253
01111.1011.011.11.0 7169 1308 22 23 3 5 408
11111.1011.011.11.0 14516 1899 369 36 40 6 5 897
O1111.1111.011.11.0 1880 357 0 2 2 0 3 89
11111.1111.011.11.0 8608 1169 283 39 44 7 4 573
00111.0111.111.11.0 5911 842 0 445 591 51 3 167
10111.0111.111.11.0 16936 2448 0 884 998 80 5 388
11111.0111.111.11.0 11448 1387 299 490 583 51 4 234
01111.1111.111.11.0 9390 1358 0 436 522 42 4 168
11111.1111.111.11.0 23014 2696 645 916 998 70 5 652
00001.0001.001.01.1 24823 1815 1863 1506 2017 174 2 4671
10001.0001.001.01.1 124342 9076 7242 5575 6480 508 4 28910
11001.0001.001.01.1 61230 5421 3100 2587 3028 283 4 11329
11101.0001.001.01.1 23983 2671 1081 1432 1669 159 4 2460
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Table 3 continued

11111.0001.001.01. 8875 1076 647 887 1131 103
01001.1001.001.01. 115789 8262 5957 2980 3498 286
11001.1001.001.01. 104740 8844 5437 4770 5255 377

1 478
1
1
00101.1001.001.01.1 96935 7785 5354 4330 4547 325
1
1
1

37887
16649
21048
33272
8499
4320
3456
2650
6376
2512
2358
1635
1865
201
697
25002

01101.1001.001.01. 116911 10335 4946 1871 1958 214
11101.1001.001.01.
00111.1001.001.01
01111.1001.001.01.
11111.1001.001.01.
01101.1101.001.01.
11101.1101.001.01.
01011.1101.001.01.
01111.1101.001.01.
11111.1101.001.01.
01111.1111.001.01.
11111.1111.001.01.
00101.0101.101.01.
10101.0101.101.01.
11101.0101.101.01.
00011.0101.101.01.
00111.0101.101.01.
10111.0101.101.01.
11111.0101.101.01.
01101.1101.101.01.
11101.1101.101.01.
00011.1101.101.01
00111.1101.101.01.
01111.1101.101.01
I11111.1101.101.01.
00111.0011.101.01.
10111.0011.101.01.
11111.0011.101.01.
00111.0111.101.01.
10111.0111.101.01
01111.0111.101.01.
11111.0111.101.01
01111.1111.101.01
11111.1111.101.01.
00111.0111.111.01.

3
4
5
4
6
79902 8714 3188 3278 3376 290 6
34661 3613 1849 1820 1941 160 5
26803 3271 887 824 970 101 5
39419 4790 1940 2600 2900 226 5
25039 2296 1123 134 152 20 4
40559 4404 1679 1676 1810 157 5
16210 1992 669 301 318 42 4
16100 2107 479 61 63 13 5
28499 3616 1216 1324 1445 128 5
3406 450 104 10 11 3 3
13144 1641 593 804 964 79 4
73901 5490 3856 1686 1976 170 4

137864 12032 6911 3660 3759 299 6 31500

38713 4329 1850 1598 1734 146 5 3962

63361 5315 3613 2117 2282 166 5 17491

5

6

5

5

6

6

6

6

6

4

6

4

5

6

6

6

5

6

3

— = = e e e e e e e

57740 5374 2535 909 1075 111 16527
50377 5963 1707 1218 1243 121 6823
28499 3616 1216 1324 1445 128 1865
58664 5287 2858 1774 1924 150 11837
73248 7610 3447 3603 3645 241 4313
60645 5927 3760 3419 3443 225 5676
38299 4485 1844 922 938 86 4869
36770 4652 1157 923 958 94 3555
47171 5743 2116 2484 2520 180 2308
33954 3116 1569 313 321 41 12722
32714 4114 1458 898 914 86 3536
18188 2346 906 1216 1236 90 1002
38737 3624 1780 86 97 15 11980
42776 5042 1778 973 1010 98 2507
25651 3445 894 54 55 13 2762
33260 4484 1200 890 932 94 1406
14516 1899 369 36 40 6 897
42119 5149 1531 1854 1892 138 1660
8306 810 457 19 23 7 1926

— = e e e e e e e e R e e e e e e e e e
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Table 3 continued

S c m b r i 2 3
10111.O1T11.111.01.1 17384 2193 741 44 46 14 5 891
11111.0111.111.01.1 8658 1228 290 64 68 16 4 234
0O1111.1111.111.01.1 11448 1387 299 490 583 51 4 234
IT11T1.1111.111.01.1 22466 2721 744 1029 1115 84 5 608
00011.0011.011.11.1 24600 2035 1204 869 1125 97 3 6500
10011.0011.011.11.1 80060 7344 3567 2530 2840 216 5 16514
11011.0011.011.11.1 34695 4038 1441 1199 1311 116 5 4043
11111.0011.011.11.1 13144 1641 593 804 964 79 4 697
01011.1011.011.11.1 53135 5103 2280 1263 1378 112 5 11973
11011.1011.011.11.1 58532 6426 2349 2296 2332 162 6 3605
00111.1011.011.11.1 26632 2871 1348 1128 1152 76 4 3039
01111.1011.011.11.1 36709 4721 1392 759 797 79 6 3932
11111.1011.011.11.1 42119 5149 1531 1854 1892 138 6 1660
0O11rr.1111.011.11.1 8608 1169 283 39 44 7 4 573
I1111.1111.011.11.1 22277 2720 724 1029 1117 84 5 537
00111.0111.111.11.1 22159 2187 873 775 934 72 4 3800
10111.0111.111.11.1 48428 5548 1784 1687 1721 123 6 2918
11111.OT11.111.11.1 22466 2721 744 1029 1115 84 5 608
Orttr1rr.111t1.111.11.1 23014 2696 645 916 998 70 5 652
11111111 1.111.11.1 42640 4726 1218 2274 2274 132 6 604

i—inverse semigroup (for all x € § there exists a unique element y € S such that
xyx = x and yxy = y)

2—2-nilpotent semigroup (card(S?) = 1 and card(S) > 1)

3—3-nilpotent semigroup (card(S?) = 1 and card(S?) > 1).

We classify ordered 2-nilpotent semigroups because they have been studied in
Sect. 3.1. The interest in 3-nilpotent semigroups stems from the observation that almost
all finite semigroups are of this type. Distler and Mitchell present in [4], Theorem 2.3, a
formula for the number « (n) of all 3-nilpotent semigroups of size n up to isomorphism
or anti-isomorphism. The formula provides a lower bound for the number B(n) of all
semigroups of size n up to isomorphism or anti-isomorphism. Presumably this bound
is asymptotic, that is, «(n)/B(n) tends to 1 while n tends to infinity. See also Table 7
in [4].

An example follows. Let us consider the table for 5 elements. In the row
1111.000.00.0 and in the column r we find the number 313. It means that there are
313 non-isomorphic ordered regular semigroups containing the smallest element and
the four remaining elements which are mutually incomparable.

The sums of columns of the tables for 5 and 6 elements (these two tables are parts
of Table 3) are presented in Table 4.

We have also constructed and enumerated all non-isomorphic ordered semigroups
with 7 elements. The constructed ordered semigroups were not printed or stored in
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Table 4 Total numbers of

non-isomorphic ordered Number of elements 5 6 7

semigroups Semigroups 198838 13457454 4207546916
Commutative semigroups 37248 1337698 71748346
Monoids 13371 504634 32113642
Bands 20305 494848 14349957
Regular semigroups 22419 546386 15842224
Inverse semigroups 2886 44275 830584
2-nilpotent semigroups 243 1533 12038
3-nilpotent semigroups 14150 2561653 3215028097

another way (there exist too many of them). We have stored only the enumeration of
ordered semigroups of size n = 7 in a similar form as it is done for n < 6 in Table 3.
But we do not present here this enumeration (such a table would be a continuation of
Table 3) since the corresponding table has G (7) = 2045 lines. So, we present only the
sums of columns of the table for 7 elements—see Table 4. The table for 7 elements in
a similar form as the tables in Table 3 is available on http://physics.ujep.cz/CZ/!usr_
files/download-rucne/

We should mention that the numbers in the first row in each table in Table 3 have
already been presented in some other works.

1. The number of all non-isomorphic semigroups of size n: [3], Table A.16 (for
n < 9). In addition, see also [17], Sequence A027851(for n < 9).

2. The number of all non-isomorphic commutative semigroups of size n: [6] (for
n = 9) and [7] (for n = 10). See also [17], Sequence A001426 (for n < 10), and
[3], Table 4.3 (for n < 8) and Table 5.5 (forn = 9).

3. The number of all non-isomorphic monoids of size n: [3], Table A.18 (forn < 10).
See also [17], Sequence A058129 (for n < 8).

4. The number of all non-isomorphic bands of size n: [3], Table A.16 (for n < 9).
See also [17], Sequence A058112 (forn < 7).

5. The number of all non-isomorphic inverse semigroups of size n: [3], Table 4.3 (for
n < 8) and Table 5.5 (for n = 9). See also [17], Sequence A001428 (for n < 9).

6. The number of all non-isomorphic 3-nilpotent semigroups of size n: [3], Table A.4
(forn < 17).

3.4 Linearly ordered semigroups

In this subsection we present the special situation when our algorithm is used for the
search of linearly ordered semigroups.

In the special case, when semigroups are ordered linearly (totally), we were able to
perform our computation not only for n < 7 but for n < 10 (n denotes the number of
elements of investigated ordered semigroups).

We have used the following modification of Algorithm 3.5.

Algorithm 3.6 Input: An ordered set ([n], <) where 1 < 2 < ... < n, for some
positive integer n.

@ Springer



Ordered semigroups of size at most 7 661

Output: Ay, ..., A, € M,([n]) such that ([n], *4,, <), ..., ([n], *A, <) are all
non-isomorphic ordered semigroups of the form ([n], %, <).

The algorithm works with a matrix A = (ax;) € M, ([n] U {0}) and with integers
q,i,j,1<i<n,1<j<n.

1. (Initiation.) ag; <— 1forallk,l € [n],qg < 1,i <~ n,j < n,A; < A
2. Ifa,'j < n then

ajj + 1 ajj # 0
a < ai—1,;j aijj=0,i>1, j=
l] _ L .

vV V

max{a;_1,j,a;j—1} ajj=0,i>1, ]

and go to step 4.
3. (We have g;; = n.)
(1) ajj <0
(i) If j > 1then j <— j — 1 and go to step 2.
(111)) (Wehave j = 1.)Ifi > 1theni <—i — 1, j <— n and go to step 2.
(iv) (We have j =i = 1.) The process is complete and we have all the matrices
Ay, A, L A,
4. (Test for associativity.) If a;,, # 0, ak,q;,, 7 0, a1 # 0, agy.m # 0 and ay g4, #
Aqy,.m for some k, [, m € [n] then go to step 2.
5. (i) If j <nthen j < j+ 1 and go to step 2.
(i1)) (Wehave j =n.)Ifi <ntheni <—i+1,j < 1 and go to step 2.
(iii)) (Wehave j =i =n.)g <~ q+1,A; < A and go to step 2.

In Algorithm 3.6, in comparison with Algorithm 3.5, there is no test for isomor-
phism, there is no test for compatibility, some changes are made in step 2.

The test for isomorphism becomes unnecessary since the group Aut(([n], <)) is
trivial.

Let n be a positive integer. The symbol < denotes here the usual ordering of natural
numbers: 1 <2 <3.... Amatrix A € M, ([n]) is said to be isotone if j < k implies
ajj < ajxandaj; < ay; (foranyi, j, k € [n]). Then,forany A € M, ([n]), ([n], *a, <)
is a linearly ordered semigroup if and only if the operation x4 is associative and A is
isotone. The modifications made in step 2 guarantee that all computed matrices will
be isotone. Thus the test for compatibility is replaced by the new version of step 2.

The numbers of all non-isomorphic linearly ordered semigroups with n elements,
n < 10, are given in Table 5.

Remark 3.7 Let us take a look at Table 5 and compare the numbers of all non-
isomorphic linearly ordered bands with the numbers of all non-isomorphic linearly
ordered regular semigroups. We see that every linearly ordered regular semigroup
with at most 6 elements is a band. There exist (up to isomorphism) exactly two lin-
early ordered regular semigroups with 7 elements which are not bands. These facts
were already proved in 1963 by Sait6 in [14], Theorem 3. He also presented the
multiplication tables of two linearly ordered regular semigroups which are not bands
([14], Example 2 and Example 4 on page 269). In the context, it is interesting that
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Table 5 Numbers of non-isomorphic linearly ordered semigroups

Number of elements 1 2 3 4 5 6 7 8 9 10

Semigroups 1 6 44 386 3852 42640 516791 6817378 98091071 1569786228

Commutative 1 4 20 114 710 4726 33157 243048 1850817 14590692
semigroups

Monoids 1 2 8 34 184 1218 9742 02882 1053248 14592054

Bands 1 4 17 82 422 2274 12665 72326 421214 2492112

Regular semigroups 1 4 17 82 422 2274 12667 72348 421414 2493718

Inverse semigroups 1 2 5 14 42 132 429 1430 4862 16796

2-nilpotent 0 2 4 5 6 7 8 9 10
semigroups

3-nilpotent 00 2 14 83 604 6308 99592 2427926 91291686
semigroups

Table 6 Numbers of non-isomorphic semigroups, linearly ordered semigroups and ordered semigroups

n 12 3 4 5 6 7 8 9 10

S(n) 1 5 24 188 1915 28634 1627672 3684030417 105978177936292 ?
LOS(n) 1 6 44 386 3852 42640 516791 6817378 98091071 1569786228
OS(m) 1 11 173 4753 198838 13457454 4207546916 ? ? ?

every finite linearly ordered regular semigroup satisfies the identity x> = x? ([14],
Theorem 2).

For any positive integer n, let us denote by S(n) the number of all non-isomorphic
semigroups with n elements, by LOS(n) the number of all non-isomorphic linearly
ordered semigroups with n elements and by OS(n) the number of all non-isomorphic
ordered semigroups with n elements. We compare S(n), LOS(n) and OS(n) in Table 6.
The values S(n) are known for n < 9 ([3], Table A.16). Up to now, the values LOS(n)
were known for n < 8 ([16], 4.1.5, page 61, and [17], Sequence A084965). We have
computed the values LOS(n) for n < 10 and OS(n) forn < 7.
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Abstract We use syntactical methods (fully invariant stable quasiorders) to study
varieties of ordered semigroups. We prove that the lattice of all varieties of semigroups
is embedded into the lattice of all varieties of ordered semigroups. The lattice of all
varieties of ordered bands is completely described.
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1 Introduction

A structure (S, -, <) is called an ordered semigroup if

(1) (S, ) is a semigroup
(11) (S, <) is a partially ordered set
(i11) forany a,b,c € S, a < b implies ca < cb and ac < bc.

Let (S1, -1, <1), (82,2, <2) be ordered semigroups. A homomorphism #
(S1, 1, <1) — (82,2, <p) is any mapping i : S — S» which satisfies, for any
a,be S,

(1) h(a -1 b) = h(a) -2 h(b)
(ii) a < b implies h(a) <, h(b).

Communicated by Michael Mislove.

M. Kuiil ()

Department of Mathematics, J.E. Purkyné University, Ceske mladeze 8,
400 96 Usti nad Labem, Czech Republic

e-mail: martin.kuril@ujep.cz

@ Springer



476 M. Kuril

As usual, an ordered semigroup S, is said to be a homomorphic image of an
ordered semigroup S if there exists a surjective homomorphism of (S, -1, <1) onto
(82, -2, <7). Further, an ordered semigroup S is said to be an ordered subsemigroup
of an ordered semigroup S if S2 € S; and the following holds for any a, b € $>:

i) arb=a-1b
(i) a <o b <= a <1 b.

Let (S;, -i, <i),i € I,be asetof ordered semigroups. The direct product of ordered
semigroups S;, i € I, is an ordered semigroup [[;;(Si, i, <i) = ([1;¢; Sis - )
where, for any (s;)icr, (fi)ier € [1ie; Sis

(1) Siier - t)ier = (8i +i t)iel
(i) (si)ier < (t;)ie] < s; <; t; foralli € I.

Let C be a class of ordered semigroups. We denote the class of all homomorphic
images of ordered semigroups from C by H(C), the class of all ordered subsemigroups
of ordered semigroups from C by S(C) and the class of all direct products of ordered
semigroups from C by P(C).

A class V of ordered semigroups is called a variety of ordered semigroups if it is
closed with respect to the operators H, S, P, i.e. if HV) C V,S(V) C V,P(V) C V.
The general notion of a variety of ordered algebras has been introduced and studied
by Bloom [3].

This paper deals with varieties of ordered semigroups. Let us present an overview
of its content.

We denote by S (B, NB, SL) the variety of all semigroups (bands, normal bands,
semilattices).

If V is a variety of semigroups then Q) denotes the ordered semigroup variety
consisting of all ordered semigroups (S, -, <) such that (S, -) € V.

If A is a non-empty set then A1 denotes the free semigroup on A.

As aparticular case of aresult by Birkhoff [2, VI, Theorem 22], there is a one-to-one
correspondence between all varieties of semigroups and all fully invariant congruences
on X (where X = {x1, x2, x3, ...}). In Sect. 2, we give an analog to this statement
for ordered semigroups. We prove that there is a one-to-one correspondence between
all varieties of ordered semigroups and all fully invariant stable quasiorders on X .
The section has a preparatory character, we present syntactical tools for description
of varieties of ordered semigroups.

In Sect. 3 we use syntactical methods (fully invariant stable quasiorders) presented
in the previous section to study relations between the lattice £(S) of all varieties of
semigroups and the lattice £(OS) of all varieties of ordered semigroups. We prove that
the lattice £(S) is in a natural way embedded into the lattice £(OS). The embedding
is not an isomorphism, infinitely many varieties from £(OS) lie outside of the image
of L(S).

Section 4 forms a central part of the paper. We determine the lattice £(OB) of
all varieties of ordered bands. We use syntactical methods, again, and proceed in
the following way: First, we prove that the closed intervals [SL, B] and [OSL, OB]
are isomorphic (see Theorem 4.6). This result provides a description of the interval
[OSL, OB] since the lattice £(B) of all varieties of bands has already been determined
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by Birjukov [1], Fennemore [5] and Gerhard [6]. Further, we prove that VV € L(OB),
—(V € [OSL, OB]) implies V € ONB (see Theorem 4.9). Finally, the lattice L(ONB)
of all varieties of ordered normal bands has already been described by Emery [4].
Our work with fully invariant stable quasiorders on X in Sect. 4 was inspired by
Polak’s work with fully invariant congruences on U, the free unary semigroup on X,
in [9].
We thank to the referee who gave us useful comments.

2 Fully invariant stable quasiorders

Let Y be a non-empty set. An inequality is any pair # < v of words u, v € Y.

Let (S, -, <) be an ordered semigroup. An inequality u < v is satisfied in (S, -, <)
(or, (S, -, <) satisfies the inequality u < v) if, for every homomorphism ¢ : Yt —
(S, ), p(u) < @(v). An inequality is satisfied in a class C of ordered semigroups if it
is satisfied in every ordered semigroup from C.

For a given class C of ordered semigroups, we put

Iny(C) = {(u,v) € YT x Y| the inequality u < v is satisfied in C}.
For a given set of inequalities ¥ € Y+ x YT, we put
Mod(X) = {(S, -, <) € OS] (S, -, <) satisfies all inequalities from X}.

Lemma 2.1 Let ¥ C Y1 x YT. Then Mod(X) is a variety of ordered semigroups.

Proof 1t is easy to show the inclusions HMod(X)) € Mod(%X), S(Mod(X)) C
Mod(X), P(Mod(%2)) € Mod(Z).

A quasiorder (i.e. a reflexive and transitive relation) p on a semigroup S is said
to be stable if, for every a,b,c € S, apb implies capcb and acpbc. Let p be a
stable quasiorder on a semigroup S = (S, -). We construct an ordered semigroup
S/p = (S/ ~p,-, <). We define a binary relation ~, on § in this way: for every
a,b e S,

a~p b <<= apband bpa.

It can be shown easily that ~ , is a congruence on (S, -). The congruence ~, determines
asemigroup (S/ ~,, -). We define arelation <on S/ ~, in this way: forany a, b € S,

(a~p) < (b~p) &< apb.
We check easily that the relation < on S/ ~, is defined correctly. Further, (S/ ~,, -
, <) is an ordered semigroup. We will denote it by S/p.

Let p;, i € I, be a set of stable quasiorders on a semigroup S = (S, ). Let
p = ();e; pi-Itis easy to show that p is a stable quasiorder on S and S/ p is isomorphic
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to an ordered subsemigroup of [];.; S/p;. The isomorphism is given by the rule
a~pr> (a~p)ier, foralla € §.
Let f : A — B be amapping, t € B x B. We put

@) ={w,v) e Ax A, fu)rf()).

Lemma 2.2 Let (S, -, <) be an ordered semigroup, ¢ : Y+ — (S, -) be a homomor-
phism. Then ¢~ (<) is a stable quasiorder on Y+ and YT /o~ (<) is isomorphic to
an ordered subsemigroup of S.

Proof We denote ¢~ (<) by p. It is easy to prove that p is a stable quasiorder on
Y. Further, let u € Y. We put ¥/ (u ~,) = @(u). This rule defines correctly a
homomorphism ¢ : Y*/ ~,— (S, -). Now, it is enough to prove that v satisfies, for
all u,v € YT, the condition (u ~o) = (v ~p) & Yu ~p) < Y(v ~,). But we
have (u ~,) < (v ~p) & upv & ) < ) & Y ~,) < Y@ ~,). So, the
condition is satisfied.

We present another representation for Iny (C). It is easy to see that
Iny (C) = ﬂ{¢_1(§)| (S,,<)elC, p: YT = (S5, )isa homomorphism}.

Denote the class {g0_1(§)| (S,,<)elC, ¢ : YT — (S,) is a homomorphism} by
Qy(C). So, Iny(C) = () Qy(C). Note that Qy (C) is a set, because it is a subclass of
the set of all binary relations on Y .

A quasiorder p on the semigroup Y is said to be fully invariant if, for every
u,v € YT and for every endomorphism n : Y+ — Y™, upv implies n(u)pn(v). The
set of all fully invariant stable quasiorders on the semigroup Y+ will be denoted by
FISQ(Y ™).

Lemma 2.3 Let C € OS. Then Iny(C) € FISQ(Y™) and Y /Iny (C) is isomorphic
to an ordered subsemigroup of | | 00y (C) Y*t/p.

Proof Recall that Iny(C) = () Qy(C). It follows from Lemma 2.2 that Qy(C) is
a set of stable quasiorders on Y. Thus () Qy(C) is a stable quasiorder on YT
and Y*/( Qy(C) is isomorphic to an ordered subsemigroup of [[,.p, ) Y /p-
It remains to prove that () Qy(C) is fully invariant. Let (u,v) € () Qy(C). Let
n: YT — YT be a homomorphism. We have to prove that (n(u), n(v)) € () Qy(C).
Let(S,-, <) €C,¢: YT — (S, -)beahomomorphism. We want: ¢(n(u)) < ¢(n(v)).
But it holds since ¢ o : Y+ — (S, ) is a homomorphism, (S, -, <) € C and
(u,v) € N Oy (©).

Lemma 2.4 Let p € FISQ(Y ™). Then Y /p € Mod(p) and p € Qy (Mod(p)).

Proof We are going to show that Y*/p € Mod(p). Letu,v € Y, upv, ¢ : YT —
Yt/ ~ p be a homomorphism. We want to show that ¢ (1) < ¢(v). Forany y € Y let
us choose ¥ (y) € Y7 in such a way that ¢(y) = #(y) ~,.Let6 : Y+ — YT be the
endomorphism extending the mapping © : ¥ — Y. Let y1,..., yx € Y. Then
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1Y) = 9(y1) - (k)
= (@ (y1) ~p) .. (@) ~p)
= @(y1) ... 0O) ~p
=01 Yk) ~p-

We have shown that, for any w € Y, p(w) = 6(w) ~,. S0, we want to prove
that (0(u) ~,) < (0(v) ~p), 1.e. O(u)pb(v). But it holds since p € FISQ(Y ™). It
remains to show that p € Qy(Mod(p)). Let ¥ (u) = u ~, forall u € Y. Then
v : Yt — YT/ ~, is a homomorphism. We already know that Y /p = (Y*/ ~,
,+, <) € Mod(p). Consequently, v (<) € OyMod(p)). Let u, v € YT. It holds:
wv) €Y D) © YU) S YW & U ~p) < v ~p) & upv. So, ¥~ (<) = p,
p € Qy(Mod(p)).

Let C be a class of ordered semigroups. By a free object in C on a non-empty set
Z we mean a pair (S, ) where S € Cand ¢ : Z — S is a mapping with the following
universal property: for any ordered semigroup 7 € C and any mapping ¢ : Z — T
there exists a unique homomorphism v : (S, -, <) — (T, -, <) such that ¥ ot = ¥
In the cases when the mapping ¢ is clear we will omit ¢ and will simply say that S is a
free object in C on Z. Notice that there is, up to isomorphism, at most one free object
on a given non-empty set in every class of ordered semigroups.

Theorem 2.5 Let V be a variety of ordered semigroups. Then Y /Iny (V) is a free
object in Mod(Iny (V)) on Y and Y+ /Iny (V) € V. In particular, Y /Iny (V) is a free
objectinV onY.

Proof By Lemma 2.3, Yt /Iny (V) is isomorphic to an ordered subsemigroup of
[1,c0,v) Y /0. According to Lemma 2.2, Y*/p € V for each p € Qy(V).
Since V is a variety of ordered semigroups, we have [] peoy W) Y t/p €V, and
then Y /Iny (V) € V as well. It remains to show that Y+ /Iny (V) is a free object in
Mod(Iny(V))onY.Let (P, -, <) € Mod(Iny (V))andlet® : ¥ — P.Since Y is the
free semigroup over Y, the mapping ¢ has a unique extension to a homomorphism OX
Yt — P. But smce (P, -, <) € Mod(Iny (V)), given any mequahty (u,v) € Iny(V),
we have z9(u) < z?(v) in P. This implies ~ny (V)< ker(z?) so there is a homomor-
phism6 : Y*/Iny (V) — P satisfying@om = 9, wherex : Y — Y1 /Iny (V). Note
also that 6 is order-preserving because (P, -, <) € Mod(Iny(V)). Clearly 6 ot = ¢,
where ¢ : Y — Y /Iny (V) is the restriction of 7 to ¥ € Y, and the uniqueness of
v implies 6 is unique as well.

Lemma 2.6 Let p € FISQ(Y ™). Then p = Iny (Mod(p)).

Proof Clearly, p C Iny (Mod(p)). So, we prove the inclusion Iny (Mod(p)) C p. By
Lemma 2.4, p € Qy(Mod(p)). Thus Iny (Mod(p)) = () Qy (Mod(p)) C p.

Lemma 2.7 Let Y, Z be non-empty sets. Let s,t € YT, u,v € Zt, s = y1 ...y,

I = YVk+1.-- YU =212k, UV ="2kt1---2 Vs--->» V1 €Y, 21,...,21 € Z. Let
yi = yjifandonlyif z; = zj, foralli, j € {1,...,1}. Let (S, -, <) be an ordered
semigroup. Then s < t is satisfied in (S, -, <) if and only if u < v is satisfied in
(S, ).
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Proof Let s < t be satisfied in (S, -, <). We will prove that u < v is satisfied in
(S, -, <). The proof of the opposite implication is similar. Let ¢ : ZT — (S, -) be an
arbitrary homomorphism. We want to show that ¢ () < ¢(v). There exists a mapping
Y — Ssuchthat 9(y;)) = ¢(z;) fori =1,...,[.Let : YT — (S, ") be the
homomorphism extending the mapping ©. Since s < ¢ is satisfied in (S, -, <), we have
O(s) <6(t). But

0(s) =601 ... y)
=3 (y1) ... ()
= @(z1) ... ¢(zx)
= @(z1..-2k)
= @(u).

Similarly, 6(¢) = ¢(v). Thus ¢(u) < ¢(v).

Lemma 2.8 Let Y, Z be infinite sets, C be a class of ordered semigroups. Then
Mod(Iny (C)) = Mod(Ingz(C)).

Proof We prove that Mod(Iny (C)) € Mod(Inz(C)). The proof of the inclusion
Mod(Inz(C)) € Mod(Iny (C)) is similar. Let (S, -, <) € Mod(Iny (C)). We will show
that (S, -, <) € Mod(Inz(C)). Let (u, v) € Inz(C). We want: u < v is satisfied in
(S, <).Letu =21...2¢, V= Zkt1-.--21, 21, ---,21 € Z. Since the set Y is infi-
nite, there exist y, ...,y € Y such that, foralli, j € {1,...,1}, y; = y; if and
only if z; = z;. Puts = y1 ...y, t = yky1...y. Now, we are going to prove that
(s, 1) € Iny(C). We have to prove that s < ¢ is satisfied in every ordered semigroup
from C. Let (T, -, <) € C. By Lemma 2.7, s < ¢ is satisfied in (7, -, <) if and only
if u < v is satisfied in (7, -, <). But (u,v) € Inz(C), (T,-, <) € C. Thusu < v is
satisfied in (7, -, <). Consequently, s < ¢ is satisfied in (7', -, <). We have proved that
(s, ) € Iny(C). Since (S, -, <) € Mod(Iny(C)), s < ¢ is satisfied in (S, -, <). Again,

using Lemma 2.7, u < v is satisfied in (S, -, <).

Lemma 2.9 Let Y be an infinite set, V be a variety of ordered semigroups. Then
Y = Mod(Iny (V)).

Proof Clearly, V € Mod(Iny (V)). So, we will prove the inclusion

Mod(Iny (V)) C V. Let (S, -, <) € Mod(Iny (V)). Let us consider an infinite set Z
with the property card(Z) > card(S). According to Theorem 2.5, Z7 /Inz (V) is
a free object in Mod(Inz(V)) on Z and Z*/Inz(V) € V.Let 9 : Z — Sbea
surjective mapping. Since Y and Z are infinite sets, Mod(Iny (V)) = Mod(Inz(V))
(see Lemma 2.8), thus (S, -, <) € Mod(Inz(V)). Let¢ : Z* /Inz (V) — (S, -, <) be
a homomorphism satisfying g ot =9 (1 : Z — Z1/ ~n, V) LZ) = 2 )
Necessarily, ¢ is a surjection. So, (S, -, <) € V.

Theorem 2.10 Let Y be an infinite set. The rules

YVt Iny(V), p — Mod(p)
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determine mutually inverse order reversing bijections between all varieties of ordered
semigroups and all fully invariant stable quasiorders on Y.

Proof The theorem follows immediately from Lemmas 2.1, 2.3, 2.6 and 2.9.

3 Relations between £(S) and £(0S)
Let C be a class of semigroups. We put

For any variety ) of (ordered) semigroups, let £()’) denote the lattice of all subva-
rieties in V.
For a given class C of semigroups, we put

Eqy(C) = {(u,v) € XT x X| the identity u = v is satisfied in C}.

Theorem 3.1 Let V be a semigroup variety. Then

(i) OV is a variety of ordered semigroups
(ii) Inx (OV) = Eqx (V)
(iii) The mapping

O:L0)V)— LOV)

is an embedding of the lattice of all subvarieties in V into the lattice of all
subvarieties in Q).

Proof

(1) Itis clear.
(i) Eqy (V) € Inx(OV): It is clear.
Iny (OV) € Eqy(V): Let us denote Eqy (V) briefly by ~. We have (X*/ ~
,»=) € OV. Let (u,v) € Inx(OV). Let us consider the homomorphism ¢ :
Xt — Xt/ ~withp(w) =w ~ (w € X™). Since (XT/ ~, -, =) € OV and
(u, v) € Inx (0OV), we have p(u) = @(v),u ~=1v ~,u ~ v.

(ii1) First we prove that the mapping O is a homomorphism. We use part (ii) and
Theorem 2.10. Let Vi, V, be semigroup varieties. Then

Inx (O(V1 vV V1)) = Eqx (V1 V V2)
= Eqx (V1) NEqx(V2)
= Inx (0OV)) NInx (0V})
= Inx (OV; v O)))

Inx (O(V1 N)2)) = Eqx (V1 N )2)
= Eqy(V1) vV Eqx(V2)
= Inx (OV)) Vv Inx (OV>)
= Iny (OV; N OV>)
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Thus OV Vv V7)) = 0V v OV, OV N V) = OV NOV,.

It remains to show that the mapping O is injective. Let Vi, V> be semigroup
varieties, OV; = OV;,. Then Iny (0V)) = Inx(0V>), Eqx (V1) = Eqxy (V) [we
have used part (ii)], Vi = V>.

Example 3.2 Let n be an integer, n > 1. Let V,, = Mod(x =< x"). Suppose that
V, = OU for some semigroup variety U. Consider the structure (N, 4, <), where
N = {1, 2,3, ...} and < is the usual ordering of natural numbers (1 <2 <3 < ---).
It is easy to see that (N, +, <) is an ordered semigroup. Let a € N. Then 1 < n,
l-a <n-a,a <n-a. We see that (N, 4+, <) satisfies the inequality x < x". So,
(N, +,=<) € V, = OU. Thus (N, +) € U. But Inx(V,,) = Eqx(U) (Theorem 3.1).
It gives (x, x") € Eqy (), (N, +) satisfies the identity x = x". For x = 1 we have
1 =n-1,1 = n.Itis a contradiction. So, for all semigroup varieties U, OU # V).
Let r, s be integers, 1 < r < s. Consider the ordered semigroup (Zs_1, +, =) where
(Zg_1, +) 1s the cyclic group of order s — 1. Then (Z;_1, +, =) € Vi, ~((Zs—1, +, =
) € V,). Thus V., # V. We have constructed infinitely many ordered semigroup
varieties V,, n = 2, 3, 4, ..., with the property V,, # OU for all semigroup varieties
U. Consequently, the embedding O : £(S) — L(OS) is no isomorphism.

4 All varieties of ordered bands

In this section we will completely describe the lattice £(OB) of all varieties of ordered
bands.
We adopt the following notation for varieties of semigroups:

T : trivial semigroups (semigroups satisfying the identity a = x)
LZ : semigroups of left zeros (ax = a)
RZ : semigroups of right zeros (xa = a)
SL : samilattices (x> = x, xy = yx)
LNB : left normal bands (x? = x, axy = ayx)
RNB : right normal bands (x? = x, xya = yxa)
ReB : rectangular bands (x?> = x, a = axa)
NB : normal bands (x> = x, axya = ayxa)
B : bands (x? = x)
S : semigroups.

We use several operators on words from X*. Letu € X™. Then

c(u) is the set of all variables in u

h(u) is the first variable of u

t(u) is the last variable of u

O(u) is the longest initial segment of u in card(c(u)) — 1 variables
1(u) is the longest final segment of u in card(c(u)) — 1 variables.

We define some binary relations on X*. Let u, v € X*. We put

(u,v) € ¢ if and only if c(u) = c(v)
(u, v) € h if and only if h(u) = h(v)
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(u,v) €t if and only if t(u) = t(v)
(u,v) € ¢ if and only if card(c(u)) = card(c(v)) and card(c(u) — c(v)) < 1.

Let p € Xt x X*. We define relations pg, p; as follows:

upov if and only if there are p, g € X such that ppg, 0(p) = u, 0(q) = v

upyv if and only if there are p, g € X such that ppg, 1(p) = u, 1(g) = v.

Let us denote the fully invariant congruence on X+ corresponding to the variety of
all bands by ~» (i.e. ~2= Eqy(B)).

Recall the basic result concerning the relation ~;.

Theorem 4.1 Letu,v € XT. Then

u~ov <= clu)=cl) A0u) ~ 0(v) A(u) ~ 1(v).
if card(c(u))=card(c(v))>2

Proof See e.g. [8, Chapter IV.4].

Theorem 4.2 Let p € FISQ(X™), ~»C p C c. Then, foranya,b € X,

apb <= c(a) = c(b) A 0(a)po0(b) A 1(a)pi1(b).

if card(c(a))=card(c(b))>2

Proof The implication “=" is clear.

Leta,b € X, c(a) = c(b), and, in the case card(c(a)) = card(c(b)) > 2,
0(a)po0(b), 1(a)p11(b).

If card(c(a)) = card(c(b)) = 1, then a = x*, b = x! for some x € X, k, 1
positive integers. It is clear that xk ~5 x, x! ~5 x, thusa ~ b, apb.

Now, let card(c(a)) = card(c(b)) > 2. There are c,d € X, cpd, 0(a) = 0(c),
0(b) = 0(d). Let x € c(a) — c(0(a)), y € c(b) — c(0(b)), z € c(c) — c(0(c)),
t € c(d) — c(0(d)).

Let us consider two cases:

i) x=y
It is ¢(0(a)) = c(0(b)) and z = t, since C(c) = C(d). Let us consider the
following endomorphism 5 : X+ — X™:

n(z) = x, Nlx—(z} = idx_(z.

Pute = n(c), f = n(d). Thenepf,0(e) = 0(a),0(f) = 0(b), c(a) —c(0(a)) =
{x} =c(e) —c(0(e)), c(b) — c(0(D)) = {y} = c(f) — c(O())).

(i) x #y
It follows from c(a) = c(b) that y € c(0(a)), x € c(0(b)). Since y & c(0(b)),
x ¢ ¢(0(a)),c(c) =c(d),wehave z =xandt = y. Pute = ¢, f = d. Now,
epf, 0(e) = 0(a), O(f) = 0(b), c(a) — c(0(a)) = {x} = c(e) = c(0(e)),
c(b) — c(0(b)) = {y} = c(f) — c(0(/)).

We have: a = O(a)xa’, e = O(a)xe’, b = 0(b)yb', f = 0(b)yf' (a',b', ¢, [ €
X*). Now, ebap fba. We see that C(eba) = C(a), O0(eba) = 0(a), 1(eba) = 1(a),
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c(fba) = c(ba), O(fba) = 0(b) = 0(ba), 1(fba) = 1(a) = 1(ba). So, by
Theorem 4.1, a ~, eba, fba ~, ba. Since ~,C p, we have apeba, ebapfba,
fbapba and, consequently, apba.

Now, we do a dual consideration. There are ¢, d € X ™, cpd, 1(c) = 1(a), 1(d) =
1(b). Letx € c(a) — c(1(a)), y € c(b) —c(1(b)),z € c(c) —c(1(c)), t € c(d) —
c(1(d)). It can be shown, in a similar way as above, that there are e, f € X t,epf,
1(e) = 1(a), 1(f) = 1(b), c(a) —c(1(a)) = {x} = c(e) —c(1(e)),c(b) —c(1(b)) =
{y} =c(f) —c(1(f)). We have:

a=ax1(), aeX*
e =¢x1(a), € eX*
b=bylb), b eXx*
f=fyl), f'eX*

Now, baepbaf. We see that C(bae) = c(ba), O(bae) = 0(b) = O(ba), 1(bae) =
1(a) = 1(ba), c(baf) = c(b), 0(baf) = 0(b), 1(baf) = 1(b). So, by Theorem 4.1,
ba ~> bae, baf ~7 b. Since ~2C p, we have bapbae, baepbaf, bafpb and,
consequently, bapb. Finally, apba and bapb gives apb.

Theorem 4.3 Let p € FISQ(X™), ~»C p C ¢. Then po N ¢ € FISQ(X™).

Proof (i) po N Cis a quasiorder:

The reflexivity is clear.

The transitivity: Leta, b, ¢ € XT,a(poNc)b, b(poNc)c. Thereexistd, e, f, g €
X, dpe, fpg, 0(d) = a, 0(e) = b, 0(f) = b,0(g) = c. Let x € c(d) —
c(0(d)) = c(e)—c(0(e)),y e c(f)—c(0(f)) = c(g)—c(0(g)). Let us consider
the following endomorphism 7 : X+ — XT: n(y) = x, n|x—_(y} = idx_y}. Put
f=n(f), g =n(g).Itholds: f'pg’, c(f') =c(g) = c(d) = c(e) = c(bx),
0(g") =0(g) =c,0(f") =0(f) = b. Now, dbxpebx, f'bxpg'bx. We see that

C(ebx) = c(e) Uc(bx) = c(bx) Uc(bx) = c(bx),

c(f'bx) = c(f') Uc(bx) = c(bx) Uc(bx) = c(bx),
O(ebx) =0(e) =b, 0O(f'bx) =0(f") =b,
1(ebx) = 1(bx), 1(f'bx) = 1(bx).

We have shown that c(ebx) = c(f'bx), 0(ebx) = O(f'bx), 1(ebx) = 1(f'bx).
By Theorem 4.1, ebx ~, f’bx. Thus dbxpebx ~, f'bxpg’'bx. Since ~,C p,
we have dbxpg’bx. Let us notice that 0(dbx) = 0(d) = a,0(g’bx) = 0(g’) = c.
So, apoc. Clearly, c(a) = c(c), which gives a(pg N C)c.

(ii) ppNcisstable:Leta, b, c € X, a(ppNc)b. Thereexistd, e € X, dpe, 0(d) =
a,0(e) = b. Let x € ¢(d) — c(0(d)) = c(e) = c(0(e)). Let y € X, =(y €
c(ca)). Let us consider the following endomorphism 7 : X* — XT: n(x) =y,
Nlx—x) = idx_gy. Put &’ = n(d), ¢ = n(e). It is d’pe’. Further, cd’pce’,
0(cd’) = ca, O(ce’) = cb. So, capoch. Now, let us consider the endomorphism
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n:XT — Xt with n(x) = ¢y, nlx—x} = idx_(x). Putd’ = n(d), ¢ = n(e).
It is d’pe’. Further, 0(d") = ac, 0(¢) = bc. Thus acpgbc. Since ¢(ca) = ¢(cbh),
C(ac) = c(bc), we have ca(pg N C)cb, ac(py N C)bc.

(iii) po N ¢ is fully invariant: Let a,b € X', a(po NC)b. Let n : X+ — XT
be an endomorphism. Clearly, ¢(n(a)) = ¢(n(b)). There exist c,d € X, cpd,
O(c) = a,0(d) = b.Letx € c(c)—c(0(c)) = c(d)—c(0(d)).Lety € X,—(y €
c(n(a))). Let us consider the following endomorphism ¢ : XT — X*: ¢(x) =
v, (z) = n(z) for z € X, z # x. Then ¢(c)pp(d), 0(p(c)) = O(p(ax)) =
O(p(a)p(x)) = 0(m(a)y) = n(a), 0(p(d)) = O0(p(bx)) = 0(pD)p(x)) =
0 ()y) = n(b). Thus n(a)pon(b), n(a)(po N C)n(b).

Lemma 4.4 Let p € FISQ(X ™), ~oC p C c. The following conditions are equiva-
lent:

(i) =(p S h)
(ii) xypyxy
(iii) po =C
(iv) xpoy.

Proof

(i) = (ii): Suppose that =(p € h). There are a,b € X*, apb, h(a) = x # y =
h(b). Itisa = xa’, b = yb’ for some a’, b’ € X*. We substitute xy for
x, yx for y and x for any other variable in xa’pyb’. We get xycpyxd,
where ¢,d € X*, c(c) C {x,y}, c(d) < {x,y}. Multiplying by xy
from the right we get xycxypyxdxy. By Theorem 4.1, xy ~2 xycxy,
yxdxy ~2 yxy. Thus xypyxy.
(ii) = (iii): Suppose that xypyxy. Clearly, po € ¢'. Leta,b € X, (a,b) € ¢c'. We
will consider two cases.
1. c(a) = c(b): Let z € X, —(z € Cc(a)). Let us substitute az for x, bz for y in
xypyxy. We get azbzpbzazbz and therefore appb.
2. ¢c(a) # c(b): Let z € c(a) — c(b), 7 € c(b) — c(a). Let us substitute az’ for
x, bz for y in xypyxy. We get az’bzpbzaz'bz and therefore apgb.

The implications (iii) = (iv) = (i) are clear.

Lemma 4.5 Let p € FISQ(X™), ~oC p C ¢ N h. The following conditions are
equivalent:

(i) =(po S C)
(ii) xyzpxzyxyz
(iii) po=Cc Nh
(iv) xypoxz.

Proof

(i) = (ii): Suppose that =(py € €). There are a, b € X, apb, c(0(a)) # c(0(b)).
Let h(a) = h(b) = x, y € ¢(0(a)) — c(0(b)), z € c(0(b)) — c(0(a)).
We have xa’za” pxb'yb”, where a’, b’ € X*,a’,b" € X*, 0(a) =
xa’, 0(b) = xb’. We substitute the variable x for any variable different
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from y and z. We get cz¢'pdyd’, where c(c) = {x, y}, c(d) = {x, z},
c(c) C {x,y,z}, c(d) C {x,y,z}. Further, we substitute xyz for y,
xzy for z. We get xyzepxzyf for some e, f € X, c(e) C {x,y,z},
c(f) < {x,y, z}. We multiply by xyz from the right: xyzexyzpxzyfxyz.
By Theorem 4.1, xyz ~2 xyzexyz, xzyfxyz ~2 xzyxyz. Since ~,C p,
we have xyzpxzyxyz.
(ii) = (iii): Clearly, pg € ¢’ N h. Let (a,b) € ¢’ Nh, h(a) = h(b) = x. There are
a',b' € X*,a =xa',b = xb'. Let us consider the following two cases:
1. c(a) = c(b)
Lett € X, r ¢ c(a). Let us substitute a’t for y and b't for z in xyzpxzyxyz.
We get xa’tb'tpxb’ta’txa’tb’t. Then xa’ poxb’, apob.

2. cla) £ c(b)
Let y € c(a) — c(b), z € c(b) — c(a). Let us substitute a’z for y and b’y for
zin xyzpxzyxyz. We get xa’'zb'ypxb'ya'zxa'zb'y. Thus xa’ poxb’, i.e. apob.

The implications (iii) = (iv) = (i) are clear.

Theorem 4.6 Let p € FISQ(X™), ~2C p C ¢. Then p € FIC(X™). Consequently,
O : [SL, B] — [OSL, OB] is an isomorphism.

Proof We have to prove that the relation p is symmetric. We will prove the following
assertion:

(Va € XT)(Vb € XT)(¥p € FISQ(XT)[(~2< p S ©) A (apb) = (bpa)].
We use the induction with respect to card(c(a)).
card(c(a)) =1
Letb € XT, p € FISQ(XT'), ~oC p C ¢, apb. We want to show that bpa. Let
x € X,a=x.Thenc(b) = {x},b = x* for some positive integer k. Clearly, xk ~9 X,
b ~7 a, bpa.

card(c(a)) > 1

Let b € Xt, p € FISQ(X™), ~oC p C c, apb. We want to show that bpa. By
Theorem 4.2,

apb <= c(a) = c(b) A 0(a)pp0(b) A 1(a)p11(b)
bpa <= c(b) = c(a) A 0(b)po0(a) A1(b)p11(a)

We want to show that 0(b)pg0(a), 1(b)p11(a). We will show only that 0(b)po0(a)
(the rest is a dual consideration). We dinstinguish the following two cases:

1. pCh
We distinguish the following two cases:
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(D po ScC
By Theorem 4.3, pp € FISQ(X™). Further, ~2C py € c. We know that
0(a)po0(b). By the induction hypothesis, 0(b) po0(a).

(D) —(po <€)
By Lemma 4.5, pp = ¢/ N h. Since the relations ¢’ and h are symmetric, we
have 0(b)pp0(a).

2. =(p < h
By Lemma 4.4, pp = ¢’. We know that 0(a)po0(b). Since the relation ¢’ is
symmetric, we have 0(b)p90(a).

Let V be a semigroup variety, S € VV € B. Then OSL € OV < OB. Theorem 3.1
asserts that the mapping O : £L(B) — L£(OB) is an embedding. Then O : [SL, B] —
[OSL, OB] is an embedding. Let VV be an ordered semigroup variety, OSL C WV C
OB. Put p = Inx(W). Then p € FISQ(X™), Inx(OB) € Inx(W) C Inx(OSL),
Eqy(B) € p € Eqy(SL), ~2< p C c. We already know that p € FIC(X™). Let
V be a semigroup variety, Eqy (V) = p. Then SL € V C B. Since Inx(0V) =
Eqy(V) = p = Inx(W), we have OV = V. We have just proved that the mapping
O : [SL, B] — [OSL, OB] is surjective. Consequently, O : [SL, B] — [OSL, OB]
is an isomorphism.

All varieties of ordered normal bands were completely determined by Emery [4].
We are going to present his result.

We will use an abbreviation. For u, v € X1, we write only u = v instead of
u=<v,vxu.

Theorem 4.7 The lattice L(ONB) of varieties of ordered normal bands consists of
the following 16 varieties:

Vi = Mod(x? = x, axya = ayxa) = ONB
V) = Mod(x? = x, axa < a)

V3 = Mod(x? = x, a < axa)

Vi = Mod(x2 = x,a = axa) = OReB

Vs = Mod(x? = x, axy = ayx) = OLNB
V6 = Mod(x2 = x, ax < a)

V7 = Mod(x2 = x, a < ax)

Vg = Mod(x2 = x, ax =a) = OLZ

Vo = Mod(x? = x, xya = yxa) = ORNB
Vio = Mod(x? = x, xa < a)

Vi1 =Mod(x% = x,a < xa)

Vi» = Mod(x? = x, xa = a) = ORZ

Vi3 = Mod(x? = x, xy = yx) = OSL
Via = Mod(x? = x, xax < a)

Vis = Mod(x? = x, a < xax)

Vi = Mod(x? = x,a = x) = OT.

Proof See [4, Theorem 2.1].

Lemma 4.8 Letu,v € X. It holds:

@ Springer



488 M. Kuril

L. Ifh(u) = h(v), t(u) = t(v), =(c(u) € c(v)), ~(C(v) € C(u)), then
Mod(x2 =x,u<v)= Mod(x2 = Xx,axa = a).
2. If h(u) = h(v), t(u) = t(v), =(c(u) C c(v)), c(v) C c(u), then
Mod(x2 =x,u <v)= Mod(x2 =x,axa < a).
3. Ifh(u) = h(v), t(u) = t(v), c(u) C c(v), =(c(v) C c(u)), then
Mod(x2 =x,u <v)= Mod(x2 =x,a < axa).
4. Ifh(u) = h(v), t(u) # t(v), ~(C(u) < c(v)), —(C(v) € C(u)), then
Mod(x? = x, u < v) = Mod(x? = x, a = ax).
5. Ifh(u) = h(v), t(u) # t(v), ~(C(u) < c(v)), c(v) € C(u), then
Mod(x? = x,u < v) = Mod(x? = x, ax < a).
6. Ifh(u) = h(v), t(u) # t(v), c(u) € c(v), =(c(v) € c(u)), then
Mod(x? = x,u < v) = Mod(x? = x, a < ax).
7. Ifh(u) # h(v), t(u) = t(v), =(c(u) € c(v)), ~(c(v) € Cc(u)), then
Mod(x? = x,u < v) = Mod(x? = x, a = xa).
8. Ifh(u) # h(v), t(u) = t(v), ~(c(u) < c(v)), c(v) € C(u), then
Mod(x2 = x, u < v) = Mod(x? = x, xa < a).
9. Ifh(u) # h(v), tw) = t(v), cu) < c(v), ~(C(v) < cw)), then
Mod(x2 = x,u < v) = Mod(x? = x, a < xa).
10. Ifh@u) # h(), t) # tw), ~(cw) S c(v)), ~(c(v) C c(w)), then
Mod(x2 = x,u < v) = Mod(x? = x,a = x).
11. If h(u) # h(v), t(u) # t(v), =(c(u) S c(v)), c(v) € c(u), then Mod(x?> =
xX,u <v)= Mod(x2 = x,xax < a).
12. If h(u) # h(v), t(u) # t(v), c(w) € c(v), =(c(v) € c(u)), then Mod(x?> =
xX,u <v)= Mod(x2 = Xx,a < xax).

Proof See [4, Theorems 3.5., 3.8., 3.9. and 3.12].
Theorem 4.9 IfV is a variety of ordered bands, —(OSL C V), then V C ONB.

Proof We have =(Inx (V) € Inx(OSL)), =(Inx () € Eqy(SL)). There are u, v €
X, (u,v) € Iny(V), =((u, v) € BEqx(SL)). Let S € V. Then S € Mod(x? = x,u <
v). There are four possibilities:

h(w) = h(), tw) =tw)
h(w) = h(), tu) # t(v)
h(u) # h(), tu) =1tw)
h(u) # h(v), t(u) # t(v).
We know that c(u) # c(v), i.e. =(C(u) € c(v)), ~(c(v) € c(u)) or —~(c(u) C

c(v)), c(v) € c(u) or c(u) € c(v), ~(c(v) C c(u)). Altogether, there are twelve
possibilities. By Lemma 4.8 and Theorem 4.7,

SeVsUV, UVsUVsU Ve UV U Vi UVioU Vi UVigUVigsUVis € ONB.

(We have used the same notation as in Theorem 4.7)

Remark 4.10 Theorems 4.6 and 4.9 provide a complete description of the lattice
L(0B). Why? Clearly, the lattice £(OB)consists of the closed interval [OSL, OB]
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and of those varieties V € L£(OB) for which —=(OSL C V). If V is a variety of ordered
bands, =(OSL C V), then V € L(ONB) (see Theorem 4.9). The lattice L(ONB) of
all varieties of ordered normal bands was completely described by Emery [4]. We have
proved in Theorem 4.6 that the closed intervals [SL, B], [OSL, OB] are isomorphic
(the isomorphism is given by V — OV, for V e [SL, B]). Finally, the lattice of all
varieties of bands (consequently, the interval [SL, B]) was completely described by
Birjukov [1], Fennemore [5] and Gerhard [6] (see also [7]).

Consider the embedding O : L(S) — L(0S),V = OV (V € L(S)). Let M C
L(S). As usual,

OM) ={0OV|V e M}.
Lemma 4.11
L(OB) — O0(L(B)) = LIONB) — O(L(NB))

Proof LetV € L(OB),V ¢ O(L(B)). Clearly, V ¢ O(L(NB)). By Theorem 4.6, O :
[SL, B] — [OSL, OB] is an isomorphism. Thus V ¢ [OSL, OB]. By Theorem 4.9,
Y C ONB, V € L(ONB).

Conversely, let V € L(ONB), V ¢ O(L(NB)). Clearly, V € L£(OB). Suppose
that YV € O(L(B)). So, V = OW for some W € L(B). We know that )V € ONB.
Then OVW C ONB. Since O : L(S) — L(0OS) is an embedding, we have V¥ C NB,
W e LINB),V € O(L(NB)), a contradiction. Thus V ¢ O(L(B)).

Now, consider the embedding O : L(B) — L£(OB). We have the following theorem:

Theorem 4.12 In the notation of Theorem 4.7,
L(OB) — O(L(B)) = V2, V3, Vs, V7, Vio, Vi1, V14, Vis}.
Proof Since
L(NB) = {T,LZ, RZ, SL, LNB, RNB, ReB, NB},
we have
O(L(NB)) = {OT, OLZ, ORZ, OSL, OLNB, ORNB, OReB, ONB}.
Then, by Theorem 4.7,
L(ONB) — O(L(NB)) = V2, V3, Ve, V7, V1o, Vi1, Via, Vis}.

We use Lemma 4.11 and the proof is complete.
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semigroups. We start with various examples. Then we consider semilattice-
ordered semigroups satisfying the identity =" = z. Finally, we reduce the
classification to finding certain operators on relatively free semigroups.
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1. Introduction

The investigation of semilattice-ordered semigroups is justified by the examples
and theorems in Section 2; they concern endomorphisms of semilattices, power
structures of semigroups and sets of binary relations. Recently the second
author [8] introduced the so-called syntactic semiring of a given formal language.
He proved a modification of the Eilenberg theorem relating certain classes of
languages and pseudovarieties of idempotent semirings (= semilattice-ordered
monoids). It becomes the next reason for studying the varieties of semilattice-
ordered semigroups and monoids.

Section 3 is devoted to the study of free semilattice-ordered semigroups
satisfying " = z. A free object on a non-empty set X in the variety of all
semilattice-ordered semigroups satisfying " = =z is described as a quotient
semilattice-ordered semigroup F(S,)/o where S, is a free object on X in the
variety of all semigroups satisfying " = z and F(S) is the semilattice-ordered
semigroup of all non-empty finite subsets of S with the natural multiplication
and join (see also Example 2.2). An important role is played by a special closure
operator [ ] on S, (namely, A ¢ B if and only if [A] = [B] for any non-empty
finite subsets A, B of S,). This motivates the investigation of certain closure
operators on relatively free semigroups in the next section. An other relationship
to languages is also mentioned there.

*Supported by the Ministry of Education of the Czech Republic under the project MSM
143100009.
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In Section 4 we define an admissible closure operator which turn out
to be the central notion of the paper. Let X* be a free semigroup on the
set X = {z1,m32,...}, let p be a fully invariant congruence on X*. A p-
admissible closure operator is a closure operator on X T /p satisfying some
additional conditions. We know that that X“ = F(X™) is a free semilattice-
ordered semigroup on the set X (see Theorem 2.5). We will prove that there
exists a one-to-one correspondence between all fully invariant congruences on
X" and all ordered pairs (p,[]) where p is a fully invariant congruence on X ™
and [ ] is a p-admissible closure operator. As is well-known, the lattice of all
varieties of semilattice-ordered semigroups is dually isomorphic to the lattice
of all fully invariant congruences on X”. Therefore the study of varieties of
semilattice-ordered semigroups is reduced to the description of all admissible
closure operators on relatively free semigroups.

Further, in Section 5, we introduce an auxiliary notion of an admissible
partial order which is helpful for finding admissible closure operators. In more
detail, let p be a fully invariant congruence on X and let [] be a p-admissible
closure operator. If we put, for u,v € X /p, u < v if and only if u € [{v}],
then the relation < is a p-admissible partial order.

Emery in [3] has described the lattice of varieties of ordered normal bands.
The authors in [6] have used their results from the present paper for finding all
varieties of semilattice-ordered normal bands and for solving the word problems
in each of them. These results are partially announced in the last section. The
lattice of all varieties mentioned above is also described by Ghosh, Pastijn and
Zhao in [12].

2. Examples and representations
A structure (A,-,V) is called a semilattice-ordered semigroup if
(i) (A,-) is a semigroup,
(ii) (A,V) is a semilattice,
(iii) for any a,b,c€ A, a(bV¢) =abV ac and (aV b)c=acV bc .
A structure (A4,-, <) is called an ordered semigroup if
(i) (A,-) is a semigroup,
(ii) (A, <) is a (partially) ordered set,
(iii) for any a,b,c € A, a <b implies ca < ¢b and ac < be .

If (A4,-,V) is a semilattice-ordered semigroup and we define, for any a,b € A,
a < b if and only if a Vb = b, then the structure (A,-, <) is an ordered
semigroup.

At first we present certain basic and natural examples of semilattice-
ordered semigroups.
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Example 2.1.  [[2], XIV 4., Example 4] Let (4, V) be a semilattice. Then the
set End(A4, V) of all endomorphisms of (A, V) with the operations of composition
and join ((aVB)(a) = a(a)V B(a) for a, B € End(A4,V), a € A) is a semilattice-
ordered semigroup.

The set of all subsets of a set A will be denoted by P(A).

Example 2.2.  [[2], XIV.1., Example 2] Let S be a semigroup. We put, for
any Q,R € P(9),
Q-R={qr|qeQ,reR}

Then (P(S),-,U) and (F(S),-,U) are semilattice-ordered semigroups. Here, as
usual, U denotes the set-theoretical union.

Example 2.3.  Let A be a set. Then the set Rel(A) of all binary relations
on A with the operations of composition and union is a semilattice-ordered
semigroup.

The importance of the given examples follows from the next three theo-
rems.

Theorem 2.4.  Fvery semilattice-ordered semigroup is isomorphic to a sub-
structure of a semilattice-ordered semigroup constructed in Example 2.1.

Proof. Let (A,-,V) be a semilattice-ordered semigroup. We add to A a
new element ¢ and we denote A = AU {e}. we also xtend the operations -
and V to A® as follows: for any a € A, c-e =c-a=a-¢ =€, Ve =g,
eVa=aVe=a. Aswell-known (4%, V) is a semilattice-ordered semigroup.

Define a binary operation V on the set {0,1} in the following way:
0v0=0,1v1=1,0v1=1v0=1. Clearly, ({0,1},V) is a semilattice. Put

(B,V) = (A%, V) x ({0,1},V).

For any a € A, define a mapping F(a): B — B as follows: Let =z € A®,
1 €{0,1}. We put

PO ={ (Vo) for 121

We will show: F(a) € End(B,V) for any a € A. Let z,y € A%, 4,5 € {0,1}.
We distinguish four cases:

(a) If i = j =0 then F(a)((z,0)V(y,0)) = F(a)((xVy,0)) = (azVay,0)
and F(a)((z,0))V F(a)((y,0)) = (az,0) V (ay,0) = (az V ay,0).

(b) If i = 0,5 =1 then F(a)((z,0)V (y,1)) = F(a)((zx Vy,1)) = (ax V
ayVa,0) and F(a)((x,0))VF(a)((y,1)) = (ax,0)V(ayVa,0) = (axVayVa,0).

(¢) i=1,7 =0 is similar to (b).

(d)If i=75=1 then F(a)((z,1)V(y,1)) = F(a)((xVy,1)) = (axVayV
a,0) and F(a)((x,1))V F(a)((y,1)) = (axVa,0)V (ayVa,0) = (axVayVa,0).
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Now, we know that F' maps A to End(B,V). To finish the proof of the
theorem it remains to show that F' is an injective homomorphism from (A4, -, V)
to (End(B,V),0,V).

(a) F is a homomorphism: Let a,b € A. We want to show that F(ab) =
F(a)o F(b). Let x € A%, i € {0,1}.

For i = 0 we have F(ab)((z,0)) = (abz,0), (F(a) o F(b))((z,0)) =
F(a)(F(b)((z,0))) = F(a)((bz,0)) = (abz,0), and for ¢ = 1 we have
F(ab)((x,1)) = (abz V ab,0), (F(a)o F(0))((z,1)) = F(a)(F(b)((x,1))) =
F(a)((bxz V b,0)) = (abx V ab,0). Further we want to show that F(a V b) =
F(a)VF(). Let z € A°, i € {0,1}.

For i = 0 we have F(aVb)((z,0)) = ((aVb)x,0), (F(a)VF(b))((x,0)) =
F(a)((x,0)) V F(b)((x,0)) = (ax,0) V (bx,0) = ((a V b)x,0), and for i = 1 we
have F(aVb)((z,1)) = ((aVb)xVaVvd,0), (F(a)VF())((x,1)) = F(a)((x,1))V
F(b)((x,1)) = (ax V a,0) V (bx Vb,0) = ((a Vb)x VaVb0).

(b) F is an injective mapping: Let a,b € A, a # b. We want to
show that F'(a) # F(b). It holds: F(a)((¢,1)) = (ae V a,0) = (a,0) and
F()((,1)) = (be V b,0) = (b,0) # (a,0). [

Theorem 2.5.  The structure (X", -,U) together with the embedding k: x —
{z}, z € X, is a free object on the set X in the variety of all semilattice-ordered
Semigroups.

Proof. Let (A,-,V) be a semilattice-ordered semigroup, A\: X — A. Define
a mapping ¢: X" — A in the following way: for any Q € X", %(Q) =
VyeoMa). It is easy to check that ¢ is the unique homomorphism from
(X",,U) to (4,-,V) such that ¥ or = \. [

A semilattice-ordered semigroup (A4,-,V) is said to be representable with
binary relations if there is a set B and an injective homomorphism f: (4,-,V) —
(Rel(B),0,U).

Recall here that a semilattice (A,V) is called distributive if for any
r,y,z€ A, x<yVz=x=19y V2 for some y <y, 2/ <z.

Theorem 2.6 (H. Andréka [1], Theorem 1). Let (A,-,V) be a semilattice-
ordered se-migroup such that (A,V) is distributive. Then (A,-,V) is repre-
sentable with binary relations.

The following result is a special case; we provide here a direct and ele-
mentary proof.

Theorem 2.7.  Let S be a semigroup. Then the semilattice-ordered semi-
group (P(S),-,U) is representable with binary relations.

Proof. Let A € P(S). Define a relation f(A) on S! in the following way:
for any z,y € S',

z f(A)y < x = ay for some a € A.
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We will show that the mapping f: P(S) — Rel(S!) is an injective homomor-
phism from (P(S),-,U) to (Rel(S'),0,U). Let A, B € P(S).

(a) f(AB) = f(A)o f(B): Let x,y € S', 2f(AB)y. There is c € AB
such that * = cy. But ¢ = ab for some a € A, b € B. Then = = aby. Put
z = by. Tt holds: zf(A)z, zf(B)y. So, x(f(A) o f(B))y. Let z,y € S,
z(f(A)o f(B))y. There is z € St such that zf(A)z, zf(B)y. Then z = az,
z = by for some a € A, b € B. Now, x = az = aby and zf(AB)y since
abe AB.

(b) f(AUB) = f(A)U f(B): Let x,y € S, zf(AU B)y. There is
¢ € AUB such that z =cy. If ¢ € A then xf(A)y. If ¢c € B then zf(B)y. In
any case, z(f(A)U f(B))y. Let z,y € S*, z(f(A) U f(B))y. If xf(A)y then
x = ay for some a € A. If zf(B)y then z = by for some b € B. In any case
zf(AU B)y since a,b € AU B.

(c) A# B = f(A) # f(B): Let A# B. Then AZ B or B¢ A.
Let, for instance, A Z B. There is a € A such that a ¢ B. Clearly, af(A)l.
We will show that —(af(B)1). Suppose that af(B)1. Then there exists b € B
with a =b-1 = b € B which is a contradiction. ]

Corollary 2.8. The free semilattice-ordered semigroup over X is repre-
sentable by binary relations.

Evidently, each semigroup can be ordered. If (S,-) is a semigroup and
= is the equality relation on S, then (S,-,=) is an ordered semigroup. On the
other hand, there exist semigroups which cannot be semilattice-ordered. Recall
that a semigroup is said to be a regular band if it is a band (i.e. a semigroup of
idempotents) satisfying the identity xyzzax = zyzz.

The following theorem appears also in Pastijn and Zhao [7], Theorem 2.3.

Theorem 2.9.  If (S,-,V) is a semilattice-ordered band then (S,-) is a reg-
ular band.

Proof. Let a,b,c € S. Then

abc = ababe V abcabe = ab(a V ca)be = ab(a V ca)*be = ab(a V aca V ca)be

= ababc V abacabe V abcabe = abe V abacabe,

abacabc = ababacabe \/ abacacabe = aba(bV ¢)acabe = aba(b V ¢)*acabe
= aba(bVbcV cbV c)acabe

= ababacabe V abab cacabe V abacbacabe V abacacabe

= abacabe V abcabe V abacabe V abacabe = abe V abacabe

We have shown that abc = abacabc. Similarly, abc = abcacbe, and so
abacabc = abcacbe. Finally, notice that a band S is regular if and only if it
satisfies the identity xyzzayz = xyzazyz. |
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3. Free semilattice-ordered semigroups satisfying =" =«

Let us fix an integer r > 2. We denote by S(z" = z) the class of all semigroups
satisfying the identity " = x and by SLOS(z" = z) the class of all semilattice-
ordered semigroups satisfying this identity.

Let S be a semigroup. A subset M C S is said to be r-closed if it
satisfies:

(V P, q S Slvu1>u27"'7ur S S)(pulQ>pu2Q>"'7puTq € M

implies pujus ... ur.q € M).

Note that the idea of the 2-closed subset appears also in Zhao [10]. The
following relationship to regular languages should be further explored (see [8]):

L C A% is r-closed <= the syntactic semiring of L satisfies

x1...2, <x1V...VZ.

Since S is clearly r-closed and the intersection of any non-empty collec-
tion of r-closed subsets is also r-closed, we get a closure operator on S':

[]: P(S) = P(S), A [A]

where [A] is the smallest r-closed subset in S containing A.
Now, we are going to define a binary relation ¢ on F(S) by

A p B < [A] = [B].
Clearly, o is an equivalence relation. Moreover, the following theorem holds.

Theorem 3.1.  If S € S(z" =) then p is a congruence on (F(S),-,U) and
F(S)/o € SLOS(z" = z).

The theorem for the case n = 2 appears already in [10]. Before proving
the theorem we formulate two lemmas.

Lemma 3.2. Let S € S(z" = x). We define, for arbitrary A € P(S), the
sets A AM . recursively in the following way: A© = A,

A = {puy...urq|pgeStu,. .. u €S purg,...,pu.qe AT},
n=12,....
Then, for any A, B € P(S),
(i) A0 Cc AW C A@) C ...,
(ii) A C B implies A™ C B™ for n=0,1,2,...,
(iii) [4] = UnZyA™.
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Proof. (i): Let n > 1. We will show that A1 C A Let g € AD,
=1, u = - =u, = a. Clearly, puiq,...,purq € A and
a...al=puy...u.qe A,

(ii): Let A C B. We will prove inductively that A c Bn)

n=0: A® C BO gince A® =4, BO = B.

n > 1: Suppose that A™ 1 C B=1 Tet 2 € A™ . Then z
puy ...upq for some p,qg € SYui,...,u, € S, puiq,...,purq € A=Y
B~ Tt follows from the definition of B that x € B™.

(ii): (a): Uy A™ is r-closed:

Let p,q € SY,u1,...,u, €S, puiq,...,pu.q € Up_y A™ . There exists
no such that puigq,...,pu,q € A0 (see the part (i) of this lemma). Then
pus...upqg € A C S22 A

(b): ACU,A™ since A= A,

(c): Let M C S is r-closed, A C M. We will show that Unoozo A C
M. We will prove inductively that AM C M for n > 0: The case n = 0
follows from A® = A C M. Solet n > 1 and suppose that Aln=1) C M.
Let z € A™ . Then = = pus...urq for some p,q € S*,ui,...,u, € S,
puiq, ..., puyq € A=Y C M. Since M is r-closed, = € M. ]

Nl

Lemma 3.3. Let S € S(z" = z). For any natural number n and any

A,B,C €P(S), if AC B™ then AC C (BC)™ .

Proof. By induction with respect to n.

n = 0: Clearly, if A C B then AC C BC.

n > 1: Let A C B™ . Choose arbitrary elements a € A, ¢ €
C. We want to show that ac € (BC)™. Since a € B™, we have a =
puy ... upq for some p,g € S*,uy,...,u, € S, with puyq,...,pu.qg € B"V.
Clearly, {puiq,...,pu,q} € B™Y and using the induction hypothesis we get
{pusq,...,purq}-C C (BC)™=V_ So, puiqc,...,purqc € (BC)™=1 Tt follows
that puy ...u,qc = ac € (BC)™. |

Proof of the theorem. Let A,B,C € F(S), A ¢ B. We have to prove that
AC o BC, CApCB, AUC 9o BUC.

(a) AC o BC: We know that [A] = [B]. By 3.2 (iii), [B] = U;—, B™.
So, A C |52, B™. Since the set A is finite and in view of 3.2 (i), there is
no such that A C B() . Using 3.3 we get AC C (BC)(™). But [BC] =
U2, (BC)™ (see 3.2.(iii)) which now implies AC C [BC] and [AC] C [BC].
It can be proved similarly that [BC] C [AC]. So, [AC] = [BC] and AC ¢ BC'.

(b) CA ¢ CB: This case is similar to (a).

(c) AUC o BUC: Asin (a), A C B Tt follows from 3.2 (i) that
B() € (BUC)™) and from 3.2 (i), 3.2 (ii) that C = C© C ") C
(B U C)™) . Consequently, B™) uC C (BUC)™) . Now, A C B()
implies AUC C B™) U, thus AUC C (BUC)™), AUuC C [BUC)|
(we have used 3.2 (iii)), [AUC] C [BUC]. Similarly, [BUC] C [AUC]. So,
[AUC]=[BUC],AUC ¢ B UC.
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It remains to prove that F(S)/o € SLOS(2" = z). Let A € F(5).
We want to show that A" 90 A. If a € A then a = a" € A”. We see that
A C A" [A] C[A"]. If x € A" then = = ay...a, for some ay,...,a, € A.
Since lail,...,la,1 € A= A we have z = la;...a,1 € AV . We see that
A" C AW A" C [A] (we have used 3.2 (iii)), [A"] C [A]. Finally, [A"] = [4]
and A" o A. [ ]

Lemma 3.4. Let (S,:) € S(z" = z), (4,,V) € SLOS(z" = ), and let
e: (S,) = (A4,-) be a homomorphism. For any natural number n and any
B,C €F(S), if BCCM™ then \/yepp(b) <V eo9(c)-

Proof. By induction with respect to n.

n = 0: Clearly, if B C C then \/,c5¢(b) <V coplc).

n>1: Let BC C™ . Choose an arbitrary element b € B. We want to
show that ¢(b) < \/ . ¢(c). Since b € C™, we have b = pu; ... u,q for some
p,q €SV ur,. .. u €8, with puyg,...,pu.qg € C=Y . So, {puiq, ..., pu.q} C
C(=1) . Using the induction hypothesis we get p(pu1q) V ...V @(pu,q) <
VCGC (p(c) . NOW7

p(purg) V...V o(purg) = @p)e(u)e(@) V...V e(p)e(ur)e(q)
= o) (e(u1) V... Vo(ur))e(q)
= @(p)(p(u1) V... Vo(ur)) e(q)
= o(p)( \ o(uiy ) (uiy) - o(ui,))e(q)

i1yt €{1,2,...,7}

= \ o(p)e(ui,)p(ui,) - - o(us, )p(q)
i1yenin€{1,2,...,7}

> p(p)p(ur)p(uz) .. p(ur)p(q)
= ‘P(pUIUQ . --UTQ) = @(b)

So, ¢(b) < V,cc ¢(c). The argument works here for p,q € S (the values
©(p), p(q) are defined). The case p ¢ S or ¢ ¢ S is similar. (]

Now, we are ready to present a construction of free objects in SLOS(z" =
x) using free objects in S(z" = z).

Theorem 3.5.  Let S, be a free object in S(z" = x) on a set X with respect
to a mapping v: X — S,.. Then F(S:)/o is a free object in SLOS(x" = x) on
X with respect to

ke X = F(Sy), xw— {u(z)}o

Proof.  Write here S for S,. Let (A4,-,V) € SLOS(a" = z), A+ X — A.
Clearly, (A,-) € S(2" = z) and there is a unique homomorphism ¢: S — (4, ")
satisfying ¢ o« = A. Define a mapping 1: F(S)/0 — A in the following way:
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for any B € F(S5),
$(Bo) = \/ #(b).

beB
At first we prove the correctness of this definition. Let B,C € F(S), B ¢ C.
We want to show that \/,c5@(b) = V co@(c). We know that [B] = [C] =
U2, €™ (see 3.2 (iii)). In view of 3.2 (i), there is ny such that B C C'("0).
Using 3.4 we obtain \/,c5p(b) < V co@(c). On the other hand it can be

proved similarly that \/ .o ¢(c) < Vyep@(b). Thus \/ycpo(d) =V o @(c).
The mapping v is a homomorphism from F(S)/o to (A,-,V) satisfying
PYor=A\:
(a) Let B,C € F(S). Then

P(BCYo) =\ obo)=\/ o))

beB,ceC beB,ceC

(V #®) - (\/ #(e)) = ¢(Be) - ¥(Co).

beB ceC

Y((Bo)(Co))

(b) Let B,C € F(S). Then

d((Bo) vV (Co)) = »((BUC))= \/ ¢(d)

de BUC

= (\/ e®) vV (\/ ¢(0) =%(Be) vi(Co).

beB ceC

(c) Let @ € X. Then (@) = v({i()}0) = ¢(1(a)) = A(a).
Finally, let 8: F(S)/o — (4,-,V) be a homomorphism with the property
0 o k = A\. We have to prove that § = . Define a mapping 9J: S — A in this

way: for any s € 5,
¥(s) = 0({s}o).

It is easy to check that ¢ is a homomorphism from S to (A,-) satisfying
Yor=A. Then ¥ = ¢. Now, for any B € F(S), 0(Bo) = 0((Upepib})o) =
OV e (1510)) = Ve 01010 = Ve ) = Ve 9(b) = (Bo) and thus
0=1.

Example (see also Romanowska [9], Remark 6.2). As an application, we will
show a free semilattice-ordered band on the set {z,y}. Denote by S the free
band on the set {x,y}. We know that S has six elements,

S = {z,y,zy,yz, ryx, yry}.

Denote by T' the set of all non-empty 2-closed subsets in S and define binary
operations V and * on T by

AVB=[AUB], A+«B=[A-B]for A,BeT.



36 KURIL AND POLAK

Then (T,*,V) is a free semilattice-ordered band on the set {z,y}. One can
calculate that T has twenty elements:
Ay ={z}, A2 = {y}, A3 = {zy}, Ay = {yz}, A5 = {zyz}, Ae = {yay}, A7 =
{z,zyz}, As ={y,yay}, Ao = {zy,zyx}, Ao = {zy,yzy}, An = {yz, zyx},
Arp = {yz,yzy}, Az = {z,zy,zyz}, A = {z,yz, 2y}, Ais = {y,zy,y2y},
A = {y,yz,yzy}, Az = {zy,yz, oyz,yay}, Ais = {z,zy,yz, zyz, yay},
Ao = {y, 2y, yx, xyx, yxy}, and Asg = {x,y, zy, yx, zyz,yay}.

Since A < B in the semilattice (T,V) if and only if A C B, the order
structure of (7', V) is easily to imagine.

Recall that p is a fully invariant congruence on a semigroup (5,-) if it
is a congruence on (5,-) such that for each o € End(S,-) and a,b € S with
apb we have also a(a)pa(b). Let Fic(S,-) denote the set of all fully invariant
congruences on (.5, -).

Denote by p, the fully invariant congruence on X corresponding to
the variety S(z" = x). Note that the relation p, is expressed in the group-
theoretical language in [4]. We will use the symbol [ ], for the closure operator
[] on the semigroup X+ /p,. We know that X" = F(X ™) is a free semilattice-
ordered semigroup on the set X. Let ~, be the fully invariant congruence on
X" corresponding to the variety SLOS(z" = x). For any Q € X7, let Qp,
denote the set {gp, | ¢ € Q}.

Corollary 3.6.  For any Q,R € X", we have Q ~, R < [Qp;]» = [Rp:]r-

Proof.  Clearly, X"/ ~, together with : © — {z} ~,, is a free object in
SLOS(z" = x) on X. Further, by 3.5., F(X*/p,)/0, with k: = — {zp,}o,
is also a free object in SLOS(x" = x) on X. So, there are mutually inverse
isomorphisms

o X%/~p 5 F(XT/p) o and ¢ F(XT/pr)/o— X7/ ~,

such that pot=kr,pok =1.
Let =4 ...x;, € XT. Then

e({at~r) = e} Az ~r) = o(({i ) - (i r)
e({zi }~r) - o{mi o) = o(u(wiy) - o(e(w3,))
= k(). 6(xi,) = {zipr}o) . ({ziprto)

= A{zipr} .. Aziorto = {zi, ... i pr}o = {apr}o.

Now, let Q € X". Then

0(@Q~) = o((|J{a) ~) =0\ {a} ~) =V e({a} ~)

q€Q 7€Q q€Q

V Aapr o = (U {ar Do = (Qpr)e-

q€Q q€Q
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Suppose that Q,R € X, Q ~, R. Consequently,

@(QNT) = SO(RNT)v (Qpr)@ = (RPT)Q, (Qpr) 0 (Rpr)7 [Qpr]r = [Rpr]r~

Finally, suppose that Q,R € X, [Qp.], = [Rp,],. Then (Qpr)o = (Rpr)o,
0(Q ~,) = p(R ~,). Using 1) we obtain Q ~, R. n

4. Admissible closure operators

Let X = {z1,22,...}, Xp ={x1,...,2,} for n=1,2,... and use the following
notation:

For any p € FicX™, V. C X*/p, v € XV/p, q,p1,p2,... € X,
z,y € X, Q@ C X we define

q(p1,p2,...) as the word which results from ¢ by substituting p; for all
occurrences of x;, 7 =1,2,...,

v(p1,p2,-..) = (q(p1,p2,...) ) p where g € XT, gp =,

V(p1,p2,--.) ={v(p1,p2,...) |vEV},

q(z | y) as the set of all words obtained from ¢ by substituting y for some
occurrences of x,

Qp=1{ap|qeQ}.

Now, we are going to introduce the key notion for us. Let p € FicXt.
A mapping [ ]: P(XT/p) — P(XT/p) will be called a p-admissible closure
operator (or only an admissible closure operator if p is known from the context)
if it satisfies the following conditions:

@) [0 =0,
I T < [17,
(III) T C U implies [T] C [U],
av) [[11) < [17,
(V) [T CUA{[V] |V is a finite subset of T},
(VD) [{t}] = {u}] implies t = u,
(VIT) [TJu C [T],
(VITT) o[T] C [uT],
(IX) [T](p1,p2,--.) € [T(p1,p2,-- )],

(X) ap € {a1p, - - -, axp}] implies (q(= [ y))p C [(q1(z | y))pU---Ulax(z | y))pl,
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for any TvU € P(X+/P), tue X+/p7 49,9k, P1,P2,--- € X+7 T,y € X.
Before formulating the main theorem we shall introduce some notations
and prove a few lemmas.

For any natural numbers n,m, i1 < ip < -+ < 4, any ¢ € X1,
Q,P,P,,...€ X", x € X, we define

c(g) as the set of all variables from X which occur in ¢,
C(Q) = quQ C(q) )

c(xz,q) as the number of occurrences of the variable z in ¢,
Xy ={Qe X" [c(Q) C Xy },

Q(Py, Py, ...) as the image of @ under the unique endomorphism on X" which
maps {z;} to P;, j=1,2,....

Q(zi, /P1,...,x;,/Pn) as the image of () under the unique endomorphism
on X which maps {z;,} to Pi,...,{z;,} to P, and {z;} to {z;} for
j g{ll,,lm}

Lemma 4.1. For any Q € X", p1,pa,... € X1, we have
QUpi} Ap2}.--) = {alpr,p2.-.) [ ¢ € Q}.
Proof.  Since

QUpitApe}, ) = | ULa} | UpidiApa} ) = U {ar (ot Apads ),

q€Q q€Q

it is enough to show that {q}({p1}, {p2},...) = {a¢(p1,p2,...)} forany g € X ™.
Let ¢ = x4, %4, ... x4, . Then

{a3{pi} A2}, o) = Azizi, oz J({pr ) {p2)s - o)
= {zi, Hzi b Az {p ) A2} )

{pi Hpin} - Apin} = {pipis - - - i} = {a(p1,p2, .. )}

Lemma 4.2. For any Q € X", =,y € X, we have Q(z/{z,y}) =
Ugeq a(z | 9)-

Proof. It suffices to show that {q}(z/{z,y}) = q(z | y) for any ¢ € XT.
The case z = y is clear. So, let © # y. We will use the induction with respect
to c(x,q).

In the case c(x,q) = 0 the equality clearly holds.
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So let c(z,q) > 1, ¢ = ras, where c(z,s) = c(z,q) — 1, for some
r,s € X*. Then

{g}(z/{z,y})

{rH{z}{s}(z/{z,y})
{ri@/{z, y}){z}Hz/{z,y})){s}(@/{z, y}))
{rHz,y}s(z | y) = {rz,ry}s(z [ y) = (rzs)(z | y) = q(z | y).

Lemma 4.3.  For any natural numbers n, iy < ia < iy, any © € X,
x &€z, 2, }, and any Q € X7 the following holds:

Qle/{ziy, - ywi, }) = (- (Qe{z, zi })) - ) (e /{w, wi, ) (@ /{zi, })-

Proof. It is enough to show that

(/i mi}) = (G ot/ 2 }) - ) @/ {2, ) (@/{2})

for any y € X. The case y # « is clear. If y =« then {z}(z/{i,,..., xi,}) =
{zi,,..., 2, } and

(- Qay@Ha, 2, 1) - )@/ {e, e, }) (@ /{z })
= (- (o2 d @z, 20, }) - )@ /{m, 20, 1) (w/{:,})
= ((- (o zi, i f @/ {z, w3, })) - ) (/{2 2i, 1) (2 /{3, })
= {x, %, Tig, -, i, H/{xi, }) = {ziy, ., 240,

Lemma 4.4. Let Q,Pe X, 2 e X. If P={p1,...,pn}, 11 <ia<---<

in are natural numbers, T, ..., x;, € c(Q), then
Qz/P) = (Qz/{wiy, - - -, i, 1)) (@i {1}, - @i, [{pn})-
Proof. It suffices to show that
{yt(x/P) = {yt(z/{zi, .., 20, D)) (@i Ap1}, - - i, {Pn})

for any y € X with y & {zs,,...,2;,}. So, let y € X, y & {zs,...,x;, }. I
y # x, equality clearly holds. If y = z then {z}(x/P) = P and

({zt@ /@i, zi, 1) (@i Ap1}s - i, [{pn})
= {zi,..., xi, Y (wg, AP}, -z, [Apa ) = {15 - -, pn} =P L

Lemma 4.5.  Let n be a natural number, Q € XJ, P, P,... € X". If
i1 <o < - < iy are natural numbers, {z;,,..., x;, YN (c(P)U---Uc(Py,)) =0,
then

QP Py ) = (.. ((Qx1/{zi }, v xn/{wi, ) (@i [ P1)) .. ) (@i, [ Pr)-
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Proof.  Obviously,

Q(Pl,Pg, .. ) = (Q(%’l/{lﬁ“}, .. .,xn/{xin}))(xil/Pl, e 7xin,/Pn)-

Since {@iy,..., 2} N (c(P) U ---Uc(P,)) = 0, R(xsy/Pr,...,xi,/Py) =
(... R(zs, /P1) ... )z, /Py) for any R e X7 ]

Let ~ € Fic X". We define a binary relation p. on X in the following
way: for any ¢,r € X,

q p~ T = {q} ~{r}.

Obviously, p~ is a congruence on XT. Further, we define an operator
[Jo: P(XT/p~) = P(XT/po) in such a way: forany T € P(X T /p.), g€ X T,

ap~ €T = {a1,-- a0} ~{a1, .-, qx}
for some natural number k and ¢1,...,q; € X

such that g1p~,...,qxp~ € T.

Note that the definition of the operator []. is correct. Let ¢,7,q1,...,q5 € X,

qp~T, {q17"',qkaQ} ~ {qla"'aqk}a Q1P -5 QP € T. Since {q} ~ {T‘},
we get {qla"'vqk7Q} N{Q17"'7Qk:r} and so {Q17"'7QI€7T}N {Q17"'aqk}'

Lemma 4.6. Let ~ € FicX", q,qi,...,q5 € XT. Then qp~. €
Haq1o~s - qep~tl~ if and only if {q1, ..., qu,q} ~ {q1,-- -, qx}-

Proof. Let p~ € [{qlea"'aqkpN}]N' Then {rla"'vrlv(J} ~ {Tlv"'7rl}
for some r1,...,7 € X, T1pes...,7ip € {q1pms---,qrp~}. Choose an
arbitrary j € {1,...,1}. There exists i; € {1,...,k} such that {r;} ~ {g;}.
Then

{Tlv"'7Tl}N{qilv"'vqil}v {Tlv"'7Tl7Q}N{qila"'aqizaq}'

It follows that {qila' .. 7qilaq} ~ {in' .. 7Qil}7 {qla .. '7qk7Q} ~ {Q1; ce 7Qk}'
The opposite implication is clear. ]

Now we can formulate and prove our main theorem.

Theorem 4.7. (i) Let ~ € FicX". Then p. € FicX™ and [ ]~ is a
p~ -admissible closure operator.

(ii) Let p € Fic X and let []| be a p-admissible closure operator. Let us define
a binary relation ~, | on X" in the following way: for any Q,R € X"
we put

Q~p) B = [Qp] = [Rp].

Then ~, 1 € Fic X°.
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(iii) For any ~ € Fic X" it is the case that ~ = ~,_1]_.

(iv) For any p € Fic X and any p-admissible closure operator [ | it is the
case that
P =P~y H:[]Np,[]'

Proof.  Part (i). Let q,7,p1,p2,... € XT, {q} ~ {r}. By 4.1 we have
{q¢(p1,p2,...)} ~ {r(p1,p2,...)}. Thus p. € FicXt. Now, we will consecu-
tively prove that [ ]. satisfies the conditions (I) — (X).

The conditions (I),(II),(III) are clearly satisfied.

(IV): Let gp~. € [[T]~]~. Thereare q1,...,q € X+ such that {q1,...,qs,
q}‘w {QI’,' cy Qi) Q1Prs- - QP € [T]~. For any i € {1,...,k} ~we have:

{ri, i aiy ~ A{ry, ... r,} for some ri,...,7] € X+,r’ipw,...,rfip~ eT.
Ll k 1 k 1 k
It holds: {r{,....70 ,qu,-squ} ~ {71, 0}y ATt 1 Qs Qhs g~
1 k 1 k 1 k
i, a, - a, {ri,orl,an - akq) ~ {ri,...,77,q}.  Hence

{r%,...,rlkk,q} ~ {r%,...,rl’“k}, and so gp~ € [T)~.

(V) is clearly satisfied.

(VI): Let [{t}]~ = [{u}|~. There are ¢, € X* such that t = gp,u =
rp~. Now, gp. € [{rp~}|~ gives {g,r} ~ {r}, and rp. € [{gp~}]~ gives
{q,7} ~{q} (see 4.6). Thus {q} ~ {r}, t = u.

(VID): Let gp~ € [T)~, u = rp~ for some r € XT. We want to show
that (gp~)(rp~) € [Tu]~. We know that {q1,...,qk,q} ~ {q1,...,qx} for some
q1,..-,qK € X+t with
1Py Qepe € T Tt holds: (q17)pe,y ..., (qrr)p~ € Tu, {q1r, ..., qir,qr} ~
{ar,- - axr}- Thus (gp)(rpe) € [Tl

(VIII) is similar to (VII).

(IX): Let gp~ € [T]~. We want to show that (q(p1,p2,...))p~ €
[T(p1,p2,...)]~. We know that {q1,...,qx,9} ~ {qi,...,qx} for some g,

coqe € XT with qip~, ..., qrp~ € T. Clearly, (q1(p1,p2,---))p~s-- -, (qr(p1,
D2, ...))p~ € T(p1,p2,...). Further, by 4.1,

{ql(p17p27 .. ’)7 e 7qk(p17p27 .. ’)7Q(p17p27 .. )}
~ {QI(phan <. ')7 s 7q}€(p17p2a <. )}a

and so (q(p1,p2,...))p~ € [T(p1,p02,.- )]~
(X): Let gp~ € [{q1p~s -+ qup~}]~. We want to show that

(a(z | y)p~ € [(q1(z | y))p~ U U (gl [ y)) o]~
We know that {q1,...,qx,q9} ~{q1,-..,q} (see 4.6). By 4.2,
a|y)U-Uglz|y) Vgl |y) ~al@|y) U - Ualz|y).

For any 7 € q(x | y) we have g1 (v [ y)U- - -Ugr(z | y)U{r} ~ qi(x | y)U- - -Uge(x |
y). Hence

o~ € [(q1(z | y))p~U---U(gr(z | y))p~]~ and so
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(@@ ]y))p~ S [(ar(x]y)p~ U Ulgr(z | y))p~]~-

Part (ii). Clearly, ~, ] is an equivalence relation on X 5. We will prove
that ~, [} is a congruence. Let Q,R,S € X, [Qp] = [Rp]. We want to show
that

(a) [((QUS)p = [(RUS)p]: Clearly, Qp C [Rp] € [(RUS)p], Sp €
[(RUS)p], which gives (QUS)p C [(RUS)p] and thus [(QUS)p] C [(RUS)p].

The opposite inclusion can be shown in a similar way.

(b) [(@9)p] = [(RS)p]: Let ¢ € Q, s € S. By (VII), [Rp](sp) C
[((R{s})p]. Since gp € [Rp], we have (gs)p € [(R{s})p] C [(RS)p], thus
(QS%),O %1 [(RS)p}, 'Wk'lliCh gives [(QS)p] € [(RS)p]. The opposite inclusion
can be shown in a similar way.

(c) [(SQ)p] = [(SR)p]: It can be proved similarly as (b). [

Now we prove a few auxiliary statements.
Statement 1. Let Q,R € X", p1,p2,... € X* and [Qp] = [Rp]. Then

[(QUp1} P2}, - D)l = [(R({p1}s {p2}s - ))pl.

Proof. By 4.1,

QU{p1}.{p2},--) = H{alpr.p2,...) g € Q},
R({p1},{p2},...) = {r(p1,p2,...) | r € R}.

For any ¢ € @, gp € [Rp]. By (IX), (q(p1,p2,--.))p € [(R({p1},{p=2},--.))pl,

and thus
(QUp1}:Ap2}s -+ ))p S [(R({p1}, {p2},--)nl;

which gives
[(QUp1}Ap2}, - - ))el € [(R({p1} {p2}s - - ))el-

The opposite inclusion can be shown in a similar way.
Statement 2. Let Q,R € X", z,y € X and [Qp] = [Rp]. Then
(Qx/{z,y}))p] = [(R(z/{z,y}))p]. u

Proof. By 4.2, Q(z/{z,y}) = U,cqa(z | v), R(z/{z,y}) = U,crr(z | y).
For any 4 € Q. gp & [p]. From (X) we bave (4(x [ ))o € (RG] (v, u})r)
and thus

(Qz/{z,y}))p € [(R(z/{z,y}))p] and [(Q(z/{x,y}))p] € [(R(x/{z,y}))p]-

The opposite inclusion can be shown in a similar way.
Statement 3. Let Q,R,P € X", z € X and [Qp] = [Rp]. Then
[(Q(z/P))p] = [(R(z/P))p]. u
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Proof. It follows from 4.3, 4.4 and the statements 1 and 2.

It remains to prove that the congruence ~,|) is fully invariant. Let
Q,R,P1,Ps,...€ X", [Qp] = [Rp]. We want to show that [(Q(Py, P2, ...))p] =
[(R(Py, Pa,...))p]. There is a natural number n such that @, R € X[ . Further,
there are natural numbers i; < iz < --- < i,, with the property {z;,,...,z;, } N
(c(Py)U---Uc(P,)) = 0. Using 4.5 and the statements 1 and 3 we get the
desired equality.

Part (iii).

Let QRe X", Q ~R. Forany q € Q, RU{q} ~ R and so qp~. €
[Rp~]~, which gives Qp~. C [Rp~]~, [@p~]~ C [Rp~]~. The opposite inclusion
can be proved similarly, altogether we have Q@ ~, 1. R. Let Q,R € X°,
[Qp~]~ = [Rp~]~. For any ¢ € Q, gp~ € [Rp~]~. Therefore RU {q} ~ R.
Hence Q U R ~ R. Similarly, we have Q U R ~ @, which gives altogether
Q~ R.

Part (iv).

p S P~y Let g pr. Then [{gp}] = {rp}l. {q} ~p) {r}, which we
need.

Py € pi Let [{qp}] = [{rp}]. Then, by (VI), g pr.

We already know that [ ],[ ] P(XT/p) = P(Xt/p). Let T €
P(X*/p).

[T] C [T]~,,: Let ¢ € X*,qp € [T]. By (V), there is a finite subset
V of T such that gp € [V]. By (I), V # @ and so V = {qip,...,qxp} for
some qi,...,qx € XT. It holds: [{qip,...,qxp,ap}] = {@1p,---,qrp}]. Thus
{ar,-akq}y ~p ) {qs -+, qx}, which gives gp € [T], ;.

[T)~, ;) € [T]: Let g € XT,qp € [T]~, . Then [{qip,...,qup,ap}] =
Haqip, ..., qrp}] for some q1,...,qx € X with q1p,...,qep € T. Hence qp €
{ap, - arp}] € [T].

The proof of our theorem is complete. |

~ol1t

Let V be a variety of semigroups determined by a set ¥ C X x X+ of
identities. Denote by py the fully invariant congruence on X1 corresponding
to the variety V. Let SLOV be the class of all semilattice-ordered semigroups
(4,-,V) with the property (A,:) € V. Clearly, SLOV is the variety deter-
mined by the set of identities {({u}, {v}) | (u,v) € Z}. Let W be a variety of
semilattice-ordered semigroups, ~yy be the corresponding fully invariant con-
gruence on X“. By 4.7, ~y corresponds to the ordered pair (p,[]), where
p € Fic Xt and [ ] is a p-admissible closure operator (in the notation of 4.7,
~MW = N ]) NOW,

WCSLOV <~y 2 {({u},{v}) [ (w,0) €X} & p2 X e p2py.

So, the theorem 4.7 reduces finding of all subvarieties in SLOV to the
description of all p-admissible closure operators for all p € Fic X' such that

p2py.

Remark 4.8.  Note that in the proof of the second part of 4.7 we used only
the properties (II), (III), (IV), (VII), (VIII), (IX) and (X) of the operator [].
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We will show that all these seven conditions are satisfied by the operator [ ]a
from the section 3. The conditions (IT), (III) and (IV) are clearly satisfied. It
can be easily proved by induction, using 3.2 (iii), that the operator [ ]o also
satisfies the conditions (VII), (VIII) and (IX). Now, we prove in details that the
operator [ ]2 has the property (X). Write p, [ ] instead of pa, []2. At first, we
have the following

Claim. Let ¢,r € XT, z,y€ X. If ¢ pr then [(q(z | y))p] = [(r(z | v))p].

Proof. Let c,e € X*,d € XT. We will show that [((cde)(z | y))p] =
[((cdde)(z | y))p]. Indeed, [((cde)(x | y))p] C [((cdde)(x | y))p] is clear since
((cde)(z | y))p C ((cdde)(x | y))p. To get the opposite inclusion [((cdde)(x |
y))pl C [((cde)(z | y))p], let w € (cdde)(x | y). Then w = c1didse; for some
e € o | y), diyds € Az | ), er € e(x | y) (here, we put 1(z | ) = {1}).
Now, (c1dier)p, (crdaer)p € [((cde)(z | y))p]. It follows that (cidideer)p =
wp € [((cde)(x | 9))p]. We have proved that ((cdde)(z | 4))p C [((cde)(x | 9))7].
Consequently, [((cdde)(z | y))p] C [((cde)(x | y))p]. The proof of our claim is
complete.
We continue in proving that [ ] satisfies the condition (X).

By 3.2 (iii), {aq1p,...,ap} = Upeo{arps-- -, qep}™ . We will prove by
induction that gp € {q1p, ..., qrp}"™ implies (q(z | y))p C [(q2(z | y))pU---U
(ge(z | y))p] (for n=10,1,2,...).

n=0:Let gp € {qp,...,qp}®. Then ¢ p ¢; for some i € {1,...,k}.
By the auxiliary statement, [(¢(z | y))p] = [(¢i(x | y))p] and so (q(x | y))p €
[(q(@ [y)pU---Ulan(z | y))pl-

n > 1: Let gp € {qlp,...,qkp}("). There are c,e € X*,dy,dy € X,
such that (cdie)p, (cdae)p € {q1p, .-, qup} ™V, q p cdidze. By the induction
hypothesis,

N

((cdie)(z | y))p iz [y)pU---Ulak(z | y))pl,
((cdae)(x [ y))p C [(@i(x[y)pU---Ulgr(z | y))pl.

N

Let w € (cdidee)(z | y). Then w = djdhe’ for some ¢ € c(z | y), d} €
di(z | y), dy € do(x | y), € € e(x | y). Now, ddie’ € (cdie)(z | ),
cddhe’ € (cdee)(z | y). Tt follows that

(ddye)p, (ddye)p € [(qa(z [ y))pU - U (gr(x | y))Al,

(cdydye’)p = wp € [(qu(z | y)pU---U(qe(z | y))p-

We have proved that ((cdidae)(z | y))p C [(qi(z | y))p U -~ U (qr(z | v))p].
Since [(q(z | y))p] = [((cdrdze)(x | y))p] (see the claim), we get (q(z | y))p €
[(qa(z [9)pU---Ulqr(z | y))p]-

We have just completed our proof of the fact that the operator [ ]2
satisfies the conditions (II), (III), (IV), (VII), (VIII), (IX) and (X). Hence the
pair (p2,[ ]2) (recall that ps denotes the fully invariant congruence on X ™
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corresponding to the variety of all bands) determines a fully invariant congruence
on X7 . In fact, the congruence determined by (p2, []2) is ~2, the fully invariant
congruence on X" corresponding to the variety of all semilattice-ordered bands
(see 3.6.). But, as shown by Michal Kunc (Brno) [5], [ ]2 does not satisfy the
condition (VI) and so [ ]2 is not a pg-admissible closure operator (see also the
proof of Theorem 2.3 in [7]). Indeed,

(wyp2)(xp2)(y2zp2) = 2Yzp2, (vYp2)(22p2)(Y2p2) = TYZp2)

which implies zyzzzyzps € [{zyzp2}]2.
Further,

(zyzp2)(yp2)(x22Y2P2) = TYTZTYZP2, (TYTP2)(2p2)(T2TYZP2) = TYTZTYZ P2,

which implies zyzps € [{zyzzayzpa}]a.  We see that [{zyzpa}]le =
[{zyzzzyzpa}t]e but axyzps # xyzzeyzps (here, x,y,z are three distinct ele-
ments from X). So, (p2,[ |2) # (Prss[ J~e)- In view of 2.9, pregB C prs
where pregn denotes the fully invariant congruence on X' corresponding to
the variety of all regular bands. It can be proved that pregB = p~, - ]

The following result gives the construction of the intersection of fully
invariant congruences on X in terms of pairs (p,[]).

Theorem 4.9.  Let p1,p2 € FicX ™, []1 be a p1 -admissible closure operator,

[ ]2 be a pa-admissible closure operator. Put ~ = ~ N Then

pis[Ja P pay[ ]2

P~ = p1 0 p2,

ap~ € [aip~, .- akpte = ap1 € {aip1, .- - qxpithn,
ap2 € [ap2,---,qxp2tl2
(a1, qr € XT).
Proof. Let ¢q,r € XT. It holds:
(a;7) €p~ & ({ah{r}) € ~ & ({a} {r}) € ~p 11 ({ah {r}) €~pa s
& (¢,7) € p1,(q;7) € p2 & (q,7) € pr N pa2.
Further, for any q,q1,...,qs € X,
ap~ € {arp~s - awp v = e, e at ~{a, o ad

< (g amahAan, - ar}) € ~pi 110 N ~pail s
< qp1 € {apr, - awpi s,

ap2 € [{q1p2;5 - - qrp2}]2- .
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The operator []. from 4.9. will be denoted by []1 A[]2. In this notation,

~or [ 1 N ~pa.l 12 = ~pinpz,[ WAL L2 -

Corollary 4.10.  Let py,ps € FicX™, []1 be a p1-admissible closure opera-
tor, [ ]2 be a pa-admissible closure operator. Then ~, 11, C ~,, ], if and only
if p1 C p2 and, for any q,qu....,qx € X, qp1 € {q1p1.-- -, qupr}]1 implies
ap2 € {q1p2; - -, qxp2}]2-

5. Admissible partial orders

Let p € FicXT. A binary relation < on XT/p will be called a p-admissible
partial order (or only an admissible partial order if p is known from the context)
if it satisfies the following conditions:

(A) u<u,

(B) u <w,v <wu implies u = v,

(C) u<wv,v<w implies u < w,

(D) u < v implies uw < vw,

(E) u <o implies wu < wuv,

(F) w <wv implies u(p1,p2,...) < v(p1,pa,...),

(G) ap<rp, v &c(r), s€q(x|y) implies sp < rp

for any u,v,w € X*/p, q,r,8,p1,p2,... € X7, z,y € X.
The reason for introducing this new notion follows from the next theorem.
It will help us by finding p-admissible closure operators.

Theorem 5.1.  Let p € FicX™, [ ]| be a p-admissible closure operator. Let
us define on X1 /p a binary relation < in this way: for any u,v € X1 /p,

u<v<=ue [{v}.
Then the relation < is a p-admissible partial order.

Proof. (A) is clear.

(B): Let u € [{v}], v € [{u}]. We want to show that u = v. We see that
[{u}] = [{v}]. The desired equality follows from (VI).

(C): Let u € [{v}], v € [{w}]. We want to show that u € [{w}]. We see
that [{v}] C [{w}] and thus u € [{w}].

(D) follows immediately from (VII).

(E) follows immediately from (VIII).

(F) follows immediately from (IX).

(G): Let gp € [{rp}], = & c(r), s € gz | y). We want to show that
sp € [{rp}]. By (X), (a(z | 9))p € [(r(z | y))p]. Since = & c(r), r(z | y) = {r}.
Thus (g(z | 9))p C [{rp}] and sp € [{rp}]. .



KURIL AND POLAK 47

6. Applications

Let SL denote the class of all semilattices. We know that ¢ ps, 7 if and only
if ¢(¢) = ¢(r) and thus (X*/psc,-) is isomorphic to (F(X),U), where F(X)
is the set of all non-empty finite subsets of X. One can show that there are
exactly three admissible partial orders on F(X) namely for Y, Z € F(X),

Y<1Z < Y=7 Y<3Z<+=YCZandY <37 < YDOZ

Moreover, there are exactly four ps,-admissible closure operators; namely Y €
{Y1,...,Y%}]: if and only if

Y=Y, U---UYj for some ji,...,50 € {1,...,k} incase i =1,

Y; CY CYiU---UYj for some j € {1,...,k} in case i = 2,
Y CY,U---Yy in case i = 3,
Y; CY for some j € {1,...,k} in case i = 4.

The first two operators correspond to <, the third to <, and the last one
to <3. Thus considering also the trivial variety there are exactly five varieties
of semilattice-ordered semigroups, which were found already by McKenzie and
Romanowska in [11]. This together with analogous results for other varieties
of normal bands leads to a complete descripton of all varieties of semilattice-
ordered normal bands will be proved in a subsequent paper [6]. Note that the
lattice of all varieties of semilattice-ordered normal bands was independently
found also by Ghosh, Pastijn and Zhao [12] Theorem 4.9. Nevertheless, using
our closure operators we can solve the word problem in each mentioned variety.

References

[1] Andréka, H., Representations of distributive lattice-ordered semigroups with
binary relations, Algebra Universalis, 28 (1991), 12-25.

[2] Birkhoff, G., “Lattice Theory”, Providence, Rhode Island, 1967.

[3] Emery, S. J., Varieties and pseudovarieties of ordered normal bands, Semi-
group Forum 58(3) (1999), 348-366.

[4] Kadourek, J. and L. Polédk, On free semigroups satisfying =" = z, Simon
Stevin 64 (1990), 3-19.

[5] Kunc, M., Personal communication, Brno, September 2000.

[6] Kuril, M. and L. Poldk, On varieties of semilattice-ordered normal bands,
preprint.

[7] Pastijn, F. and X. Zhao, Varieties of idempotent semirings with commuta-
tive addition, submitted.



48 KURIL AND POLAK

[8] Poldk, L., Syntactic semiring of a language, Proc. Mathematical Foun-
dations of Computer Science 2001, Springer Lecture Notes in Computer
Science, Vol. 2136, 2001, pages 611-620.

[9] Romanowska, A., Free idempotent distributive semirings with a semilattice
reduct, Math. Japonica 27(4) (1982), 467-481.

[10] Zhao, X., Idempotent semirings with a commutative additive reduct, Semi-
group Forum 64 (2002), 289-296.

[11] Mckenzie, R. N. and A. Romanowska, Varieties of --distributive bisemi-
lattices, in Contribution to General Algebra (Proc. Klagenfurt Conference
1978), Heyn, Klagenfurt 1979, pages 213-218.

[12] Ghosh, S., F. Pastijn and X. Zhao, Varieties generated by ordered bands I,

submitted.
Department of Mathematics Department of Mathematics
J.E.Purkyné University Masaryk University
Ceské mldeze 8 Janackovo nam 2a
400 96 Usti nad Labem, Czech Republic 662 95 Brno, Czech Republic
kurilm@pf.ujep.cz polak@math.muni.cz

http://www.math.muni.cz/ polak

Received July 16, 2004
and in final form December 1, 2004
Online publication June 2, 2005



doi: 10.14232/actasm-016-777-4 Acta Sci. Math. (Szeged)
83 (2017), 35-50

Admissible closure operators and varieties of
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Abstract. It is known that varieties of semilattice-ordered semigroups are in
one-to-one correspondence with the ordered pairs (p,[ |) where p is a fully
invariant congruence on the free semigroup on a countably infinite set and | ]
is a p-admissible closure operator. We find all admissible closure operators for
varieties of left normal bands. Using the obtained results we describe all varieties
of semilattice-ordered left normal bands by admissible closure operators. We
solve the identity problem for all varieties of semilattice-ordered normal bands.

1. Introduction

A structure (5, -,V) is called a semilattice-ordered semigroup if
(i) (S,-) is a semigroup,
(ii) (S,V) is a semilattice,
(iii) a(bVe)=abVac, (bVc)a=baV ca for all a,b,c € S.

Let X be a countably infinite set. Then X denotes the free semigroup on X
and X* = X U {e}, where ¢ denotes the empty word. Further, the set of all fully
invariant congruences on an algebraic structure A is denoted by FicA, the set of all
endomorphisms of A is denoted by End A, the set of all subsets of a set Y is denoted
by P(Y') and the set of all finite non-empty subsets of Y is denoted by P¢(Y").

In [7], Polédk and the author have introduced the notion of admissible closure
operators. Let p € FicXt. A mapping [ |: P(X*/p) — P(X*/p) is called a p-
admissible closure operator if it is a finitary closure operator which preserves the
empty set and satisfies certain axioms (the axioms are presented in detail in the
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next section). It is proved in [7] that the varieties of semilattice-ordered semigroups
are in one-to-one correspondence with the ordered pairs (p,[ ]) where p € FicX™
and [ | is a p-admissible closure operator.

We note that recently Pilitowska and Zamojska-Dzienio studied in [10] similar
connections between closure operators on an arbitrary algebra A and congruences
on the semilattice-ordered algebra of non-empty subsets of A. They also used these
connections to give a description of the lattice of all subvarieties of semilattice-
ordered algebras.

This article gives an application of results from [7]. Gajdos and the author in
[3] have already used these results for the construction of free semilattice-ordered
semigroups satisfying ™ = x. Some other authors have also mentioned or applied
the results from [7] — see 2], [10], [11], [12], [13], [14], [15], [16].

Let V be a variety of semigroups. Denote by py the fully invariant congruence
on X corresponding to the variety V and by SLOYV the class of all semilattice-
ordered semigroups (5, -,V) with the property (5,:) € V. It is easy to see that
SLOY is a variety.

Results 2.1 and 2.2 reduce finding all subvarieties in SLOYV to the description
of all p-admissible closure operators for all p € FicX ™ such that p D py (see Remark
2.3).

We denote by B (T, LZ, RZ, SL, LNB, RN B, ReB, N B) the variety
of all bands (trivial semigroups, semigroups of left zeros, semigroups of right ze-
ros, semilattices, left normal bands, right normal bands, rectangular bands, normal
bands). Further, let W be a variety of (semilattice-ordered) semigroups. Then £(W)
stands for the lattice of all subvarieties in W.

In this article we find all admissible closure operators for varieties of left normal
bands (see Theorems 4.2, 4.3, 4.4 and 4.6). Thus we obtain a complete description
of the lattice L(SLOLN B) with all pairs (p, [ ]) where p € FicX™, p D pLnNB, | ]
is a p-admissible closure operator (see Theorem 5.1). Of course, in a dual way, we
obtain a complete description of the lattice L(SLORN B) with all pairs (p,[ ])
where p € FicX™, p O prnB, | | is a p-admissible closure operator. We present
varieties of semilattice-ordered left normal bands by admissible closure operators
and simultaneously also by defining identities (see Remark 5.2) Finally, in Section 6,
we present a solution of the identity problem for all varieties of semilattice-ordered
normal bands.

A description of the lattice £L(SLON B) has been published by Ghosh, Pastijn
and Zhao in [4, Theorem 4.9]. Pastijn even described the lattice L(SLOB) in [8|.

The lattice L(SLOLN B) is a sublattice of L(SLON B). This raises the
natural question why Theorem 5.1 is presented in the paper. It is for two reasons:
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We found all varieties of semilattice-ordered left normal bands using admissible
closure operators only and we describe all the varieties with ordered pairs (p, [ ]),
where p € {pr,pLZ,psL,pLnB} and [ | is a p-admissible closure operator. This
approach is different from that which was applied in the article [4].

All varieties of semilattice-ordered normal bands, obtained with the method
used in this paper, have been presented by the author in his talk at the Colloquium
on Semigroups in Szeged, 17 July, 2000. All p-admissible closure operators for
p € {psrL,prLz,prz} have already been found by the author in his master’s thesis
(see |6, Theorems 5.2., 5.3.]). There is also a conjecture in [6] that the lattice
L(SLON B) consists of 35 varieties.

2. Admissible closure operators

In this section we recall the notion of admissible closure operator and the main
result concerning it from [7]|. It will play a central role in our paper.
We put, for any semigroup S and any Q, R € P(S5),

Q- -R={qr|qeQ,rec R}

Then (P¢(5),-,U) is a semilattice-ordered semigroup. Here, as usual, U denotes the
set-theoretical union.

Result 2.1. (|7, Theorem 2.5|) The structure (P¢(X™),-,U) together with the embed-
ding x — {x}, x € X, is a free object on the set X in the variety of all semilattice-
ordered semigroups.

The algebraic structure (P (X T),-,U) will be briefly denoted by XU.

As it is well known, varieties of semilattice-ordered semigroups are in bijective
correspondence with fully invariant congruences on X (see [1, Proposition 8.6.4]).

Let r € X*. The set of all variables in r is denoted by c(r).

For any q € X T, z,y € X, we define ¢q(z|y) as the set of all words obtained
from g by substituting y for some occurrences of z. More formally: If = & c(q)

then q(zly) = {q}. If © € c(q), ¢ = Qg ... qr_12qx, where ¢; € X*, = & c(q;)
(1=1,2,...,k), then

q(zly) ={aHz,yH{eHz, v} A1 Hz, yH{a}

We give a few examples. Let z,y, 2z be three different variables. We have

2?(zly) = exexe(zly) = {eH{z, yHeH{z, yH{e} = {=?, 2y, y2,y*},
zz(zly) = exz(zly) = {eHz, yH{z} = {zz,y2},
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vz(z|r) = ewz(z|r) = {eH{z, x}{z} = {eH{zH{z} = {zz}.

Now, we are coming to the key notion. Let p € FicX™. A mapping
[]1: P(XT/p) — P(XT/p) is called a p-admissible closure operator (or only an
admissible closure operator if p is known from the context) if it is a finitary clo-
sure operator on X /p which preserves the empty set and satisfies the following

conditions:
() [{t}] = [{u}] implies ¢t = u,
1D [1[U] € [1U],

]
(1) f([T7]) < [F (D],
(IV) gp € {q1p, - - -, qxp}] implies q(z|y)p C [q1(z|y)p U - - U qr(z]y)pl,
for any t,u € Xt/p, T,U € Ps(XT/p), f € End(XT/p), ¢, q1,...,qx € X7,
x,y € X.
Let ~€ FicX"Y. We define a binary relation p. on X7 in the following way:
for any ¢q,r € X,

qp~r = {q} ~ {r}.

Obviously, p~ is a congruence on X7'. Further, we define an operator [ ]. :
P(XT/p~) = P(XT/p~) in the following way: for any T € P(X* /p.),q € X,

quG[T]N < {Q17"'7Qkaq}N{qla"'aqk}
for some natural number & and for ¢1,...,q, € X

such that ¢q1p~,...,qxp~ €T.

Note that the definition of the operator [ ]|. is correct. Let ¢,7,q1,...,qx €

X*oqpr{q1, -k qt ~ {q1, -k} @ pms - qep~ € T. Since {q} ~ {r}, we

get {Q17'-'7Qk’7Q} ~ {Q17"'7Qkyr} and so {Q17-"7Qkar} ~ {QM---,(Zk:}-
Now we can formulate the main theorem of [7].

Result 2.2. (|7, Theorem 4.7|)
(i) Let ~€ FicXY. Then p.. € FicX™ and [ ]~ is a p~-admissible closure operator.
(i) Let p € FicX™ and let [ ] be a p-admissible closure operator. Let us define a

binary relation ~ on Pr(X ™) in the following way: for any Q, R € P§(X™T)

pl ]
we put

Q ~p ) R [Qp] = [Rp].
Then ~, € FicX".
(iii) For any ~€ FicXD it is the case that ~ = ~oo[ ]
(iv) For any p € FicX™ and any p-admissible closure operator [ | it is the case
that

p:pfvp,[l’[]:“%,[l'
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Remark 2.3. Let V be a variety of semigroups. Then SLOYV is the variety deter-
mined by the set of identities {({u},{v}) | (u,v) € py}. Let W be a variety of
semilattice-ordered semigroups, ~ be the corresponding fully invariant congruence
on X", By Result 2.2, ~ corresponds to an ordered pair (p,[]), where p € FicX T
and [ ] is a p-admissible closure operator (in the notation of Result 2.2, ~ = ~ 11,

p=p~, []=[]~). Now,

WCSLOY <« ~2{({u},{v}) ] (u,v) € pv}
— p2pv.

So, finding all subvarieties in SLOYV is reduced to the description of all p-admissible
closure operators for all p € FicX™ such that p D py.

The following result gives the construction of the intersection of fully invariant
congruences on X in terms of pairs (p, [ ]).

Result 2.4. (|7, Theorem 4.9]) Let p1,p2 € FicX™, [ ]1 be a p1-admissible closure
operator, [ ]o be a pz-admissible closure operator. Put ~ = ~, 11, N~ 1,. Then

P~ = p10p2,

ap~ € Haq1p~s - saup~tl~ = ap1 € H{ap1,--- akp1}ls,
qp2 < [{QIP%--kaPQ}b

(Q7Q17-"7ql€ € X+)

The operator | |- from Result 2.4 is denoted by [ |1 A [ ]2. In this notation,

~oul 1 1 ~pas[la = ~pinpa,[ iA[ ]2 -

3. All admissible partial orders for varieties of left normal bands

Let p € FicX™. A binary relation < on X /p is called a p-admissible partial order
(or only an admissible partial order if p is known from the context) if it is a partial
order on Xt /p which is compatible with the semigroup operation on X' /p and
satisfies the following conditions:

(A) u < v implies f(u) < f(v),

(B) ap <rp, x ¢ c(r), s € q(z|y) implies sp < rp
for any u,v € Xt /p, f € End(XT/p), q,r,s € X, x,y € X.

The reason for introducing this notion follows from the next result. It will

help us by finding p-admissible closure operators.
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Result 3.1. ([7, Theorem 5.1|) Let p € FicX™, [] be a p-admissible closure operator.
Let us define on X /p a binary relation < in this way: for any u,v € Xt /p,

u<v <= ue€ [{v}.
Then the relation < is a p-admissible partial order.

We recall basic facts concerning varieties of normal bands. At first, we present
defining identities:

T:z=vy, LZ :2y=2, RZ :2y=1y, SL:2° =z, 2y = yz,
LNB :zyz=xzy, RNB : xyz =yxz, ReB :xyr =x, NB : zyzx = xzy.
We also use several operators on words from X ™. Let v € X . Then
e c(u) is the set of all variables in wu,

e h(u) is the first variable of u,
e t(u) is the last variable of u.

Result 3.2. (|5, p. 124])) The lattice of all varieties of normal bands consists of 8
varieties mentioned above. The order by the inclusion is given by the diagram in

Figure 1. NB

LNB ReB RNB
LZ RZ

T
Figure 1. The lattice L(N B)
Remark 3.3. Let u,v € X*. Then
(i) uprzv if and only if h(u) = h(v), X /prz = (X, 0) where z oy = z,

(ii) upsrv if and only if c(u) = c(v), X+ /psr = (Pf(X),V),

(iii) uprnpv if and only if c(u) = c(v),h(u) = h(v), X /prnB = {(y,Y)|Y €
P#(X),y € Y}, o) where (y,Y) o (2,2) = (y,Y UZ), and the isomorphism is
given by uprng — (h(u),c(u)).

The presented isomorphisms will be often used in such a way that isomorphic
structures will be identified.
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Theorem 3.4. (|6, Theorem 4.2|) The relation = is the only prz-admissible partial
order.

Theorem 3.5. ([6, Theorem 4.3|, [7, Section 6]) There are ezvactly three psr-
admissible partial orders, namely =, C, D.

Now, we define three binary relations on X*/prng. Let (y,Y),(2,2) €
X*/prnB. We put

<1 (2,2) <= (v,Y) = (2, 2),
(y7Y) <2 (Z?Z) <:>y:Z7YgZ;
<3(2,2) <= y=2Y2DZ

Theorem 3.6. There exist exactly three ppnpB-admissible partial orders, namely
Sl; SQ; §3'

Proof. (a) Obviously, <, <5, <3 are three distinct binary relations on X' /prNB-
It is clear that <, <5, <3 are partial orders which are compatible with the operation
on X /prnpB and satisfy (A).

Since the order <; is the identity, it is rather obvious that it satisfies the
condition (B).

We will show that <, satisfies (B):

Let ¢,r,s € XT 2,y € X,z & c(r),s € q(z|y),h(q) = h(r), ( ) C c(r). We
want to show that h(s) = h(r), c(s) C c(r). We see that x € c(q). So, q(z|y) = {q},
s =gq, h(s) =h(q), c(s) = c(q). It follows that h(s) = h(r), c(s) C ( ).

We will show that <3 satisfies (B):

Let ¢,7,s € X1, z,y € X,z & c(r), s € q(z|y), h(q) = h(r), c(q) 2 c(r).
We want to show that h(s) = h(r), c(s) 2 c(r). Since h(q) = h(r), & c(r), we
have h(q) # x. Then h(s) = h(q), h(s) = h(r). Further, c(s) = c(q) or c(s) =
(c(q) — {z}) U{y} or c(s) = c(q) U{y}. Thus c(s) 2 c(q) — {x}. The fact = & c(r)
implies c(q) — {x} 2 c(r). So, c(s) 2 c(r).

(b) AUXILIARY STATEMENT 1: Let < be a prnB-admissible partial order. Then
(y,Y) < (z,2) implies y = z.

Proor. Let (y,Y) < (2,Z). Then (y,Y)(z,Y U Z) < (2,2)(2,Y U Z),
(y,YUZ) < (2,Y UZ). Suppose that y # z. Let us apply an endomorphism
/€ End(X*/punn) such that f((y, (1)) = (= (=} F((=42)) = (0, (),
f((u,{u})) = (u,{u}) foru € (YUZ)—{y, 2}. Then, by (A), (2, YUZ) < (y,YUZ).
It follows that (y,Y U Z) = (2, Y U Z), y = z. It is a contradiction.

AUXILIARY STATEMENT 2: Let < be a prNpB-admissible partial order. Then
(v, Y) < (2,Z2) impliesY C Z or Z CY.
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ProoF. Let (y,Y) < (2,7). Suppose that Y € Z, Z € Y, ie. Y — Z #
0,Z —Y # (. By Auxiliary statement 1, y = 2 € YN Z. Let p,q € X,p # q.
Let us apply on (y,Y) < (2, Z) an endomorphism f € End(X ™ /prnB) such that
f((u,{u})) = (p,{p}) for u € Y, f((v,{v})) = (¢, {q}) for v € Z -V Then, by (A),
(p, {p}H) < (p,{p,q}). Now, let us apply on (y,Y) < (z,Z) an endomorphism g €
End(X* /pr.ns) such that g((u, {u})) = (g, {a}) for u € Y~ Z, g((v, {v})) = (p, {p})

for v € Z. Then, by (A), (p,{p,q}) < (p,{p}). So, (p.{p}) = (p.{p,4}),{r} = {p, 4}
It is a contradiction. Auxiliary statement 2 is proved.

Now, let < be a prnp-admissible partial order, (a, A) < (b, B), (a, A) # (b, B).
By Auxiliary statement 1, a = b. By Auxiliary statement 2, exactly one of the
following holds:
Case 1: A C B. We will show that <, is <. Let (y,Y) <3 (2,Z). It meansy = z,Y C
Z. Let us apply on (a, A) < (b, B) an endomorphism f € End(X ™ /prnB) such that
f((u,{u})) = (y,Y) for u € A, f((v,{v})) = (2,Z) for v € B — A. Then, by (A),
(v,Y) < (y,YUZ)=(2,7). Let (y,Y) < (z,7). By Auxiliary statement 1, y = z.
We want to show that Y C Z. Suppose that Z C Y. So, (2,2) <3 (y,Y). We have
just proved that it implies (z,2) < (y,Y) But then (y,Y) = (2,2),Y =2, Y C Z.
Now, let Z € Y. By Auxiliary statement 2, Y C Z.
Case 2: B C A. We have that <3 is <. The idea of the proof of Case 2 is the same

as that of the Case 1. So we omit this part of the proof. .

4. All admissible closure operators for varieties of left normal
bands

Lemma 4.1. Let p € FicX',p D pg,[] be a p-admissible closure operator. Then,
for any u,v € Xt /p, uwv € [{u,v}].

Proof. Let 7,y € X, v # y. We have 2%p € [{zp}], 2*(z|y) = {22, 2y, yx,y*},
e(aly) = {x.}. By (IV), {2 2y, yz,42}p C [{z,y}p]. Now, u = ap, v = bp for some
a,b € Xt. The fact (zp)(yp) € [{zp,yp}] implies (by (III), for f € End(XT/p),

f(zp) = ap, f(yp) = bp) that f(zp)f(yp) € {f(zp), f(yp)}]; (ap)(bp) € [{ap, bp}],

uv € [{u,v}. =

Theorem 4.2. There exists exactly one pr-admissible closure operator, namely the
identity operator on P(X*/pr).

Proof. There is exactly one closure operator on a one-element set, which preserves

the empty set, namely the identity operator. =
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Theorem 4.3. (|6, Theorem 5.2|) There exists exactly one pr,z-admissible closure
operator, namely the identity operator on P(X /prz).

Now, we define four operators on P(X*/pgsr). Let T € P(XT /psr),Y €
X+t /psr. We put

i1 << ZCY forsome Z €T,

Tl <= Y CUger 4,

|3 — ZQYQUZGTZforsomeZET,
Ye[lly, <— Y=Z1U---UZ for some Z1,...,Z, €T.

Theorem 4.4. (|6, Theorem 5.3|, [7, Section 6|) There exist exactly four psr-
admissible closure operators, namely [ |1,] |2, 3, ]a-

Lemma 4.5. Let [ ] be a prnB-admissible closure operator. Let (y,Y) € X /pLNB,
T eP(Xt/pLnB), (y,Y) € [T]. Theny = z for some (2,Z) € T.

Proof. Since [ ] is a finitary closure operator, there are (21, 21),...,(2x, Zi) €
T with (y,Y) € [{(z1,%1),...,(2k, Zk)}]. According to (II), (y,Y)(z1,Z1 U -+ U
Zy) = (y, YU Z1U---UZk) € {(21,21),--, (zk, Z) }[{(21, Z1 U - - - U Zk)}] C
{(z1,Z21U---U Zk), (22,21 U--- U Zk),..., (25,21 U---UZ)}]. Let us assume
that y & {21,...,2,}. Let us consider the endomorphism f € End(X " /prnB) such
that F((5, {5}) = (> wD), F((w {u})) = (21, {m}) for u € X — {y}. Tt follows
from (III) that (y,Y") € [{(21,2’)}] for some Y', Z" € P#(X). In accordance with
Result 3.1 and Theorem 3.6, (y,Y") <; (21,2') for some i € {1,2,3}, y = 2. It is
a contradiction. Thus y € {z1,..., 2 }. .

Now, we define a few operators on P(X™' /prnp). Let T € P(XT/pLNB),
(v, Y) e Xt /prnB. We put

(y,Y)eT)s <= y=2z,Zy CY forsome (21,721),(22,22) €T,

(v, Y)e[Tle <= y=2,2ZCY forsome (z,72) €T,

v,Y)e[T]: <= y=2Y CUy zerZ forsome (z,2) €T,

W,Y)e[T]s <= y=2,22CY CU, z)er Z for some,
(21721)7(22722) S T7

W, Y)e[Tly <= y=22CY CU, zerZ forsome (z,2) €T,

(y,Y)e[Tho <= y==z2Y=2,U---UZ for some,
(2,2),(21,21), -, (2k, Z) € T,

(y,Y)e[T)1 <= y==z,Y=21U---UZ for some,

(Zl, Zl), ey (Zk, Zk) cT.
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Theorem 4.6. There exist exactly seven pr, N B-admissible closure operators, namely

[ ]57 [ ]67 [ ]77 [ ]87 [ ]97 [ ]10’ [ ]11'

Proof. (a) At first, we will prove that [ |¢ is a pr np-admissible closure operator.

It is almost obvious that [ | is a finitary closure operator on X /prnp which

preserves the empty set.

(1): Let [{(y,Y)Hs = [{(2, 2)}]o- Then (3,Y) € [{(3, Y)}]s = {(2 Z)}o- It follows

that y = 2z, Z C Y. Similarly, z =y,Y C Z. We have proved that y = 2,Y = Z.

(II): Let T,U € P¢(X*/pLnB). We want to show that [T]s[U]s C [TU]s. Let

(v, V) € [T]s, (w,W) € [U]g. We have to prove that (v, V)(w, W) = (v,VUW) €
[TU]g. There are (z1,21) € T, (20, 22) € U, v =21, 71 CV,w =29, Zo CW. It

is (21, 21)(22,Z2) = (21, Z1 U Z3) € TU, v = 21, Z1 U Zy CV UW. It follows that

(v, VUW) € [TU]s.

(IIT): Let T € P¢(X*/pLnB), f € End(XT/pLnB). We have to prove that

f([Te) € [f(T)]6- Let (u,U) € f([T]s). We want to show that (u,U) € [f(T)]s-

There is (y,Y) € [T]s, (u,U) = f((y,Y)). Thereis (2,2) € T,y =2, Z C Y. Let

(v,V) = f((2,2)). Then (v,V) € f(T). Since (2, Z)(y,Y) = (2,ZUY) = (y,Y), we

have f((y,Y)) = f((2,2)(y,Y)) = f((2,2)) f((y,Y)). Thus (u,U) = (v, V)(u,U) =

(v,VUU). Consequently, u =v, U =V UU, V C U. We have proved that u = v,

VCU, (v,V) e f(T). Thus (u,U) € [f(T)]e-

(IV): Let ¢, q1,...,qx € X", 2,y € X. Let qpNnB € [{¢1pLNB; - - -, @kpLNB }He- We

want to show that q(x|y)prns C [(1(z|y)penB U - U qk(z|y)prnBls. There is

i€ {l,...,k},h(q) = h(g;),c(q) 2 c(qi). Let r € g(z]y). We have to prove that

rpenB = (h(r),c(r)) € [ (z]y)prnB U+ - U gr(zly)pLnBle.

We distinguish two cases: (A) h(q) # = (B) h(q) = =.

Let r; be a word which results from ¢; by replacing all occurrences of the variable

x with the variable y. It is r; € ¢;(z|y).

ad (A):

Casey & c(r): We have r = ¢ and clearly (h(r),c(r)) = (h(q),c(q)) € [q1(z|y)pLNnBU
- Uaqr(z|ly)pLNBle-

Case y € c(r): We have h(r) = h(q) = h(g;) = h(r;), c(r) 2 c(q) — {z} 2 c(q;) — {z},

c(r) Uy} 2 (c(a) = {=}) U{y} 2 c(ri), c(r) 2 c(ry).

We see that (h(r),c(r)) € [q1(z|y)prnB U - Uar(z|y)prnBls.

ad (B):

Case h(r) = x: We know that h( ) = h(q) = h(qi),c(r) 2 c(q) 2 c(g;). It implies

(h(r),c(r)) € [qa (zly)pras U- - U an(zly)prnsls.

2
U

Case h(r) = y: We know that h(r) = h(r;), c(r) O (c(q) — {z}) U{y} 2
(c(gi) = {z}) Uy} = c(ri).
Thus (h(r),c(r)) € [q1(z|y)prnB U - Uqr(z|y)prNBle-
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We have proved that [ | is a prnpB-admissible closure operator. Note that

s =idpx+/pry Al T1s [l =idpx+/pzy All2s  [ls =117 Al
[lo=1le Alls, [Ji0=1[1s A []4, [ 11 =[]0 A[]10-

Till now, we have shown that [ |5,[ |6, [ ]7,[ ]ss[ o> [ l10,] |11 really are prnB-
admissible closure operators.

Now we show that all operators [ |5 — [ |11 are different. At first we determine
corresponding admissible partial orders to these operators. Let us notice that for ¢ =
5, 6, (yaY) = [{(zaz)}]z — (y,Y) <3 (zaZ)a (ya Y) € [{(Z7Z)}]7 — (y>Y) <2
(2,7), and for i = 8,9,10,11, (v,Y) € [{(2,2)}]: = (v,Y) <1 (2, 2).

Now, let z,y, 2z € X be three different elements. Then we can see that

(y: {z,y}) € {(=, {z}), (v, {y, 2 ) H5 — [{(=, {=}), (v, {y, 2}) e

(z, {z,y}) € {(z, {z,y,2}), (v, {z, y}) Hs — {(z, {9, 2}), (y, {z, y}) Ho,
(z, {z,y}) € {(z,{z}), (v, {y, 2})}s N [{(z, {}), (v, {v, 2}) }o,

(., {z,y}) & {(z,{z}), (v, {y, 2}) 1o U {(z, {z}), (v {w, 2}) }11,

(z, {z,y}) € {(z.{z,y,2}), (v, {z, y}) H1o — {(z. {z, ¥, 2}), (y, {=, y}) H11-

(b) Finally, we show that each pr,np-admissible closure operator is equal to one of
[]5 — [ ]11- By Theorem 3.6 and Result 3.1 we have that exactly one of the following
cases occurs:

Case 1: [{(z,2)}] = {(y,Y) € X"/pnBl Yy =
X1 /prnB- It is not difficult to show that [ ] = ]7.
Case 2: [{(z,2)}] = {(v,Y) € XT/pnB| v = 2,Y D Z} for any (2,7) €
X+/pLNB- Let T € P(X+/,0LNB)-

[T)¢ C [T]: Let (y,Y) € X /prNB, (y,Y) € [T)g. Thereis (2,2) e T,y =2,Y D Z.
Then (y,Y) € [{(2, 2)}] C [T).

T] C [T]5: Let (y,Y) € X /pLnB,(y,Y) € [T]. By Lemma 4.5, there ex-
ists (z,7) € T,y = z. Further, there exist (21,21),...,(zx,Zr) € T,(y,Y) €
{(z1,721),...,(2k, Zk)}].- Let us assume that 27 € Y, Zy € Y,...,Z;y € Y.

By (II)v (y,Y)(y,Y) = (y7Y) € [{(y,Y)}][{(zl,Zl),,(zk,Zk)}] C [{(y,Y U
Z1)y. -y (4, Y U Zp)}. Let x € X,z # y. Let us consider the endomorphism f €

End(X™/prnp) such that f((u,{u})) = (y,{y}) for u € Y, f((v,{v})) = (=, {z})
forv € X—Y. Using (III) we obtain (y, {y}) € [{(y, {z,y})}]. But then {y} D {x,y},
which is a contradiction.

Let [] # [ ]6- So, there are (21, 21),...,(2x, Zx) € X /pLNB,

[{(Zl, Zl), cey (Zk, Zk)}]ﬁ C [{(zl, Zl), cey (Zk, Zk)}] We will show that [ ] = [ ]5.
So, we have to prove that [T]5 C [T] for any T € P(X T /prnB)- Let (y,Y) € [T]s.

z2,Y C Z} for any (z,7) €
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There exist (p, P),(¢,Q) € T,y =p,Y 2 Q.

IfY D P then (v,Y) € [{(p,P)}] C [T

If y = ¢ then (y,Y) € [{(¢,Q)}] € [T].

Now, let Y 2 P, y # q.

Let (2,2) € [{(21,21),---,(2k, Zk)}] — [{(z1, Z1), ..., (2K, Zk)}]6. Note that if for
some 1 <i<k,z=z2 and Z 2D Z,;, then (z,72) € [{(21,7Z1), ..., (2k, Zk)}]6, which
is contrary to the assumption. Therefore, there is no 1 < ¢ < k such that z = z; and
Z O Z;. We already know that [{(z1,21),..., (2k, Zk)}] C [{(#1,Z1), .-, (2K Zk)}]5-
It follows (without loss of generality) that z = 21, Z O Zs, =(Z 2 Zy), z # 2o,
21 # z9. Let us consider the following endomorphism f € End(X " /prnB):

F((z,{2}) = F((z1.{=1}) = (. {y}) = (p, {P}),
f((u{u})) = (¢,Y) for u e Z —{z},
fl(v,{v})) = (p,PUY) forve X — Z.

Based on (III) we obtain f((z,2)) € [{f((z1,21)),.-., f((zk, Zk))}], (v,Y) €
{(p,PUY),(q,Y), (¢, PUY)}]. Recall that (p, P), (¢,Q) € T.

Since PUY D P, we have (p, PUY) € [{(p, P)}] C [T].

Since Y D @, we have (¢,Y) € [{(¢,Q)}] C [T.

Since PUY DY 2 @, we have (¢, PUY) € [{(q,Q)}] C [T].

Finally, (y, ) € [[T]] C [T

Case 3: [{(2,2)}] = {(2,2)} for any (2,Z) € Xt /prLnB. It can be proved that
[]=1]i, where i € {8,9,10,11}. We omit the proof since it is technical again and

similar to previous proofs. =

5. Varieties of semilattice-ordered left normal bands

In fact, the lattice of varieties of semilattice-ordered left normal bands is already de-
termined in Section 4 where all pp-, prz-, psL-, p N B-admissible closure operators
are described.

Let V be a variety of semilattice-ordered semigroups determined by a pair
(p,[]) and V' be a variety of semilattice-ordered semigroups determined by a pair

/

(p',[]). Then, by Result 2.4, V'V V' is determined by the pair (pNp,[]A[]).

Theorem 5.1. The lattice of all varieties of semilattice-ordered left normal bands
15 distributive, consists of 13 elements and it is presented in Figure 2.

Proof. See Figure 2. The distributivity of L(SLOLN B) is directly verifiable.
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PLN B, [ ]11
PLN B, [ ]9

PLNB, [ ]6

PLNB, [ ]7

pLZ?id

prid

Figure 2. The lattice L(SLOLN B)

Vi | (pr,id) SLOT

Vo | (pLz,id) SLOLZ

Vs | (psc,[]1) D

Vi | (psr.[]2) M

Vs | (psr,[]3) 2=z, 2y =yr,xVyz=xVrzVyrVyz

Vﬁ (,OSL, [ ]4) SLOSL

Vi | (pNB,[]s) | 22 =z, 0yz = v2y, 0 = 2 V oy, vy V yrz = yr V xyz

Vs | (p~B,[ls) | 22 =z, 2yz = 229, 2 = V 1Y

Vo | (pnB,[]7) | 22 =2, 2yz = 229, 2V 2y V 23y2 = T V 792,
xyVaxyzVyrz =yxrVayzVyrz,xy =xV xy

Vio | (poNB,[]s) | 22 =z, 2yz = z2y, 2V ay V oyz = x V 132,
zyVaoyzVyrz =yxrVrxyz vV yrz

Vii | (poNB,[]o) | 22 =z, 2yz = 22y, 2V 2y V ayz = x V xyz

Vie | (poNB,[]w0) | 22 =z, 2yz = 22y, 29y V 292 V Y12 = yw V xyz V yrz

Vis | (p~B,[]11) | SLOLNB

Table 1. Subvarieties of SLOLN B and their defining identities
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Remark 5.2. It could be interesting to present varieties of semilattice-ordered left
normal bands by admissible closure operators and simultaneously also by defining
identities. We present this correspondence in Table 1. We denote by D the class of
all distributive lattices and by M the class of all monobisemilattices i.e. semilattice-

2 =ux,2y = yx,rVy = vy. Elements

ordered semigroups satisfying the identities x
from the variety M are sometimes called stammered semilattices. To obtain defining
identities for varieties of semilattice-ordered left normal bands, we consulted articles

[4] and [9].

6. The identity problem for all varieties of semilattice-ordered
normal bands

We define an operator on P(X*/prnB). Let T € P(XT/prnB), (Y,y) €
X*/prnB. We put

Y,y) e Ty <= y=12,Z CY forsome (Z,z2) €T.

It follows from the dual version of Theorem 4.6 that | |4 is a prnB-admissible
closure operator.
Denote by Irr the set of all join-irreducible varieties in L(SLON B).

Lemma 6.1. The lattice of all varieties of semilattice-ordered normal bands con-
tains 7 join-irreducible varieties. The partially ordered set (Irr,C) is drawn in
Figure 3.

PRNB;| Je’

PLNB, [ ]6 PSL, [ ]4

pLz,id psL,| 1 PSL,| |2 pPrz.id

Figure 3. The partially ordered set (Irr, C)

Proof. Let V be a join-irreducible variety of semilattice-ordered normal bands. We

know that SLOLNB YV SLORNB = SLON B (see |9, Figure 3]) and that the
lattice L(SLOB) is distributive (see [8]). Consequently,

V=(VNSLOLNB)V (VNSLORNB).

Since V is join-irreducible, V = VY N SLOLNB or V = VN SLORNB,
Y C SLOLNB or V C SLORNB. We use Theorem 5.1 describing the lat-
tice L(SLOLN B) (see Figure 2) and the dual version of Theorem 5.1 describing

the lattice L(SLORN B). .
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Recall that a subset B of an ordered set (A, <) is hereditary if b € B, a € A,
a < b implies a € B.

Remark 6.2. It is shown in [8] that the lattice £(SLOB) is distributive. It follows
that the lattice L(SLON B) of all varieties of semilattice-ordered normal bands is
distributive. The partially ordered set (Irr, C) of all join-irreducible varieties of the
lattice L(SLON B), which uniquely determines the lattice L(SLON B), is drawn
in Figure 3. The varieties of semilattice-ordered normal bands correspond to the 35
hereditary subsets of (Irr, C).

Remark 6.3. Recall that a solution of the identity problem for a given variety
consists in an effective description of identities valid in that variety. Let V be a variety
of semilattice-ordered normal bands. Denote by {(o1,( )1), (62,()2),.- ., (on, { )n)}
the corresponding hereditary subset of (Irr, C) and by ~ the corresponding fully
invariant congruence on X=. Thus

_—

~ = N (0 (N Neg () M g, )

Let Q,R € P¢(X ™). We have

Q~R <= Qr~g, (), Riori=1,2,...,n
<— (Qo;); = (Ro;); fori=1,2,...,n.

By Lemma 6.1, (0, ( );) belong to the set

{(pLz,id), (psr:[ 11), (psL,[ 12); (Prz,id), (PN B, [ l6): (PsL,[ ]4), (PpRNB: [ l67)}

for i =1,2,...,n. We have Qo;, Ro; € P¢(X*/o;) and we decide in finitely many
steps whether (Qo;); = (Ro;); or not.

So, we can solve the identity problem for any variety V of semilattice-ordered
normal bands.

Acknowledgment. Many thanks for the reviewer recommendations, which con-
tributed significantly to the improvement of the text.
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