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1. Introduction

The habilitation thesis focuses on the analysis of relative-valued data,

known as compositions. This type of observations, traditionally defined as

D-part positive-valued vectors (Aitchison, 1982), appears in a broad range of

applications, ranging from geochemistry and the natural and health sciences

to, for example, eye-tracking research (see Buccianti and Gozzi (2021), Gloor

et al. (2017), Dumuid et al. (2020) or Fačevicová et al. (2026)). An extensive

list of already well established applications, as well as the emerging ones, is

provided in Coenders et al. (2023). All of these applications share a common

property: the analysis of such positive-valued vectors focuses on their relative

structure rather than (or in addition to) their absolute values, which requires

specific statistical treatment. The main principles of (vector) compositional

data analysis will be introduced in Section 2.

In the traditional definition, each part of a compositional vector can be

understood as a category of an underlying factor (e.g. chemical elements,

age categories) and its value represents its relative contribution to the whole,

while the sum of these values is usually irrelevant and represents only one

of infinitely many equivalent representations of the same composition. This

definition can be further extended to the case where the relative structure

is constructed with respect to two or more underlying factors, leading to

the theory of compositional tables and cubes, described in Fačevicová et al.

(2018) and Fačevicová et al. (2023). A useful property of multi-factorial

compositions is that such objects can be orthogonally decomposed into in-

dependent and interaction components. This allows these components to be

modelled or analysed separately, leading to a more detailed understanding of

the phenomenon under study.

An introduction to analysis of two-factorial compositions will be given
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in Section 3. The theory of multi-factorial compositions, including their

definition, decomposition, real-valued coordinate representation and analysis,

is developed in the manuscripts Fačevicová et al. (2023), Nesrstová et al.

(2023), Fačevicová et al. (2021) and Fačevicová et al. (2025), which form the

core of this thesis.

Similarly to classical multivariate data, their compositional counterparts

are also affected by the presence of outlying observations (Maronna et al.,

2019) or deviating cells (Rousseeuw and van den Bossche, 2018). As will be

discussed in Section 4, the nature of such anomalous observations differs from

that in the classical setting. In accordance with the fundamental definition

of compositional data, compositional outliers are typically characterised by a

distorted relative structure, that is, by unusual ratios between compositional

parts, rather than by atypically low or high observed values. An important

part of this thesis, therefore, deals with robust methods for compositional

data analysis. More specifically, it presents three approaches to the robust

analysis of vector (Rieser et al., 2023), two-factorial (de Sousa et al., 2021),

and time-dependent compositional data (Bábek et al., 2022), when the last

paper further develops findings from Muehlmann et al. (2021).

The thesis builds on the results achieved by the applicant and her co-

authors, which are described in detail in the following manuscripts (listed in

chronological order):

Fačevicová et al. (2026)

Fačevicová, K., Vymazal, J., Popelka, S. Advancing eye movement

analysis through compositional modeling: A new perspective on Yarbus’

classic study. Behavior Research Methods, 58(6), 173 (2026). https:

//doi.org/10.3758/s13428-026-03054-5
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Tang et al. (2026)

Tang, W., Fačevicová, K., Nordhausen, K., Taskinen, S. A critical

comparison of handling zeros in high-dimensional compositional count

data. Chemometrics and Intelligent Laboratory Systems, 277, 105821

(2026). https://doi.org/10.1016/j.chemolab.2026.105821

Fačevicová et al. (2025)

Fačevicová, K., Filzmoser, P., Hron, K. Correspondence analysis from

the viewpoint of compositional tables. Statistical Analysis and Data

Mining, 18(4) (2025). https://doi.org/10.1002/sam.70023

Rieser et al. (2023)

Rieser, C., Fačevicová, K., Filzmoser, P. Cell-wise robust covari-

ance estimation for compositions, with application to geochemical data.

Journal of Geochemical Exploration, 253, 107299 (2023). https://

doi.org/10.1016/j.gexplo.2023.107299

Nesrstová et al. (2023)

Nesrstová, V., Jašková, P., Pavlů, I., Hron, K., Palarea-Albaladejo,

J., Gába, A., Pelclová, J., Fačevicová, K. Simple enough, but not

simpler: Reconsidering additive logratio coordinates in compositional

analysis. SORT, 47(2) (2023). https://doi.org/10.57645/20.8080.

02.9

Fačevicová et al. (2023)

Fačevicová, K., Filzmoser, P., Hron, K. Compositional cubes: A new

concept for multi-factorial compositions. Statistical Papers, 64(3), 955–

985 (2023). https://doi.org/10.1007/s00362-022-01350-8
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Bábek et al. (2022)

Bábek, O., Fačevicová, K., Žídek, M., Sedláček, J., Muehlmann, C.,

Nordhausen, K., Hron, K. X-ray fluorescence scanning of soft and wet-

sediment cores in terrestrial environments; A robust blind source sep-

aration approach. Journal of Geochemical Exploration, 243, 107106

(2022). https://doi.org/10.1016/j.gexplo.2022.107106

de Sousa et al. (2021)

de Sousa, J., Hron, K., Fačevicová, K. and P. Filzmoser. Robust

principal component analysis for compositional tables. Journal of Ap-

plied Statistics, 48(2), 214–233 (2021). https://doi.org/10.1080/

02664763.2020.1722078

Fačevicová et al. (2021)

Fačevicová, K., Kynčlová, P. and K. Macků. Geographically weighted

regression analysis for two-factorial compositional data. In P. Filz-

moser, K. Hron, J.A. Martin-Fernández and J. Palarea-Albaladejo, ed-

itors, Advances in Compositional Data Analysis. Festschrift in Honour

of Vera Pawlowsky-Glahn. Springer, Cham, 2021. https://doi.org/

10.1007/978-3-030-71175-7_6

Muehlmann et al. (2021)

Muehlmann, C., Fačevicová, K., Gardlo, A., Janečková, H. and K.

Nordhausen. Independent component analysis of compositional data.

In: A. Daouia, A. Ruiz-Gazen, editors, Advances in Contemporary

Statistics and Econometrics. Springer, Cham, 2021. https://doi.

org/10.1007/978-3-030-73249-3_27

Fačevicová et al. (2016)

Fačevicová, K., Bábek, O., Hron, K., Kumpan, T. Element chemo-

8

https://doi.org/10.1016/j.gexplo.2022.107106
https://doi.org/10.1080/02664763.2020.1722078
https://doi.org/10.1080/02664763.2020.1722078
https://doi.org/10.1007/978-3-030-71175-7_6
https://doi.org/10.1007/978-3-030-71175-7_6
https://doi.org/10.1007/978-3-030-73249-3_27
https://doi.org/10.1007/978-3-030-73249-3_27


stratigraphy of the Devonian/Carboniferous boundary – A composi-

tional approach. Applied Geochemistry, 75 (2016), 211-221. https:

//doi.org/10.1016/j.apgeochem.2016.10.002

The in-text references to these manuscripts are highlighted in blue, and

their full texts are provided in Section A.
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2. Compositional data

2.1. Why should we care about compositional data?

As already mentioned in the Introduction, modern compositional data

analysis (CoDA) originated in geochemistry, which remains one of the prin-

cipal fields, where this type of data naturally occurs (see, e.g., Buccianti

and Gozzi (2021); Tolosana-Delgado (2012), Fačevicová et al. (2016)). Since

then, CoDA has found widespread applications in many other research ar-

eas, including metabolomics (Kouřil et al., 2023), microbiome research (Gloor

et al., 2017), and time-use epidemiology (Fairclough et al., 2017). Recently,

eye-tracking research has emerged as another promising application area for

the methodology. In this context, the fundamental principles of CoDA are

demonstrated in Fačevicová et al. (2026) using a newly published dataset

(Popelka et al., 2026). The dataset is based on a replication of the classical

experiment by A. L. Yarbus (Yarbus, 1967), which provided the first evidence

that eye movements reflect cognitive processes. It also serves as the running

example throughout this thesis.

In general, eye-tracking experiments are based on recording eye move-

ments, including the locations and durations of eye fixations and the transi-

tions between them (Duchowski, 2017). One common approach to the anal-

ysis of such data is to evaluate the total time spent observing predefined

parts of the stimulus, referred to as Areas of Interest (AOIs). This measure

is known as the Total Duration of Fixation (TDoF). The running example

dataset contains information on the TDoFs recorded for seven AOIs during

repeated observations of the same painting by I. E. Repin (Figure 1) under

seven different viewing instructions (Tasks). In total, the dataset comprises

recordings from 144 observers.
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Figure 1: Segmentation of I. E. Repin’s painting ‘They Did Not Expect Him’
into areas of interest. The numbers in brackets indicate the percentage of
the painting covered by each respective AOI.

For illustration, consider two observers (P74 and P101) who viewed the

painting under the same viewing instruction (Task). For simplicity, suppose

that the stimulus is partitioned into only three AOIs—Visitor, Persons, and

Background—instead of the original seven. Their eye-tracking recordings are

shown in the upper part of Figure 2. The circles represent individual fixa-

tions, with their sizes proportional to the corresponding fixation durations,

while the connecting lines illustrate the transitions between consecutive fix-

ations.

The same figure also presents scanpaths, i.e., graphical representations of

the sequence of fixations, and scarf plots, i.e., graphical representations of

the sequence of AOI visits (generated in Vojtechovska and Popelka (2026)),

for the same two observers. The lower part of Figure 2 clearly shows that the

first observer made substantially more fixations while viewing the painting

than the second observer, resulting in higher total fixation durations for each

AOI. Specifically, the first observer (P74) spent 8323, 5353, and 4319 ms by
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Figure 2: Illustration of fixation distributions for two observers who differ in
total fixation duration but allocate their attention equally across AOIs.

observing the Visitor, Persons, and Background AOIs, respectively. For the

second observer (P101), the corresponding durations were 2187, 1377.3, and

1036 ms. An analysis based solely on the absolute fixation durations would

suggest substantially different viewing behaviour. However, these differences

may primarily reflect differences in individual viewing pace or attention span

rather than genuinely distinct viewing strategies.

A natural way to mitigate the influence of individual characteristics is

to replace absolute fixation counts or dwell times with relative measures.

Instead of analyzing the TDoFs per AOI, one can evaluate the proportion

of the total viewing time allocated to each AOI. For the observers from
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Figure 2, this yields the relative distributions (46.3 %, 29.7 %, 24 %) and

(47.5 %, 29.9 %, 22.5 %), which clearly reveal the similarity between the two

observers’ fixation patterns. Nevertheless, expressing the time distribution as

percentages and the consequent focus on its relative structure brings us to the

scope of Compositional Data Analysis (CoDA) (Aitchison, 1982; Coenders

et al., 2023; Filzmoser et al., 2018).

When the relative relationships between variables carry more informa-

tion than their absolute magnitudes, the application of classical statistical

methods – originally developed for unconstrained real-valued data – can yield

inaccurate or even misleading results. This issue can be in general caused

by the presence of spurious correlations between variables, which arise from

the constant-sum constraint: an increase in one component (e.g., the propor-

tion of fixations allocated to a given AOI) in the relative data representation

necessarily induces a decrease in the remaining components, even if no true

association exists between them. A second source of distortion lies, in some

cases, in the inappropriate use of Euclidean geometry, which is based on abso-

lute differences between values or observations, rather than on their relative

relationships (Pearson, 1896 – 1897; Aitchison, 1982).

To illustrate this issue, consider again the time distributions of observers

P74 and P101. When analyzing relative data, the distance between two

observations should reflect only differences in their relative structure and

therefore remain invariant with respect to the chosen representation. How-

ever, the Euclidean distance between the considered vectors depends on the

chosen representation: when computed from the raw fixation times, the dis-

tance equals 8014.66, whereas for their percentage representation it is 1.97.

While this difference is expected due to the change of scale, it reveals that

Euclidean geometry does not respect the relative nature of the data. CoDA
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offers a principled way to address this limitation. Its methodology is typically

based on log-ratio transformations, which extract the pure relative informa-

tion from each observation. Crucially, this is achieved without requiring

prior normalization to a constant sum, since CoDA treats compositions as

equivalence classes of positive vectors conveying relative information only.

As will be discussed later, compositional methodology relies on the so-called

Aitchison geometry, which yields a distance of 0.068 for the discussed pair

of observations, regardless of whether the compositions are expressed as raw

concentrations, proportions, or percentages. The resulting distance is there-

fore invariant with respect to scale or normalization, which should not alter

the inherent relative structure.

However, the choice of an appropriate analytical approach should always

be guided by the research question. In certain situations, a classical analysis

based on absolute information may be preferable to a compositional one.

Moreover, for certain types of research questions, a parallel analysis of both

the relative and absolute information contained in the data may provide a

more comprehensive understanding of the phenomenon under study. For a

more detailed discussion, see Fačevicová et al. (2016) and Fačevicová et al.

(2026).

For the analysis of data carrying relative information, as introduced above,

there are several modifications of classical statistical methods that explicitly

account for the constrained nature of such data. For instance, the relative

structure can be accommodated through an appropriate parametrization of

multinomial or mixed-effects models (see, e.g., Vencálek et al. (2020)). Com-

positional data analysis, however, provides a comprehensive and mathemati-

cally grounded framework specifically designed for this type of data. Beyond

hypothesis testing, CoDA allows for supervised and unsupervised learning
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as well as robust statistical inference. Moreover, the methodology has later

been extended to a broader class of relative-valued or distributional data,

including multi-factorial (Egozcue et al. (2008) and Fačevicová et al. (2023))

and even functional compositions (van den Boogaart et al., 2014; Pavlů et al.,

2023). In this sense, CoDA does not merely adapt existing statistical tools

to relative data but provides a coherent geometric and algebraic foundation

for their analysis.

Figure 3: Collaboration network of organizations publishing research on com-
positional data analysis. The size of each node is proportional to the number
of publications, while the thickness of the links represents the strength of
collaboration. The collaboration network of Palacký University Olomouc
is highlighted. The network was generated using VOSviewer from records
retrieved from the Web of Science Core Collection on 29 July 2026.
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The field of compositional data analysis represents a vibrant and contin-

uously growing research area. Although a substantial portion of the ideas at

the early stages of CoDA development originated from the CoDA group based

in Spain, namely at the University of Girona and the Polytechnic University

of Catalonia, Figure 3 illustrates that Palacký University Olomouc has be-

come one of the major research centres contributing to the development of

CoDA. It is among the five most productive institutions publishing in this

field according to the Web of Science database, which reflects the long-term

contribution to the development of CoDA and provides the broader context

for the methodological contributions presented in this thesis.

2.2. Basics of compositional data analysis

2.2.1. Descriptive statistics

A compositional observation is commonly defined as a D-part vector

x = (x1, . . . , xD)
′ of positive components (xi > 0, ∀i), where the essential

information is contained in the ratios between parts, rather than in their

absolute magnitudes. This general definition corresponds, for instance, to a

situation in which the total duration of fixations spent in D distinct AOIs is

recorded with the goal of understanding the relative distribution of attention

across these areas. In accordance with this perspective, the total sum of the

components is not relevant for the analysis. Normalizing the data to sum

to 1 (proportions) or to 100 (percentages) represents only two among many

equivalent ways of expressing the same relative information. The underlying

relative structure – i.e., the ratios between the parts – remains unchanged

regardless of the chosen normalization.

A fundamental principle of compositional analysis is scale invariance
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(Egozcue, 2009), which ensures that rescaling should not affect the outcome

of the analysis. Nevertheless, using a common total can be practical for

numerical comparison between multiple compositions. To facilitate this, we

define the closure operation Cκ(.) which rescales a given composition to an

equivalent one whose total equals a specified constant κ.

Specific features of compositional data, particularly the scale invariance

property, are captured by the Aitchison geometry (Billheimer et al., 2001;

Pawlowsky-Glahn and Egozcue, 2001) with Euclidean vector space proper-

ties. For compositions x,y ∈ SD and a real constant α, these properties

result from defining the operations perturbation, powering, and the Aitchi-

son inner product,

x⊕ y = C(x1y1, . . . , xDyD)
′, α⊙ x = C(xα

1 , . . . , x
α
D)

′,

⟨x,y⟩A =
1

2D

D∑

i=1

D∑

j=1

ln
xi

xj

ln
yi
yj
,

(1)

respectively.

As mentioned above, the traditional definition of a compositional vector

does not permit any of its components to be zero. However, zero values are

frequently encountered in practice and must be properly addressed before

applying compositional analysis. This issue can be handled either by merging

of categories or by applying suitable zero-imputation techniques, as discussed,

for example, in Tang et al. (2026); Hron et al. (2010); Palarea-Albaladejo

et al. (2007) and Palarea-Albaladejo and Martín-Fernández (2008).

The basic descriptive statistics of compositional data are compositional

(i.e., geometrical) mean, variation matrix and total variance. For a sample

of n D-part compositions organized in an n×D data matrix X = (xij) these

statistics are defined as follows:
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The compositional mean is given by

gx = Cκ (g1, . . . , gD)′ , where gj =

(
n∏

i=1

xij

)1/n

(2)

i.e., (the closure of) the component-wise geometric means across all observa-

tions. The D ×D variation matrix Tx = (tjk) has elements given by

tjk = S2
n (ln (xj/xk)) (3)

that is, each element represents the sample variance (S2
n) of the log-ratio

between the j-th and k-th components across the sample. Elements of the

variation matrix that are close to zero indicate pairs of compositional parts

for which xij ≈ c · xik, with c ∈ R+ being constant across all observations

i. In other words, these parts are nearly proportional, and their mutual re-

lationship remains stable throughout the sample. Conversely, large values

of tjk indicate high variability in the corresponding log-ratio, reflecting sub-

stantial fluctuations in the mutual relative dominance of the two parts across

individual compositions. The classical estimator of the variation matrix is

obtained by estimating the variance of each pairwise log-ratio separately. A

robust alternative, based on the Qn scale estimator, was proposed in Rieser

et al. (2023).

Finally, the overall level of variability captures the total variance, de-

fined as

totvar(X) =
1

2D

D∑

j=1

D∑

k=1

tjk. (4)

The total variance serves as a natural measure of similarity (or homogeneity)

within a set of compositions.
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A traditional way to visualize 3-part compositions is by means of ternary

diagrams (one example is given on Figure 5 in Section 4). For higher-

dimensional compositions, visualization is typically based on log-ratio trans-

formations or on dimension reduction techniques, such as principal com-

ponent analysis (PCA), applied to the transformed data. More generally,

log-ratio transformations constitute the cornerstone of traditional composi-

tional data analysis, as they provide a real-valued coordinate representation

of compositions while preserving their relative information. Consequently,

they serve as the starting point for most multivariate statistical methods

developed for compositional data.

2.2.2. Working in coordinates

The classical methods of multivariate data analysis, such as hypothesis

testing, clustering, or classification (Anderson et al., 1994), are typically

not directly applicable to compositional data. These methods generally rely

on absolute information carried by data, whereas for compositional analysis

the relative structure is of main interest, as outlined above. The standard

approach to overcome this discrepancy is to map compositional observations

into a system of real-valued coordinates, where the principles of Euclidean

geometry apply, like centered (clr) or isometric (ilr) log-ratio coordinates

(Pawlowsky-Glahn et al., 2015).

One of the widely used options is the centered log-ratio (clr) transfor-

mation. This transformation expresses the dominance of each compositional

part relative to the overall geometric mean of the respective observation,

while logarithmic scaling ensures symmetry. Formally, the clr representation

of a D-part compositional vector is defined as
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clr(x) =

(
ln

x1

g(x)
, . . . , ln

xD

g(x)

)′

= L ln(x) =: y, (5)

with g(x) = (x1 · . . . · xD)
1/D and L being a symmetric centering matrix. If

the clr transformation is applied to each row of the compositional data ma-

trix X, i.e., to each individual observation, the resulting n×D matrix Y can

be directly used in a wide range of standard multivariate techniques, such

as clustering or dimension reduction. Moreover, clr coordinates have a con-

venient interpretation in terms of mean relative dominance of the respective

parts. While the positive values represent the more abundant compositional

parts, negative values stand for those parts which are in a given composition

rather negligible.

Nevertheless, the clr transformation is subject to an inherent zero-sum

constraint that follows directly from its definition. Consequently, the covari-

ance matrix of clr-transformed data is singular, which prevents its direct use

in statistical procedures requiring a full-rank covariance matrix. For such

methods, an alternative coordinate system, namely the isometric log-ratio

(ilr) transformation (Egozcue et al., 2003; Egozcue and Pawlowsky-Glahn,

2005), provides an appropriate solution.

Isometric log-ratio coordinates provide a (D − 1)-dimensional real-

valued representation of a compositional vector x and are defined as

ilr(x) = V ln(x) = Vy =: z, (6)

where V is the so-called contrast matrix with orthonormal rows. The ilr

transformation represents a flexible class of coordinate systems, whose spe-

cific form is determined by the choice of the contrast matrixV. Consequently,

the coordinates can be selected according to the objectives of the subsequent
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analysis or to facilitate their interpretation.

One of the most widely used systems of ilr coordinates is formed by bal-

ances, i.e., log-ratios between two groups of parts defined through a sequential

binary partition (SBP). In general, balances are computed as

zi =

√
risi

ri + si
ln

g(xi1 , . . . , xiri
)

g(xi′1
, . . . , xi′si

)
, for i = 1, . . . , D − 1, (7)

where the indices i1, . . . , iri and i′1, . . . , i
′
si
denote the parts assigned to the (+)

and (−) groups in the respective step of the SBP. Additionally, two subclasses

of balances are particularly useful in practice. Pivot coordinates (Fišerová

and Hron, 2011), defined as

zi =

√
D − i

D − i+ 1
ln

xi

D−i

√∏D
j=i+1 xj

for i = 1, . . . , D − 1, (8)

are particularly attractive because their first coordinate z1 quantifies the

relative dominance of the first compositional part x1. Backwards pivot

coordinates (Hron et al., 2021) are defined analogously, but emphasize the

last coordinate, which is given by 1/
√
2 ln (xD−1/xD). By permuting the parts

so that the variable of interest occupies the first or the last position in the

composition, pivot and backwards pivot coordinates can be advantageously

used, for example, in regression modelling.

The concept of ilr coordinates was extended to two-factorial composi-

tions in Fačevicová et al. (2018) and further generalised to multi-factorial

compositions in Fačevicová et al. (2023). In addition, Nesrstová et al. (2023)

introduces a modification of backwards pivot coordinates for two-factorial

compositions.

An important property shared by both the clr and ilr representations is

21



that they preserve the algebraic and geometric structure of the simplex. In

particular, for two D-part compositional vectors x1 and x2 and their clr and

ilr representations y1, y2 and z1, z2 it holds that

x1 ⊕ x2 = y1 + y2 = z1 + z2,

α⊙ x = α · y = α · z,

⟨x1,x2⟩A = ⟨y1,y2⟩E = ⟨z1, z2⟩E.

(9)

These properties enable the application of classical multivariate statisti-

cal methods to compositional data. An overview of the basic methods in the

context of eye-tracking research is provided in Fačevicová et al. (2026). The

log-ratio methodology is applied in Fačevicová et al. (2016) to obtain a better

understanding of the geochemical structure of the Devonian–Carboniferous

boundary. Finally, Muehlmann et al. (2021) and Bábek et al. (2022) ex-

tend the methodology to blind source separation of iid and time-dependent

compositional data.
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3. Multi-factorial compositional data

The concept of vector compositional data can be naturally extended to

situations where the relative distribution is determined by categories of two

factors. In the running eye-tracking example, the same stimulus was re-

peatedly observed under different viewing instructions. When the total time

spent on the experiment is stratified simultaneously by task and by the visited

AOIs, the resulting data structure corresponds to the term compositional

table, as defined in Egozcue et al. (2008).

Formally, an I × J compositional table is defined as a two-dimensional

array of positive entries for which the relative structure is of primary interest.

Similarly to the vector case, we can write x = (xij), xij > 0, ∀i = 1, . . . , I,

j = 1, . . . , J and extend the basic simplex operations (1) to

x⊕ y = C




x11y11 . . . x1Jy1J
... . . . ...

xI1yI1 . . . xIJyIJ


 , α⊙ x = C




xα
11 . . . xα

1J

... . . . ...

xα
I1 . . . xα

IJ




⟨x,y⟩A =
1

2IJ

∑

i,j

∑

k,l

ln
xij

xkl

ln
yij
ykl

.

(10)

A key property of compositional tables is that they can be orthogonally

decomposed into an independent part (ind(x)) and an interaction part

(int(x)) (Egozcue et al., 2015),

x = ind(x)⊕ int(x). (11)

In the eye-tracking example, the independent part describes the overall
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allocation of attention between AOIs and tasks separately, whereas the inter-

action part captures task-specific changes in the attention distribution across

AOIs. Part ind(x) mimics the situation of complete independence between

row and column factors and its cells are proportional to the product of row

and column geometric marginals

ind(x)ij = g(xi•)g(x•j), i = 1, . . . , I, j = 1, . . . , J. (12)

As discussed in Genest et al. (2023), geometric marginals represent orthog-

onal projections of the original table to the considered row or column sub-

spaces and for purely independent structures these marginals coincide with

their arithmetic counterparts. The interaction part int(x) quantifies the de-

parture from independence and has cells given by

int(x)ij =
xij

g(xi•)g(x•j)
, i = 1, . . . , I, j = 1, . . . , J. (13)

Consequently, the decomposition enables the independent and interaction

structures to be analysed separately. It is therefore advantageous to employ

a coordinate system that respects the reduced dimensionality of the decom-

posed parts. While the sample space dimension of a compositional table is

IJ − 1, it reduces to I + J − 2 for ind(x) and to (I − 1)(J − 1) for int(x).

The first ilr coordinate system respecting this decomposition was proposed

for 2×2 compositional tables in Fačevicová et al. (2014). It was subsequently

extended to general I × J tables in Fačevicová et al. (2016), and a fully gen-

eral ilr coordinate system was introduced in Fačevicová et al. (2018). The

main idea is to define separate sequential binary partitions for the row and

column factors. These partitions result in the coordinates of ind(x), which

have the form of balances
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zri =

√
stJ

s+ t
ln

[g(xj1•) · · · g(xjs•)]
1/s

[g(xk1•) · · · g(xkt•)]
1/t

,

zcj =

√
uvI

u+ v
ln

[g(x•l1) · · · g(x•lu)]
1/u

[g(x•m1) · · · g(x•mv)]
1/v

(14)

for i = 1, . . . , I − 1 and j = 1, . . . , J − 1. The combination of the row

and column partitions further defines sets of four subtables, Aij, Bij, Cij

and Dij, which are subsequently used in the construction of the interaction

(odds-ratio) coordinates

zOR
ij =

√
| Aij || Dij |

| Aij | + | Bij | + | Cij | + | Dij |
ln

g
(
xAij

)
g
(
xDij

)

g
(
xBij

)
g
(
xCij

) , (15)

i = 1, . . . , I − 1, j = 1, . . . , J − 1, which form the ilr representation of int(x).

A more detailed step-by-step description of the coordinate construction is

provided in Fačevicová et al. (2018). Figure 4 illustrates how the row and

column SBPs jointly determine the groups of cells entering the odds-ratio

coordinates.

Figure 4: Graphical illustration of the relationship between the row and
column SBPs and the groups of cells involved in the construction of the
odds-ratio coordinates (15).

Later, a two-factorial analogy of backwards pivot coordinates (Hron et al.,

2021) was introduced in Nesrstová et al. (2023). Building on these develop-

ments, the same principles were subsequently generalized to multi-factorial
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compositions in Fačevicová et al. (2023).

Compositional tables represented in ilr coordinates can then be analysed

using a wide range of statistical methods. Examples include geographically

weighted regression for spatially dependent compositional tables (Fačevicová

et al., 2021) or robust dimension reduction (de Sousa et al., 2021). The

methodology also exhibits close connections with several classical multivari-

ate methods. Fačevicová et al. (2025) reveals the relationship between the

clr representation of int(x) and correspondence analysis. The same paper

also introduces the weighted version of the treatment of compositional ta-

bles. Further developments include the analysis of square positive matrices

(Egozcue and Maldonado, 2021; Nakamura et al., 2024, 2025) and the gen-

eralization of orthogonal decomposition to the multivariate distributions, in-

cluding the continuous case, through a proper choice of the reference measure

(Genest et al., 2023).

26



4. Outlier detection and robust analysis of com-

positional data

Similarly to real-valued data, compositional data may also be affected by

the presence of outliers. However, the nature of compositional outliers differs

from that of their real-valued counterparts. While a classical outlier typically

exhibits unusually large or small observed values, a compositional outlier is

characterised by a distorted relative structure.

Consider again the eye-tracking example introduced in Section 2.1. In

addition to observers P74 and P101, whose observation times across the

three AOIs (Visitor, Persons and Background) are (8323, 5353, 4319) ms and

(2187, 1377.3, 1036) ms, respectively, let us also consider observer P64 with

observation times (7330, 4720, 1249.3) ms. From the perspective of classical

multivariate analysis, observer P101 would naturally be regarded as the most

extreme observation because of the substantially shorter viewing times. In

contrast, from the perspective of compositional data analysis, observer P64

appears to be the atypical observation, as the corresponding relative time

distribution, (55.1 %, 35.5 %, 9.4 %), differs markedly from those of P74,

(46.3 %, 29.7 %, 24 %), and P101, (47.5 %, 29.9 %, 22.5 %). This difference

is also apparent from the ternary diagram shown in Figure 5.

Outlier detection and robust analysis of compositional data are typically

performed in log-ratio coordinates, where the ilr representation is generally

preferred over the clr transformation because the latter yields a singular co-

variance matrix (Filzmoser and Hron, 2008; Filzmoser and Gregorich, 2020).

Most existing robust methodology has therefore been developed as an exten-

sion of classical multivariate techniques applied to ilr coordinates, including

principal component analysis (Filzmoser et al., 2009), discriminant analysis
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Figure 5: Ternary diagram comparing the relative time distribution of ob-
servers P74 and P101 from Figure 2 and an additional observer P64.

(Filzmoser et al., 2011), and regression modelling (van den Boogaart et al.,

2021). The same principle is also employed in de Sousa et al. (2021) and

Bábek et al. (2022), which aim on robust analysis of compositional tables

and time dependent (vector) compositional data, respectively.

Nevertheless, alternative approaches that avoid the standard log-ratio co-

ordinate representation have recently attracted increasing attention. Among

them, Scealy et al. (2015) proposed a robust principal component analysis

based on the power transformation, which provides an alternative representa-

tion of compositional data while avoiding the singularity of the clr covariance

matrix.

In some situations, particularly in high-dimensional settings, the row-

wise approach to robust data analysis outlined above, which downweights or

removes entire observations, may be overly restrictive. For this reason, Alqal-

laf et al. (2009) introduced the cellwise contamination model, under which

only individual cells of the data matrix are assumed to be contaminated.

This model has stimulated the rapid development of cellwise robust statis-

tical methods. A comprehensive overview of this field is provided by Ray-
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maekers and Rousseeuw (2026). Among the most influential contributions

are the work of Rousseeuw and van den Bossche (2018), which introduced a

widely used method for detecting cellwise outliers (DDC), and Raymaekers

and Rousseeuw (2024), who proposed a cellwise robust alternative to the

minimum covariance determinant (MCD) estimator (Rousseeuw, 1985).

Table 1: Observation times of selected participants of the eye-tracking ex-
periment (in ms) and the corresponding pairwise log-ratios.

Participant Visitor Persons Background ln (V./P.) ln (V./B.) ln (P./B.)
P74 8323 5353 4319 0.44 0.66 0.21
P101 2187 1377.3 1036 0.46 0.75 0.28
P64 7330 4720 1249.3 0.44 1.77 1.33

While the methodology for unconstrained data has advanced consider-

ably, extending the concept of cellwise robustness to compositional data is

substantially more challenging because a single contaminated cell propagates

to all log-ratio coordinates through the geometric mean. This issue is dis-

cussed in detail in Templ (2026) and can also be illustrated using the running

eye-tracking example. A closer look at the time distribution of observer P64

and Table 1 reveals that it differs from P74 and P101 only in log-ratios in-

volving the Background AOI, whereas the log-ratio between the Visitor and

Persons AOIs remains comparable across all three observers. This provides

evidence that the main source of outlyingness is the relatively low attention

allocated by P64 to the Background AOI. Note that this information becomes

considerably less transparent after the clr transformation, because each clr co-

ordinate depends on all compositional parts. The clr coordinates of observers

P64, P74 and P101 are respectively (0.74, 0.30,−1.03), (0.37,−0.08,−0.29)

and (0.40,−0.06,−0.34). 80 Other coordinate representations, such as ilr,

suffer from a similar problem. This example also illustrates why pairwise

log-ratios provide a natural basis for cellwise robust procedures: contam-
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ination affects only those log-ratios involving the corrupted part, whereas

unaffected log-ratios retain their original information.

Current approaches to cellwise robustness for compositional data there-

fore work primarily with the elemental information contained in pairwise

log-ratios. This strategy is adopted, for example, in Walach et al. (2019) and

Štefelová et al. (2021), while a pairwise log-ratio-based algorithm for the ro-

bust estimation of the variation matrix is introduced in Rieser et al. (2023).

Nevertheless, all currently available methods are designed for vector com-

positional data. The detection and treatment of cellwise contamination in

multi-factorial compositional data, introduced in Section 3, remains largely

unexplored and therefore represents a natural direction for future method-

ological research.
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5. Results

This chapter presents brief summaries of the eleven articles co-authored

by the applicant and listed in Section 1, which constitute the core of this

habilitation thesis and are organised according to their topic. Whenever pos-

sible, the proposed methodology is illustrated using the running eye-tracking

example. The full texts of all manuscripts are provided in the Appendix

(Section A).

The manuscript Fačevicová et al. (2023) generalises the concept of com-

positional tables to multi-factorial compositions, Fačevicová et al. (2025)

establishes the connection between compositional tables and correspondence

analysis and introduces weighted correspondence analysis in the framework

of Bayes spaces, and Nesrstová et al. (2023) generalises backwards pivot coor-

dinates to compositional tables. In addition, Fačevicová et al. (2021) applies

the coordinate representation to modelling of spatially dependent data.

The manuscripts Muehlmann et al. (2021) and Bábek et al. (2022) intro-

duce methods for blind source separation of independent and time-dependent

vector compositional data, respectively, with the latter providing a robust

methodology. Robust methods are also the focus of Rieser et al. (2023) and

de Sousa et al. (2021). While the former proposes a cellwise robust estima-

tor of the clr covariance matrix, the latter develops a robust approach to

principal component analysis of compositional tables.

Additionally, the manuscript Tang et al. (2026) addresses the problem

of handling zeros in high-dimensional compositional count data. Since the

methods discussed above generally assume strictly positive components, the

choice of an appropriate strategy for handling zeros is crucial for their appli-

cation.

Finally, the last two papers demonstrate the practical applicability of
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compositional data analysis. Fačevicová et al. (2016) applies the method-

ology to the geochemical analysis of the Devonian–Carboniferous boundary,

whereas Fačevicová et al. (2026) introduces compositional data analysis to

eye-tracking research. To the best of the applicant’s knowledge, this rep-

resents the first application of CoDA in this field and provides a promising

starting point for further methodological development.

5.1. Compositional cubes (Fačevicová et al., 2023)

The first paper generalises the results of the applicant’s dissertation the-

sis, namely the manuscript Fačevicová et al. (2018). As recalled in Section 3,

compositional tables describe the relative structure determined by the cat-

egories of two underlying factors. In the eye-tracking setting, these factors

corresponded to the distribution of visual attention among the AOIs (row

factor) while performing different tasks (column factor) on a single stimulus.

The generalisation proposed in this manuscript introduces an additional

factor, thereby extending the representation to three dimensions. For exam-

ple, the same set of tasks may be performed on different devices, such as

a smartphone and a desktop computer. Such a three-dimensional object is

referred to as a compositional cube. Analogously to compositional tables,

compositional cubes admit an orthogonal decomposition of the form

x = ind(x)⊕ int(x) = ind(x)⊕ intrc(x)⊕ intrs(x)⊕ intcs(x)⊕ intrcs(x), (16)

where ind(x) denotes the independent part, whose cells are determined by the

products of the corresponding geometric marginals. The components intrc(x),

intrs(x), intcs(x) preserve the pairwise interactions between the corresponding

factors, whereas intrcs(x) captures the interaction shared by all three factors.
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The manuscript further shows that the cells of the pairwise interaction

components can be obtained analogously to the two-dimensional case, namely

as the interaction part of a compositional table obtained by averaging over

the remaining dimension. The proposed framework can be readily generalised

to relative structures defined by an arbitrary number of factors.

Figure 6: Schematic illustration of the groups of parts involved in the com-
putation of the individual ilr coordinates for compositional cubes.

The analysis of such complex objects can, similarly to classical compo-

sitional data, be based on their coordinate representation. The manuscript

Fačevicová et al. (2023) introduces a new system of ilr coordinates (see Equa-

tion (6)) that respects the decomposition (16) and admits a natural inter-

pretation in terms of balances between the categories of individual factors,
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log-odds ratios describing pairwise interactions, and log-ratios of odds-ratios

representing the highest-order interactions. This coordinate system not only

enables the analysis of the complete three-dimensional structure but also fa-

cilitates a separate investigation of its individual components. A schematic

illustration of the cells involved in the computation of the respective coordi-

nates is provided in Figure 6.

5.2. Correspondence analysis (Fačevicová et al., 2025)

This manuscript establishes the connection between the analysis of com-

positional tables, introduced in Section 3, and correspondence analysis (CA),

a classical multivariate method for exploring and visualising relationships be-

tween two categorical variables represented by a contingency table. It builds

on the approach of Greenacre (2010), referred to hereafter as log-ratio anal-

ysis (LRA), which formulates CA as a method for analysing a sample of

I vector compositions with J parts. The method is based on the singu-

lar value decomposition of the doubly centered log-transformed data matrix

L = (lnxij), yielding the matrix SLRA with entries

sLRA
ij = ln xij −

1

I

I∑

i=1

ln xij −
1

J

J∑

j=1

ln xij +
1

IJ

I∑

i=1

J∑

j=1

ln xij. (17)

The manuscript shows that this matrix is mathematically identical to

the clr representation of the interaction table (13), i.e., SLRA = Yint. Con-

sequently, LRA and singular value decomposition of a clr interaction table

yield identical results, despite being based on different statistical models.

While LRA interprets X as a sample of I compositional observations, the

compositional-table approach treats the entire matrix as a single observa-
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tion.

In the context of eye-tracking, the two paradigms can be interpreted as

follows. LRA compares the relative allocation of fixation time across the

considered AOIs over a set of experimental tasks, treating each task as one

compositional observation. In contrast, the compositional-table approach

starts from the relative allocation of the total fixation time of a given observer

across both AOIs and tasks. Despite these different interpretations of the

data, both approaches lead to exactly the same ordination, illustrated in the

left panel of Figure 7.
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Figure 7: Results of unweighted and weighted correspondence analysis (CA)
applied to the distribution of fixation time across all tasks and AOIs for
a selected observer. The values in brackets refer to the explained variance
within the interaction part and the overall clr table, respectivelly.

Among other findings, the plot reveals that the attention distribution be-

tween AOIs is substantially more imbalanced in Tasks 2, 3, and 4 than in the

remaining four tasks. It also shows that the relative attention allocated to the

AOIs Maid, Man and Kids varies substantially across tasks, suggesting that

these AOIs may be potential task discriminators. The manuscript therefore
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demonstrates that two conceptually different statistical models lead to iden-

tical analytical results and provides a novel interpretation of correspondence

analysis from the perspective of compositional data analysis.

In addition to establishing this equivalence, the manuscript also intro-

duces a weighted framework for the analysis of compositional tables, thereby

extending the methodology proposed in Hron et al. (2022). Although this

framework is applicable to a broad range of methods for analysing com-

positional tables, the manuscript explicitly derives the equivalence between

weighted LRA, as defined by Greenacre and Lewi (2009), and the SVD of

the weighted clr representation of the interaction table, where the weights

are given by the products of arithmetic row and column marginals.

An example of the resulting weighted correspondence analysis of the eye-

tracking data is shown in the right panel of Figure 7. In terms of explained

variance, the weighting reduced the influence of small proportions and re-

sulted in a more representative ordination of the overall clr table, while pre-

serving the discriminating roles of Tasks 2, 3, and 4 and the AOIs Maid and

Kids.

5.3. Backwards pivot coordinates (Nesrstová et al., 2023)

This manuscript follows up on the work of Hron et al. (2021), which

introduced backwards pivot coordinates for vector compositional data. In

general, backwards pivot coordinates emphasise the role of the elemental

information, which, in the case of vector compositions, is represented by

pairwise log-ratios. The present manuscript extends this idea to composi-

tional tables, where, in accordance with their definition and decomposition

(11), the elemental information is represented by pairwise log-ratios of the

row and column geometric marginals together with four-part log-odds ratios.
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To this end, the manuscript introduces a system of orthonormal (ilr) co-

ordinates consisting of three groups of coordinates: row backwards pivot

balances (rbpb(x(kl))), column backwards pivot balances (cbpb(x(kl))), and

odds-ratio backwards pivot coordinates (tbpc(x(kl))). In each group, the first

coordinate highlights the contribution of the pivotal cell xkl or its correspond-

ing row and column category:

rbpb(x(kl))1 =

√
J

2
ln

g(xk•)

g(xI•)
, cbpb(x(kl))1 =

√
I

2
ln

g(x•l)

g(x•J)
,

tbpc(x(kl))11 =
1

2
ln

xIJxkl

xIlxkJ

.

(18)

Similarly to the vector case, multivariate methods such as principal com-

ponent analysis or regression modelling can be performed in this coordinate

system. Repeating the analysis under different permutations of the row and

column categories does not affect the numerical results (e.g., principal com-

ponent scores or fitted regression models), but enables their interpretation

with respect to all sources of the elemental information.

The second part of the manuscript develops a detailed interpretation of

principal component analysis and regression modelling based on backwards

pivot coordinates for both vector compositions and compositional tables. For

principal component analysis, it derives the interpretation of the composi-

tional biplot. For regression models with a real-valued response and compo-

sitional covariates, it explains the interpretation of the regression coefficients

when the covariates are represented in ilr coordinates. Analogous to classical

regression, each coefficient describes the effect of changing one ilr coordi-

nate while keeping the remaining coordinates fixed. The manuscript further

demonstrates how this interpretation can be translated into changes in the
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original compositional parts.
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Although the methodology is illustrated in the paper using movement

behaviour data, Figure 8 illustrates the methodology using the running eye-

tracking example. Among other biplot features, the length of the rays ap-

proximates the variability of the respective coordinate. For example, the left

panel of Figure 8 suggests that, among all pairwise log-ratios with the AOI

Man, the relative attention allocated to Man versus Background varies the

most across participants. On the other hand, the variability explained by the

first two components is rather small (approximately 20%), suggesting that

the biplot provides a substantially simplified representation of this particular

sample of 7× 7 compositional tables.
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Figure 8: Compositional biplot based on backwards pivot coordinates of the
relative time distribution across Tasks and AOIs. To improve readability,
the left panel displays only the loadings of column backwards pivot balances
for the AOI Man, whereas the right panel shows the loadings of odds-ratio
backwards pivot coordinates for the same AOI and Tasks 1 and 7.
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5.4. Geographically weighted regression (Fačevicová et al.,

2021)

This book chapter further develops the methodology for the analysis of

compositional tables by extending regression modelling to spatially depen-

dent data. It thus represents the first step towards the analysis of spa-

tially dependent multi-factorial compositional data. Specifically, it considers

a geographically varying relationship between a real-valued response and a

two-factor compositional covariate. Spatial heterogeneity is accommodated

through geographically weighted regression (GWR), where local models are

estimated by weighted least squares according to the spatial proximity of the

observations.

Similarly to ordinary regression models with compositional covariates

(Müller et al., 2018), GWR cannot be directly applied to the original com-

positional parts because of their relative nature. The proposed methodology

therefore performs the local modelling in the ilr coordinate representation of

compositional tables (14) and (15). Formally, the model is given by

E(Yi|zi) = βi,0 + βr
i,1z

r
i,1 + · · ·+ βr

i,I−1z
r
i,I−1 + βc

i,1z
c
i,1 + · · · βc

i,J−1z
c
i,J−1

+ βOR
i,11z

OR
i,11 + · · ·+ βOR

i,I−1,J−1z
OR
i,I−1,J−1. (19)

The coordinate representation (14) and (15) enables the separate mod-

elling of the effects associated with the row factor, the column factor, and

their interaction. Since the regression coefficients are estimated for the ilr co-

ordinates, the chapter derives their interpretation in terms of changes in the

original compositional table for a general system of ilr coordinates, extending

the results of Nesrstová et al. (2023) beyond backwards pivot coordinates.
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The methodology is illustrated using data on the relationship between

the risk of falling into poverty and the demographic structure of Germany

in 2017, represented by a 2 × 3 compositional table. Owing to the skewed

distribution of the response, the application employs the simplified model

E [ln(Yi)|zi] = βi,0 + βr
i,1z

r
i,1 + βc

i,1z
c
i,1 + βc

i,2z
c
2 + βOR

i,11z
OR
i,11 + βOR

i,12z
OR
i,12, (20)

whose estimated local regression coefficients are also interpreted in detail in

the chapter. Selected parameter estimates are presented in Figure 9.
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Figure 9: Maps demonstrating estimates of selected regression parameters of
the local regression models. The values in the centre of each region corre-
spond to the local t-value.

The proposed methodology combines geographically weighted regression

with the orthogonal decomposition of compositional tables, enabling the anal-

ysis and interpretation of spatially varying effects associated with both the

independent and interaction structures of the compositional covariate.
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5.5. Independent component analysis (Muehlmann et al.,

2021)

This manuscript extends independent component analysis (ICA) to com-

positional data, thereby linking compositional data analysis with the field of

blind source separation. It considers the case of independent and identically

distributed (iid) vector compositional observations. In the classical setting,

ICA assumes that the observed vectors x follow the linear mixing model

x = Az+ b, (21)

where the latent components z are mutually independent and at most one

of them is Gaussian. Many popular ICA algorithms estimate the unmixing

matrix W by maximizing the non-Gaussianity of the recovered latent com-

ponents, W(x−b) = z, in contrast to principal component analysis (PCA),

which seeks orthogonal directions explaining the maximum variance of the

data. For whitened data, the ICA decomposition is identifiable up to a per-

mutation and sign changes of the components. The resulting latent variables

can subsequently be used for data visualisation, cluster identification, out-

lier detection, noise removal, or as a preprocessing step for further statistical

analysis.

The adaptation of ICA to iid compositional data naturally follows from

their coordinate representation. Since ICA begins by whitening the data,

a full-rank representation is required and the ilr coordinates (6) therefore

provide a natural choice. Furthermore, different choices of the ilr basis cor-

respond only to orthogonal rotations of the coordinate system and therefore

do not affect the ICA solution itself, but only the representation and inter-

pretation of the recovered components. For a more natural interpretation in
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terms of the relative dominance of the original compositional parts, the ilr

unmixing matrix can subsequently be transformed to the clr representation

according to Wclr = WilrV. The latent components are thus obtained as

z = Wilr (ilr(x)− b) = Wilr (Vclr(x)− b) , (22)

where the ilr unmixing matrix is estimated using any of the existing ICA

algorithms.

The methodology is in Muehlmann et al. (2021) demonstrated using

metabolomics data from a newborn screening programme. This applica-

tion was further extended in Kouřil et al. (2023), where compositional ICA

enabled the detection of several rare inherited metabolic disorders. Figure 10

illustrates the output of compositional ICA for the eye-tracking example used

throughout this thesis.
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the right panel to facilitate their interpretation.
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5.6. Robust blind source separation (Bábek et al., 2022)

This manuscript naturally follows Muehlmann et al. (2021). While the

previous paper introduced independent component analysis, or more gen-

erally blind source separation (BSS), for iid compositional data, this work

extends the methodology to serially dependent compositional observations

while simultaneously introducing robustness against outlying measurements.

The development of the methodology was motivated by the analysis of X-

ray fluorescence (XRF) scans of siliciclastic sediment cores. The study com-

pares measurements obtained using a low-cost hand-held XRF device with

traditional laboratory measurements performed on dry powdered samples,

which provide higher accuracy but are considerably more expensive. Geo-

chemical concentrations are typically reported in ppm or wt.% and therefore

carry relative information. Consequently, as discussed in Section 2, composi-

tional data analysis provides the appropriate methodological framework for

their analysis.

In the considered application, two additional characteristics of the data

must be taken into account. First, hand-held XRF measurements are affected

by measurement noise arising from sample inhomogeneity as well as varying

water content and grain size, which may also result in outlying observations.

Second, the measurements are collected along the depth profile of a sediment

core and can therefore naturally be regarded as a serially dependent process.

To accommodate both aspects, the manuscript proposes a robust blind source

separation algorithm for compositional time series. Similarly to Muehlmann

et al. (2021), the methodology is based on the ilr coordinate representation

of the compositional observations, but instead of classical ICA it employs the

eSAM-SOBI algorithm (Ilmonen et al., 2015), which exploits a collection of

lagged autocovariance matrices to recover the latent components. To increase
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robustness, these autocovariance matrices are estimated using robust proce-

dures. As in the iid case, the estimated ilr unmixing matrix is subsequently

transformed to its clr counterpart, providing a more natural interpretation

of the recovered components in terms of the original compositional parts.

Figure 11 illustrates the practical use of the proposed methodology. The

unmixing matrix is estimated solely from the hand-held XRF measurements

and subsequently applied to both the hand-held and powdered datasets. The

resulting latent components can then be directly compared across the two

measurement techniques. While e.g. the first recovered component differs

substantially between the datasets and therefore mainly reflects measure-

ment noise, the second component shows a high agreement, indicating that

it captures the underlying geochemical signal that can be reliably recovered

even from the less accurate but considerably cheaper hand-held measure-

ments.

Figure 11: Selected latent components (IC) found by the robust BSS algo-
rithm applied to the hand-held XRF core-scan data (blue dots) and powder
XRF data (orange dots).
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5.7. Cellwise robust covariance estimator (Rieser et al.,

2023)

The issue of robustness is further addressed in manuscript Rieser et al.

(2023). As outlined in Section 4, a single corrupted cell in the raw composi-

tional data matrix affects the coordinate representation of the corresponding

observation through the geometric mean involved in the log-ratio transforma-

tions. Recall that, in the compositional setting, a cellwise outlier corresponds

to a distortion of the relative importance of the affected compositional part

rather than to an unusually large or small absolute value. The manuscript

therefore proposes a method for estimating the covariance structure in the

presence of compositional cellwise outliers.

The proposed approach avoids robustifying the clr covariance matrix di-

rectly. Instead, it exploits the elemental information carried by pairwise

log-ratios, which are affected by a cellwise contamination only locally. As

introduced in (3), the variances of pairwise log-ratios form the entries of

the variation matrix, one of the fundamental characteristics of a composi-

tional sample. Moreover, the variation matrix T can be transformed directly

to the clr covariance matrix Σclr, which forms the basis of many multivari-

ate methods for compositional data, including principal component analysis

(Filzmoser et al., 2018). More specifically,

Σclr = −1

2
LTL, (23)

where L denotes the centering matrix used already in (5). The basic idea

of the proposed estimator is therefore to robustly estimate the individual

entries of the variation matrix using the Qn estimator (Rousseeuw and Croux,

1993) and subsequently obtain a cellwise robust estimate of the clr covariance
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matrix through (23).

Additionally, the manuscript introduces a regularised version of the esti-

mator intended for high-dimensional settings. A comprehensive simulation

study demonstrates that, particularly under cellwise contamination, the reg-

ularised estimator outperforms both the classical covariance estimator and

existing rowwise robust alternatives.
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Figure 12: Comparison of different estimates of the clr covariance matrix for
the first task of the running eye-tracking example.

The methodology is demonstrated in the manuscript using the well-known

GEMAS geochemical dataset (Reimann et al., 2014). For consistency with

the examples used throughout this thesis, Figure 12 illustrates the classical,

rowwise robust, and proposed cellwise robust estimates of the clr covari-

ance matrix for the first task of the eye-tracking experiment. The heatmaps

suggest the presence of anomalous observations in the original data, result-

ing in an overestimation of most entries of the clr covariance matrix by the

classical estimator compared with both robust alternatives. Although the

proposed method does not aim to identify specific outlying cells, the most

apparent differences are associated with AOI Furniture, whose clr coordi-

nates and, consequently, pairwise log-ratios with other AOIs appear to be

substantially affected by anomalous observations. At the same time, the

differences between the rowwise and cellwise robust estimates are relatively
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small, suggesting that the observed contamination is not limited to a small

number of individual cells or log-ratios.

5.8. Robust principal component analysis (de Sousa et al.,

2021)

This manuscript provides the first robust methodology for the analysis of

two-factorial compositional data by introducing a casewise robust approach

to principal component analysis (PCA) of a sample of compositional tables.

Classical PCA of compositional data is based on the spectral decomposi-

tion of the clr or ilr covariance matrix. Since the clr covariance matrix is

singular because of the zero-sum constraint, robust compositional PCA is

commonly performed in ilr coordinates using a robust covariance estimator,

such as the minimum covariance determinant (MCD), while the results can

subsequently be transformed to the clr representation to facilitate their in-

terpretation (Filzmoser et al., 2018).

The methodology proposed in de Sousa et al. (2021) extends this prin-

ciple to compositional tables. The observations are represented in the ilr

coordinate system (14) and (15), robust PCA is based on the MCD esti-

mate of the corresponding covariance matrix, and the resulting loadings are

transformed back to the clr representation. The key advantage of this ap-

proach is that the coordinate system respects the orthogonal decomposition

of compositional tables (11), allowing robust PCA to be performed either

for the complete tables or separately for their independent and interaction

components.

To facilitate the interpretation of the resulting compositional biplots, the

manuscript further derives the relationship between the clr representation

of the decomposed table and the corresponding two-factor pivot coordinates
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defined in Fačevicová et al. (2016), i.e.

clr(ind(x))kl =

√
I − 1

IJ
z
r(k)
1 +

√
J − 1

IJ
z
c(l)
1 ,

clr(int(x))kl =

√
(I − 1)(J − 1)

IJ
z
OR(kl)
11 ,

(24)

where the superscripts (k) and (l) indicate the permutation of rows and

columns, respectively, for which the cell [k, l] is moved to the pivot position

[1, 1].
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Figure 13: Robust covariance biplots based on the complete compositional
tables (left panel) and their decomposed parts (middle and right panels).
Observations are labelled by observers’ ID, whereas loadings are labelled
according to the row and column position of the corresponding cell in the
compositional table.

Figure 13 illustrates the results of robust PCA applied to the compo-

sitional tables corresponding to the attention distribution in the running

eye-tracking example. In addition to the robust PCA of the complete ta-

bles, the figure demonstrates the separate analyses of their independent and

interaction parts. For illustration, let us briefly focus on the left panel of
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Figure 13, which, similarly to Figure 8, provides a two-dimensional represen-

tation of the set of 7×7 compositional tables. In this case, however, the rays

correspond to the relative importance of individual cells in the clr sense, and

the respective loadings are estimated robustly. The resulting biplot suggests

that the inter-participant variability is substantially driven by the relative

importance of cells [7, 3] and [3, 2], corresponding to AOI Kids in Task 7 and

AOI Furniture in Task 3, respectively. Nevertheless, similarly to the example

in Section 5.3, the percentage of variability explained by the first two robust

principal components is very low. The resulting biplot therefore provides

only a limited representation of the overall data structure.

5.9. Zero-handling strategies (Tang et al., 2026)

This manuscript contributes to the methodological treatment of compo-

sitional data in the presence of zero values. As already discussed in Sec-

tion 2, the traditional definition of vector compositional data, as well as its

multi-factorial generalisation, assumes strictly positive observations. Besides

violating this assumption, zero values also prevent the direct application of

log-ratio methodology. Moreover, even small positive values can substan-

tially affect subsequent analyses, as small changes in their magnitude may

translate into large changes in log-ratios. The manuscript therefore provides

a critical comparison of zero-handling strategies, with a particular focus on

high-dimensional compositional count data. The review is motivated by mi-

crobiome data, where observations are typically counts and their total is

determined by the sequencing and sampling process rather than represent-

ing a meaningful biological quantity, which motivates their compositional

treatment (Gloor et al., 2017). At the same time, the number of measured

features is typically much larger than the number of observations, resulting

50



in a high-dimensional and often sparse data structure.

More specifically, the manuscript compares several approaches to zero im-

putation, as well as direct modelling techniques for zero-inflated data and al-

ternative transformations that allow zero values to be retained. The methods

are compared both theoretically and empirically, using a high-dimensional

microbiome dataset and a simulation study based on real microbial compo-

sitions.

The empirical part focuses on a model-agnostic comparison of represen-

tative matrix-based imputation methods within the classical log-ratio frame-

work. Their performance is assessed not only in terms of reconstruction ac-

curacy, but also with respect to the preservation of covariance structure and

the results of downstream analyses, including PCA and clustering. An im-

portant finding is that the reconstruction accuracy alone does not necessarily

predict the quality of subsequent statistical analyses. Figure 14 illustrates

one outcome of the simulation study, showing how the accuracy of selected

methods changes with an increasing proportion of zero values. Among other

findings, the results demonstrate the relatively low reconstruction accuracy

of the PLS-based imputation method (Templ et al., 2016). This accuracy can

be substantially improved by applying a ceiling operation, while the resulting

imputed data nevertheless perform well in subsequent downstream analyses.

Overall, the results reveal a trade-off between accurate numerical recon-

struction and preservation of the underlying count structure, highlighting

the need for methods that simultaneously account for compositionality, zero

inflation, and the discrete nature of sequencing data. A better understanding

of zero-handling strategies is also an important prerequisite for the further

development of methods for multi-factorial compositions, where the occur-

rence of zero values poses an analogous methodological challenge and may
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be particularly relevant for count-valued data.
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Figure 14: Comparison of imputation methods under varying dimensionality
and missingness probabilities.

5.10. Application to geochemistry (Fačevicová et al., 2016)

This manuscript demonstrates the application of compositional data anal-

ysis to the geochemical characterisation of the Devonian/Carboniferous boun-

dary based on elemental geochemistry. The analysis is based on 1,884 samples

collected from 14 European sections, each described by the concentrations of

eighteen chemical elements. Using principal component analysis and Q-mode

clustering, i.e. clustering of variables or compositional parts, the manuscript

compares the results obtained from raw concentrations, log-transformed data,

and the compositional approach. Although compositional methodology pro-

vides the theoretically appropriate framework for geochemical data, the com-

parison shows that, for this particular application, analyses based on raw or
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log-transformed concentrations may still provide valuable complementary in-

formation. Rather than representing competing approaches, the classical and

compositional analyses therefore provide a more comprehensive interpreta-

tion when used together.

Principal component analysis and the corresponding compositional bi-

plots are primarily employed to explore differences between localities and

between geological layers within individual sections. Beyond the exploratory

analysis, the manuscript proposes a data-driven strategy for constructing

geochemical proxies capable of distinguishing the studied stratigraphic lay-

ers. The approach is based on the variation matrix (3), whose entries quantify

the variability of pairwise log-ratios between chemical elements. Since the

variation matrix measures the similarity of the relative behaviour of individ-

ual elements, it naturally serves as the input for Q-mode clustering, which

groups together elements exhibiting stable relative relationships throughout

the dataset.

Balances (7) constructed between groups of elements belonging to dif-

ferent clusters subsequently serve as candidate geochemical proxies. Their

ability to distinguish individual geological layers is illustrated in Figure 15,

which shows that the proposed balances clearly separate the four Hangenberg

event layers at the Kronhofgraben locality. In contrast, the corresponding

plots based on conventionally used geochemical proxies exhibit substantially

weaker separation. The proposed workflow therefore provides an objective,

data-driven procedure for constructing geochemical proxies while demon-

strating that compositional data analysis can yield additional geological in-

sight beyond that obtained from classical geochemical methods.
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Figure 15: Log-ratios defined based on the Q-mode clustering of measure-
ments from location Kronhofgraben.

5.11. Application to eye-tracking (Fačevicová et al., 2026)

This manuscript represents the first systematic introduction of compo-

sitional data analysis to the eye-tracking community. It is conceived as a

tutorial, explaining the fundamental principles of vector compositional data

analysis and demonstrating them on a newly published dataset (Popelka

et al., 2026), which was briefly introduced in Section 2.1 and which served

as a running example throughout the thesis. The principal research ques-

tion inherited from Yarbus’ original experiment is whether the viewing task

influences the observers’ visual attention strategy.

Similarly to Fačevicová et al. (2016), the manuscript compares analyses

based on absolute and relative information, emphasizing that the appropriate

analytical framework should always reflect the underlying research question.

While analyses of absolute fixation times are appropriate, for example, for

studying the overall complexity or duration of the observation process, the

compositional approach focuses on the relative allocation of visual attention

across the stimulus and is therefore better suited for investigating differences
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in viewing strategies.

The manuscript establishes a complete workflow for the compositional

analysis of eye-tracking data, covering descriptive statistics, exploratory meth-

ods, hypothesis testing, and regression modelling. It introduces the principal

tools of descriptive compositional data analysis, including ternary diagrams,

the compositional mean and covariance structure, the variation matrix, and

total variance. It further demonstrates the use of multivariate methods

such as principal component analysis, cluster analysis, discriminant analysis,

MANOVA, and regression modelling within the CoDA framework, providing

guidance on the interpretation of their outputs. To facilitate the adoption

of the methodology by the eye-tracking community, the complete analysis

is accompanied by publicly available R code. Although methodological pre-

sentation is the primary aim of the paper, the analyses consistently reveal

substantial differences in attention allocation across the experimental tasks,

both when absolute fixation times and their compositional representation

are analysed. Figure 16 illustrates one example by comparing the effect of

the viewing task on the relative and absolute time allocated to the Area of

Interest Man.

The manuscript thus establishes compositional data analysis as a compre-

hensive methodological framework for the statistical analysis of eye-tracking

data. At the same time, it naturally opens the way to further methodological

developments presented in this habilitation thesis. In particular, repeated

observations of the same stimulus under different experimental conditions

can be represented as compositional tables, allowing the application of the

methods introduced in Fačevicová et al. (2018), Fačevicová et al. (2023),

Fačevicová et al. (2025), Nesrstová et al. (2023), and de Sousa et al. (2021).

Likewise, the presence of atypical observers or measurement artefacts mo-
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Figure 16: Estimated fixed effects of the linear mixed-effects model for the
relative (left) and absolute (right) time spent in the AOI Man across task
types.

tivates the use of robust compositional methods, such as those proposed in

Rieser et al. (2023). The paper therefore not only introduces CoDA to the

eye-tracking community but also establishes a foundation for transferring a

broad range of advanced compositional methodology to this rapidly develop-

ing research field.
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6. Summary of the main results and future re-

search directions

This thesis is based on eleven scientific publications co-authored by the

applicant, comprising theoretical, methodological, and applied contributions

to compositional data analysis. Their common theme is the analysis of

relative-valued data, with particular emphasis on the methodology of multi-

factorial compositions.

A substantial part of the presented research contributes to the develop-

ment of the theory of compositional tables. The manuscripts Fačevicová et al.

(2021), Fačevicová et al. (2023), Nesrstová et al. (2023), and de Sousa et al.

(2021) extend the original framework introduced in Section 3 towards regres-

sion modelling, interpretation, robust dimension reduction, and the analysis

of general multi-factorial compositions. In turn, Fačevicová et al. (2025)

establishes a theoretical connection between the interaction part of a com-

positional table and correspondence analysis, thereby linking compositional

methodology with a widely used multivariate statistical technique.

Another research direction concerns the development of statistical method-

ology for vector compositional data with clear potential for future exten-

sion to multi-factorial compositions. This includes blind source separation

(Muehlmann et al. (2021), Bábek et al. (2022)) and cellwise robust covariance

estimation (Rieser et al. (2023)), both of which naturally motivate further

methodological developments in the multi-factorial setting. Finally, Fače-

vicová et al. (2026) introduces compositional data analysis to the field of

eye-tracking research. Besides demonstrating the advantages of CoDA for

analysing visual attention distributions, it establishes a new application area

in which many of the methods presented throughout this thesis can be further

57



developed and applied.

Despite the substantial methodological progress achieved in recent years,

the analysis of multi-factorial compositional data remains an active research

area with several open questions. One important topic concerns the treat-

ment of zeros, where the recent work of Tang et al. (2026) provides a promis-

ing starting point. Another natural direction is a deeper investigation of the

relationship between multi-factorial compositions and log-linear or multino-

mial regression models. For example, Fačevicová et al. (2026) points out the

close connection between log-linear mixed-effects models and the mean clr

interaction table, suggesting that these approaches deserve a more systematic

comparison. Further opportunities arise from methodological links with ten-

sor data analysis (Kolda and Bader, 2009), while additional extensions may

emerge through connections with fields such as ecological inference (Rosen

et al., 2001) or dependence measures based on distance correlation (Székely

et al., 2007). Together, these directions demonstrate that the methodology

of multi-factorial compositional data analysis is still far from complete and

continues to offer numerous opportunities for further theoretical development

as well as new interdisciplinary applications.
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956 K. Fačevicová et al.

1 Introduction

Consider a data set where the relative structure of parts is of interest. As an example,
the age structure of all employees in a given country are to be analyzed. In this case,
the ratios between the parts shall be considered for the analysis rather than the absolute
values, which are mainly influenced by the size of the country and by other external
factors. As it will be shown later, this situation has already been studied extensively
in the classical framework of compositional data analysis (Aitchison 1982, 1986).
However, when the data structure is determined according to more than one factor,
e.g. one can study the employment structure from the perspective of age and gender
of employees, the classical theory needs to be properly adjusted in order to cope with
these more complex structures. The first attempt towards this goal has been considered
by the proposal of compositional tables, two-factorial compositions (Fačevicová et al
2018). Nevertheless, also structures formed by three or even more factors are likely to
occur in practice. For instance, in addition to gender and age, one could be interested in
analyzing the employment structure according to full-time and part-time employment.
Therefore, the manuscript introduces a general framework of dealing with multi-
factorial compositional data, hereby extending the concepts and developments for
compositional tables.

The goal of compositional data analysis is to process data which carry relative
information. This resulted in a concise methodology with a wide range of possible
applications, see, e.g., Pawlowsky-Glahn et al (2015), Filzmoser et al (2018) and
references therein. A D-part composition is defined as a vector with positive compo-
nents (parts) x = (x1, . . . , xD)′, where the real information content is in the ratios
between these parts rather than directly in the measured absolute values. In other
words, compositional data describe quantitatively relative contributions of parts on a
whole. Consequently, compositional data are scale invariant and can be represented
without any loss of information as observations with a prescribed sum of the parts,
e.g. in proportions (sum 1) or percentages (sum 100). Accordingly, the sample space
of (representations of) compositional data is traditionally considered to be the D-part
simplex SD = {

x = (x1, x2, . . . , xD)′ | xi > 0,∀i,∑i xi = κ
}
. Note that the con-

stant κ > 0, representing the sum of the compositional parts, can be chosen arbitrarily,
and it reduces the dimensionality of the sample space to D − 1. Specific features of
compositional data, particularly the scale invariance property, are captured by the
Aitchison geometry (Pawlowsky-Glahn and Egozcue 2001; Billheimer et al 2015)
with Euclidean vector space properties. For compositions x, y ∈ SD and a real con-
stant α, these properties result from defining the operations perturbation, powering,
and the Aitchison inner product,

x ⊕ y = C(x1y1, . . . , xD yD)′, α � x = C
(
xα
1 , . . . , xα

D

)′
,

〈x, y〉A = 1

2D

D∑

i=1

D∑

j=1

ln
xi
x j

ln
yi
y j

,
(1)
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respectively, where C denotes closure and constitutes the equivalence classes of com-
positional data, which differ only by the sumof their parts κ . As a consequence, a direct
application of traditional multivariate statistical methods that rely on the Euclidean
geometry in the real space (Eaton 1983) is not appropriate. Even though it would be
possible to adapt them to the Aitchison geometry, it is more sensible to find a way how
to express compositional data isometrically in the (D−1)-dimensional real space and
proceed there, just by taking into account the specific interpretation of the new vari-
ables. In the compositional data analysis context this refers to isometric log-ratio (ilr)
coordinates (Egozcue et al 2003), which are orthonormal with respect to the Aitchison
geometry. The main idea is to find a system of D − 1 orthonormal basis vectors ei of
SD , where the new coordinates z = (z1, . . . , zD−1)

′ ∈ RD−1 are obtained as

zi = 〈x, ei 〉A, for i = 1, . . . , D − 1. (2)

Since there does not exist a canonical basis on SD , an option is to use such an ilr
coordinate system which has an advantageous interpretation under the given problem
setting. From thedefinition, any ilr coordinate is a log-contrast, i.e. a linear combination
ξ1 ln x1+· · ·+ξD ln xD with

∑D
i=1 ξi = 0. One popular approach for the construction

of orthonormal coordinateswas defined inEgozcue andPawlowsky-Glahn (2005). The
aim is to construct a sequence of binary partitions of groups of compositional parts in
order to obtain coordinates that are interpretable in terms of balances between these
groups of parts. Accordingly, sequential binary partitions (SBP) are based on a system-
atical splitting of the compositional vector into two non-overlapping subcompositions,
and the generating process ends after D−1 steps when each subcomposition is formed
by only one part. The i-th step of the partition produces one vector of log-contrast

coefficients ξ i = (ξi1, . . . , ξi D)′ with ri parts ξi+ =
√

si
ri (ri+si )

at the positions cor-

responding to parts from the first subcomposition formed by this step (denoted with

+), si parts ξi− = −
√

ri
si (ri+si )

at the positions related to parts from the second sub-

composition (denoted with −), and 0 elsewhere. The coefficients are closely linked
to basis vectors through the relation ei = exp(ξ i ), and the resulting coordinates can
be obtained from Eq. (2) or, without the need of enumeration of ei , directly as the
log-contrast

zi =
D∑

j=1

ξi j ln x j , for i = 1, . . . , D − 1, (3)

or

z = V ln(x), (4)

where the contrast matrix V of order (D − 1) × D has rows formed by ξ i . With this
notation it is possible to express the ilr coordinates (balances) by
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zi =
√

ri si
ri + si

ln
g(xi1, . . . , xiri )

g(xi ′1 , . . . , xi ′si
)
, for i = 1, . . . , D − 1, (5)

where g(.) stands for the geometric mean, and the values i1, . . . , iri and i ′1, . . . , i ′si
label the parts from the first (+) and the second (−) subcomposition, respectively.
Equation (5) reveals that SBP produces coordinates in form of log-ratios between
mean representations of two groups of parts, which has led to the name “‘balances”.
Particularly, in the case of vector compositional data, balances allow for a simple
and natural interpretation, and for this reason they are frequently used in applications
(Pawlowsky-Glahn et al 2015).

Although balances form a flexible class of orthonormal coordinates for vector com-
positional data, a further challenge is to develop a coordinate representation for the
case when the whole is distributed according to two or more factors. The case of
two-factorial compositional data (Egozcue et al 2008, 2015), referred to as compo-
sitional tables, has been intensively studied in Fačevicová et al (2014, 2016, 2018),
and a general coordinate representation has been derived, which enables to decompose
compositional tables into independent and interactive parts. Accordingly, the resulting
ilr coordinates have the form of balances between two groups of parts (independent
part) and log-odds ratios (interactive part), and they respect the dimensionality of the
decomposed parts.

More specifically, compositional tables refer to a settingwhere the relative structure
of the data is determined by two factors. Accordingly, not only the relations within
each factor, but also relations between them need to be analyzed. As an example
consider an employment structure in a given country, distributed according to the age
of the employees and their gender. Three types of questions arise: Is the proportion
of females among the employees comparable to the proportion of males? Does any
of the age groups outbalance? Does the age structure of the employees depend on
their gender? The first two questions focus exclusively on one factor, suppressing the
effect of the other one. The last question, on the other hand, links information from
both factors together. When the within-factor structure is analyzed, the effect of the
other factor can be suppressed by averaging across all its levels. This results in a
standard compositional vector, and balances are then a natural way of its coordinate
representation. Particularly, consider a table formed by two factors, a row factor with
I levels, and a column factor with J levels. The whole information about the relations
among the I levels of the row factor is preserved in I − 1 coordinates of the form

zri =
√

si ti J

si + ti
ln

[
g(xi1•) · · · g(xisi •)

]1/si

[
g(xi ′1•) · · · g(xi ′ti •)

]1/ti , for i = 1, 2, . . . , I − 1, (6)

where si and ti correspond to the respective step of the SBP performed on the levels
of the row factor. The indices (i1•, . . . , isi •) and (i ′1•, . . . , i ′ti •) specify the rows, and
g(·) is the geometric mean. Similarly, relations among the J levels of the column
factor are preserved in the J − 1 balances
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zcj =
√

u jv j I

u j + v j
ln

[
g(x• j1) · · · g(x• ju j )

]1/u j

[
g(x• j ′1) · · · g(x• j ′v j )

]1/v j
, for j = 1, 2, . . . , J − 1, (7)

constructed with respect to the SBP of the levels of the column factor, where the
indices (• j1, . . . , • ju j ) and (• j ′1, . . . , • j ′v j

) specify the included columns.
The relations between two factors are traditionally described by odds ratios (Agresti

2002). This concept can be adapted to compositional tables, because the last group
of coordinates has the form of log-odds ratios between four groups of parts. These
groups are uniquely defined by row and column SBPs and represented by geometrical
means of their parts. More specifically, these (I − 1)(J − 1) odds ratio coordinates
are given by

zORi j =
√

| Ai j || Di j |
| Ai j | + | Bi j | + | Ci j | + | Di j | ln

g(xAi j )g(xDi j )

g(xBi j )g(xCi j )
(8)

for i = 1, 2, . . . , I−1 and j = 1, 2, . . . , J−1,where Ai j , . . . , Di j are indices of parts
in each group defined by the i-th and j-th step of row and column SBP, respectively,
and | Ai j |, . . . , | Di j | are the numbers of parts within these groups. The construction
and interpretation of this coordinate system is discussed in detail in Fačevicová et al
(2018).

An important feature of compositional tables is the possibility of their orthogonal
decomposition. In the special situation when there exists no relationship between
row and column factors, all parts of the compositional table would be formed by the
product of row and column marginals. This leads to the so called independence table.
The orthogonal complement to the independence table is called interaction table.
Since the previously introduced coordinate system respects this decomposition, the
independence table is characterized by row and column balances, and the interaction
table by odds ratio coordinates, and it is possible to analyze each part separately.

Even though the structure of compositional tables is already well described in
the literature, a comprehensive approach for the analysis of multi-factorial relative-
valued data is still lacking. Thus, the framework of compositional tables is extended to
a general theory to work with k-factorial compositional data. Besides other findings, it
turns out that also the multi-factorial structures can be decomposed orthogonally into
an independent and several interactive parts and,moreover, a coordinate representation
allowing for their separate analysis is provided. Although all considerations in the next
section (Sect. 2) are presented just for the case of three-factorial compositional data
(called compositional cubes in the following), they can be easily generalized to the
case of more than three factors.

The construction and interpretation of the proposed coordinate system is explained
on an illustrative example in Sects. 2.1 and 3, which also introduces the function
implemented in the R package robCompositions (Templ et al 2011). The coor-
dinates are used for the analysis of the employment structure of the European OECD
countries, and a graphical comparison of the countries as well as a spatial cluster-
ing are provided. Moreover, the main sources of differences between the clusters are
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investigated by robust principal component analysis. Based on an example of Austrian
mobility data, a strategy for the analysis of multi-factorial time series is presented in
Sect. 4. The final Sect. 5 concludes.

2 Compositional cubes

In this section we simplify the main findings derived in Fačevicová et al (2018) for
the two-factorial situation, and consequently generalize them to the multi-factorial
case. Consider a relative structure formed according to three factors with I , J and K
levels, respectively. Such a situation can be represented with a compositional cube and
written in the form

x =
⎛

⎜
⎝

x111 · · · x1J1 x11K · · · x1J K
...

. . .
... · · · ...

. . .
...

xI11 · · · xI J1 xI1K · · · xI J K

⎞

⎟
⎠ , (9)

where xi jk > 0,∀i, j, k. The vertical lines separate the levels of the third factor, called
slices in the following. Since compositional cubes form a special case of the concept of
(I · J · K )-part vector compositional data, all basic definitions can be accommodated
for this case.

The sample space of compositional cubes is a subset of the (I · J · K )-part simplex

S I J K =
⎧
⎨

⎩
x = (x111, . . . , xI J K )′ | xi jk > 0, ∀i, j, k;

I ,J ,K∑

i, j,k=1

xi jk = κ

⎫
⎬

⎭
, (10)

which includes only those (I · J · K )-part compositions, which can be recorded into
the form of a three-factorial structure with I rows, J columns and K slices. The basic
operations of the Aitchison geometry (as given in Pawlowsky-Glahn and Egozcue
2001) modify to

x ⊕ y = C(xi jk · yi jk)I ,J ,K
i, j,k=1 and α � x = C(xα

i jk)
I ,J ,K
i, j,k=1, (11)

and they result again in a compositional cube. The Euclidean vector space structure
of the Aitchison geometry is completed by defining the Aitchison inner product for
cubes

〈x, y〉A = 1

2I J K

∑

i, j,k

∑

i ′, j ′,k′
ln

xi jk
xi ′ j ′k′

ln
yi jk
yi ′ j ′k′

. (12)
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2.1 Example: employment structure

The proposed approach will be illustrated with an example where the analysis of the
employment structure in several countries is of interest. For this purpose, data from 32
European members of OECD were collected at http://stats.oecd.org. For each country
in the sample, an estimated number of employees in the year 2015 was available.
The data were structured according to gender and age of the employees and the type
of their contract. More specifically, we distinguish males (M) and females (F), young
(category 15–24),middle-aged (25–54) and older (55 +) employees, and full-time (FT)
and part-time (PT) contracts. The data at hand thus form a sample of 32 cubes with two
rows (gender), two columns (type of contract) and three slices (age), which allow for
a deeper analysis of the overall employment structure, not just from the perspective
of each factor separately, but also from the perspective of the relations/interactions
between them. Besides the global aspects of the employment, the analysis aims also at
revealing the national specifics of the countries contained in the sample. An example
of one cube from Czech Republic is displayed in Table 1, and a graphical overview of
the cubes is depicted in Fig. 1.

Obviously, the counts in the cells of the cubes depend on the population size of
the country. When the analysis of structural patterns of the employment in several
countries is of interest, the compositional approach appears as appropriate, because
the population size is not relevant in this approach.

2.2 Decomposition of compositional cubes

Egozcue et al (2008) proposed a decomposition of a compositional table into an
independent and an interactive part (still a compositional table), which are mutually
orthogonal; their perturbation again leads to the original compositional table. The
independent part mimics the independence of the factors. As in the standard case of
contingency tables, an assumption of independence means that the whole informa-
tion about the relative structure of both factors is preserved in the row and column
marginals, and each entry of the table can be obtained as their product. In the compo-
sitional case, the only difference is that the arithmetic marginals are replaced by the
geometric ones. When the factors are not independent, and the compositional table
does not equal to the independence one, another table needs to be introduced. The
interaction table, simply defined as a residual resulting from the difference between
the original and the independence tables in the sense of perturbation, preserves the
whole information about the relations between the factors and becomes mainly impor-
tant when these relations are analyzed. A similar idea can be utilized also in the case
of compositional cubes, but due to the presence of pairwise and whole interactions, it
is possible to further decompose the interactive part of the cube into additional four
cubes, each preserving information about another source of association between the
factors.

Similar to the case of compositional tables, also parts of the independence composi-
tional cube are formed by the product of row, column and slice (geometric) marginals
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Table 1 Example of one cube from the sample analyzed in Sections 2.1 and 3: employment structure in the
Czech Republic in 2015 (in thousands of employees)

Gender 15–24 25–54 55+
FT PT FT PT FT PT

Female 104.756 17.128 1618.415 90.505 317.031 56.355

Male 169.851 11.165 2127.849 22.759 467.212 38.208

Fig. 1 Graphical representation
of the cube structure used in
Sects. 2.1 and 3. The rows
represent the gender of the
employees, the columns the type
of contract (FT: full-time, PT:
part-time), and the slices
separate different age groups

x indi jk = g(xi••)g(x• j•)g(x••k), (13)

where dots in the index indicate an aggregation over the respective factors. For exam-
ple, the notation g(xi••) stands for the geometric mean of all parts in the i-th row of the
cube, i.e. (

∏J
j=1

∏K
k=1 xi jk)

1/J K . In case of perfect independence of all three factors,
the original cube would be equal to the independence one. Otherwise, all associations
between the factors are preserved in the interactive part

xint = x 	 xind. (14)

As mentioned above, the interactive part can be further decomposed. First, the
relations between row and column factors are analyzed. Aggregation over values of
the slice factor eliminates its impact and reduces the three-dimensional structure to
a system of K similar compositional tables, forming K slices of a cube. According
to Egozcue et al (2008), the interactive part of a table is extracted by a division of
its parts by the respective geometric marginals. These considerations result in the
compositional cube intrc(x) with cells

intrc(x)i jk = g(xi j•)
g(xi••)g(x• j•)

. (15)

From (15) it follows that the intrc(x) is actually formed by K equal slices (com-
positional tables). Moreover, the row and column geometric marginals (that means
compositional tables resulting from an aggregation of cube cells by geometric means
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across the respective direction) are uniform, which underlines the favorable structure
of the proposed decomposition. The system of marginals is completed in the direction
of slices, whose respective marginal table corresponds to (15). In order to extract the
pure interaction between row and slice factor, the effect of the column factor needs
to be filtered out using the geometric mean, and similarly as intrc(x), the row-slice
interaction cube intrs(x) has parts

intrs(x)i jk = g(xi•k)
g(xi••)g(x••k)

. (16)

Similar to the case of intrc(x), also this cube has uniform marginals. This property
holds for the row and slice directions and the marginal table computed across the
columns equal to (16). Finally, interactions between column and slice factors are
contained in the cube intcs(x) with cells

intcs(x)i jk = g(x• jk)
g(x• j•)g(x••k)

. (17)

Since this cube is formed by I identical rows, also row marginals equal to a table with
parts (17), however the column and slice marginals are again uniform, i.e., they are
composedby the samepositive elements.All pairwise interaction cubes are orthogonal,
but since there was always one factor omitted from the consideration, the information
about the interactive part of the original cube is still not complete. The structure of a
compositional cube is completed by considering mutual interactions between all three
factors. This corresponds to the cube

intrcs(x) = xint 	 intrc(x) 	 intrs(x) 	 intcs(x) (18)

with parts

intrcs(x)i jk = xi jkg(xi••)g(x• j•)g(x••k)
g(xi j•)g(x• jk)g(xi•k)

. (19)

Also this cube has an advantageous structure from the perspective of the marginal
tables, which are in this case uniform in all three directions. Note here that a similar
property holds also for the interactive part of a compositional table, where row and
column marginals are from their construction uniform. Such a decomposition of the
multi-factorial data can be very useful for an in-depth analysis of the data structure, as
demonstrated in Fačevicová et al (2016, 2018); Fačevicová et al (2021) for composi-
tional tables. For instance, in the example from Sect. 2.1, the cube intrc(x) preserves
interactions between the gender of employees and the type of their contract. The infor-
mation on relations between these two factors is then completed by intrcs(x), which
involves also the effect of age, which was suppressed in intrc(x). Moreover, from the
decomposition it follows that for those interactions, for which the respective cubes
in the interaction part are constructed, the respective marginals are uniform, i.e., the
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information is fully captured by these cubes and does not propagate further. Conse-
quently, vector (one-factorial) geometric marginals occur in the decomposition indeed
only in the independent part, as expected, and more-dimensional nontrivial marginals
(here in form of compositional tables) are left for bifactorial interaction cubes.

On the other hand, if each part of the decomposition is considered separately, two
challenges need to be taken into account. At first, the dimensionality of the original
cube sample space is decomposed aswell.More specifically, the overall dimensionality
I J K − 1 turns to I + J + K − 3 for the independence cube xind, (I − 1)(J − 1)
for cube intrc(x) (and similarly for the remaining cubes related to paired interactions)
and, finally, the dimensionality of the sample space of cube intrcs(x) is (I − 1)(J −
1)(K − 1). The altered dimensionality, corresponding to each of the cubes from the
decomposition, can cause computational problems when an arbitrary ilr coordinate
system (primarily designed for vector compositional data) is used for the representation
of independence and interaction cubes. For example, this can be the case for robust
statistical analysis (de Sousa et al 2021), but also in general it is desirable to assign
to each of the cubes from the decomposition such a number of coordinates (out of
the total number I J K − 1 of them) that reflects their respective dimensionality. The
second problem concerns the interpretation of the results. Even though it is usually
possible to convert the results back to the simplex, it is convenient to proceed with
the analysis in some well-interpretable coordinates. Obviously, balances, defined as a
log-ratio between two groups of parts, are not able to capture the multi-factorial nature
of the compositional cubes. Although they can help to describe the relative structure
of each factor separately, for a description of interactions we need to construct some
alternative coordinate system. The construction of such orthonormal coordinates is
presented in the following section.

2.3 Coordinate representation of compositional cubes

In this section we will focus on a possible coordinate representation of three-factorial
compositional data, compositional cubes, which simplifies substantially the construc-
tion of ilr coordinates for compositional tables proposed in Fačevicová et al (2018).
A deeper understanding of the structure of this coordinate representation allows its
generalization and application to compositional data describing relationships given by
more than three factors. In order to keep the construction as simple as possible, we
consider a vectorized version of the cube

vec(x) = (x111, x112, . . . , x1J K , x211, . . . , x2J K , . . . , xI11, . . . , xI J K )′ . (20)

As it was already suggested, balances can help to describe the relative structure
within each factor. For this purpose, the whole rows, columns and slices (each rep-
resented by the geometric mean across all levels of the remaining factors) should be
taken. After I − 1 steps of the sequential binary partition applied on the levels of the
row factor (SBPr), a system of I − 1 vectors ξ ri (of length I J K ) is obtained. The i-th

generating vector has entries ξ ri+ =
√

ti
si (si+ti )J K

at positions corresponding to parts

from the si rows of the cube x, which were in the respective step assigned to the +
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group, and ξ ri− = −
√

si
ti (si+ti )J K

at positions corresponding to parts from the ti rows

assigned to the − group, and zero elsewhere. The first group of coordinates is thus
simply formed by row balances, which characterize the structure of the row factor
when the influence of the other factors is suppressed,

zri =
√
si ti J K

si + ti
ln

[
g(xi1••) · · · g(xisi ••)

]1/si

[
g(xi ′1••) · · · g(xi ′ti ••)

]1/ti , for i = 1, 2, . . . , I − 1. (21)

An example can be seen in Sect. 3.1, where this first set of coordinates results in
balance between male and female employees, regardless of their age or type of the
contract. A similar construction can be made for column and slice factors. In the first
case, a sequential binary partition of the whole columns (SBPc) results in a system

of J − 1 vectors ξ cj with entries ξ cj+ =
√

v j
u j (u j+v j )I K

, ξ cj− = −
√

u j
v j (u j+v j )I K

and 0,

always corresponding to parts of u j columns from the + group, v j columns from the
− group, and columns not included to the respective step of SBPc. The inner structure
of the column factor is preserved through column balances

zcj =
√
u jv j I K

u j + v j
ln

[
g(x• j1•) · · · g(x• ju j •)

]1/u j

[
g(x• j ′1•) · · · g(x• j ′v j •)

]1/v j
, for j = 1, 2, . . . , J − 1, (22)

which form the second group in the coordinate system representing the whole com-
positional cube x as well as its independent part xind. The third group describes the
structure of the slice factor. A sequential binary partition of the whole slices (SBPs)

nowdetermines the final system of K−1 vectors ξ sk with entries ξ sk+ =
√

nk
mk (mk+nk )I J

,

ξ sk− = −
√

mk
nk (mk+nk )I J

and 0, corresponding tomk slices from group+, nk slices from

group −, and the remaining slices not included in the k-th step, respectively; the slice
balances are

zsk =
√
mknk I J

mk + nk
ln

[
g(x••k1) · · · g(x••kmk

)
]1/mk

[
g(x••k′

1
) · · · g(x••k′

nk
)
]1/nk , for k = 1, 2, . . . , K − 1. (23)

Note here that the row, column and slice balances form a complete coordinate
representation of xind, since their number equals the dimensionality of the indepen-
dence table. All the remaining (I − 1)(J − 1)(K − 1) coordinates, completing the
orthonormal coordinate system of xind (e.g. those given by Eqs. (24)–(27)), are zero.

When row, column and slice SBPs are defined, we can immediately construct the
remaining elements of the coordinate system of the cube x, which also correspond to
coordinates of xint. For this purpose the normalized Hadamard (entry wise) product
(◦) of the vectors ξ ri , ξ cj and ξ sk and Eq. (3) is used. The vectors ξ rci j = ξ ri ◦ ξ cj ,
i = 1, . . . , I − 1, j = 1, . . . , J − 1 determine (I − 1)(J − 1) coordinates of type
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zrci j =
√

| Ai j || Di j |
| Ai j | + | Bi j | + | Ci j | + | Di j | ln

g(xAi j )g(xDi j )

g(xBi j )g(xCi j )
, (24)

for i = 1, 2, . . . , I−1 and j = 1, 2, . . . , J−1, capturing the interactions between row
and column factors, which through the geometric mean suppress the influence of the
slice factor. Obviously, these coordinates are formed by four groups of parts (denoted
as A, B,C, D and represented by their respective geometric means), and they can be
interpreted in terms of a log-odds ratio, which is also used in a standard statistical
analysis of two-factorial data (Agresti 2002). This system of coordinates, composed
into the (I J K − 1)-component vector zrc with zrci j on the positions (I − 1)(J − 1)
corresponding to intrc(x) and zeros elsewhere, thus allows for the analysis of the
relations exclusively between row and column factors.

The Hadamard product ξ rsik of ξ ri and ξ sk , i = 1, . . . , I −1, k = 1, . . . , K −1, leads
to coordinates

zrsik =
√

| A′
ik || D′

ik |
| A′

ik | + | B ′
ik | + | C ′

ik | + | D′
ik | ln

g(xA′
ik
)g(xD′

ik
)

g(xB′
ik
)g(xC ′

ik
)
, (25)

for i = 1, 2, . . . , I −1 and k = 1, 2, . . . , K −1, which capture the information about
the relations between row and slice factors, when the influence of the column factor
is suppressed. Similar to the case of zrc, also coordinates contained in the respective
vector zrs can be interpreted in terms of a log-odds ratio and are utilized, when the
relationship between row and slice factors is of primary interest.

Finally, the Hadamard products of ξ cj and ξ sk , j = 1, . . . , J − 1, k = 1, . . . , K − 1
lead to vectors ξ csjk and coordinates

zcsjk =
√√√√ | A′′

jk || D′′
jk |

| A′′
jk | + | B ′′

jk | + | C ′′
jk | + | D′′

jk | ln
g(xA′′

jk
)g(xD′′

jk
)

g(xB′′
jk
)g(xC ′′

jk
)
, (26)

for j = 1, 2, . . . , J − 1 and k = 1, 2, . . . , K − 1. The system of these coordinates
zcs completes the odds ratio-type coordinates with those concerning relations between
column and slice factors.

To complete the original data structure, also full interactions between all three
factors need to be contained in the coordinate system. The remaining (I − 1)(J −
1)(K − 1) coordinates are determined by the Hadamard product of all three types of
vectors, ξ ri , ξ

c
j and ξ sk , i = 1, . . . , I − 1, j = 1, . . . , J − 1, k = 1, . . . , K − 1, and

have the general form

zrcsi jk = Qi jk ln
g(xA′′′

i jk
)g(xD′′′

i jk
)g(xF ′′′

i jk
)g(xG ′′′

i jk
)

g(xB′′′
i jk

)g(xC ′′′
i jk

)g(xE ′′′
i jk

)g(xH ′′′
i jk

)
, (27)
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for i = 1, 2, . . . , I − 1, j = 1, 2, . . . , J − 1, and k = 1, 2, . . . , K − 1, where

Qi jk =
√√√√

| A′′′
i jk || H ′′′

i jk |
| A′′′

i jk | + | B′′′
i jk | + | C ′′′

i jk | + | D′′′
i jk | + | E ′′′

i jk | + | F ′′′
i jk | + | G′′′

i jk | + | H ′′′
i jk | , (28)

is a constant ensuring orthonormality of the coordinates. Even though the interpreta-
tion of this last group of coordinates may be a bit tricky (one possible interpretation
is in terms of a log-ratio of two odds ratios), their definition is necessary to complete
the system of I J K − 1 orthonormal coordinates of the original table x. Moreover,
when a sample of compositional cubes is available, these coordinates can be used for
instance to test for the presence of full interactions.

For an easier understanding of the coordinate structure, especially the assignment
of parts into groups, Fig. 2 provides a graphical representation of each type of pro-
posed coordinates. Moreover, the specific system of generating vectors, respective
coordinates, and their interpretation is given in Sect. 3.1.

Besides the benefits of the proposed coordinate system in terms of interpretation, it
is important to point out that the coordinates reflect the dimensionality of the sample
space of the decomposed parts to which they are assigned, and thus allow to ana-
lyze these parts separately. Of course, each decomposed part is still a cube of the
same dimension as the original one (with I rows, J columns and K slices) and its
coordinate representation must contain I J K − 1 components, but the structure of
the vector of coordinates follows the one introduced for zrc of the interaction cube
intrc(x). More specifically, e.g. the cube intrc(x) is represented in the proposed sys-
tem with coordinates zrci j and the remaining coordinates defined in this section equal
zero. Accordingly, with respect to the decomposition described in Sect. 2.2, for the
coordinate representation z of the original compositional cube the following relation
holds,

z = zr + zc + zs + zrc + zrs + zcs + zrcs. (29)

Even though the interpretation of the coordinate system is determined by the initial
SBPs, any other relationship within the compositional cube is reachable through a
transformation matrix T, whose rows are formed by coefficients of the respective log-
arithmized parts of vec(x) in the desirable log-ratios. According to (4), the vectorized
form of a compositional cube vec(x) is equal (after closure) to exp(V′z). Therefore, a
system of log-contrasts representing a given compositional cube equals

z∗ = TV′z. (30)

An example of such a transformation for the coordinates constructed in Sect. 3 is
provided in Appendix.

2.4 General properties of multi-factorial compositional data

The findings from Sects. 2.2 and 2.3 can be directly extended to a general k-factorial
case. k-factorial compositional data are formed by a k-dimensional array of positive

123
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Fig. 2 Graphical representation of groups of parts involved in each type of coordinates forming the whole
coordinate system designed for compositional cubes

entries, representing a relative structure given by the levels of k constituting factors.
Also such a complex structure contains its independent and interactive parts, where
the independent part is equal to the product of (vector) geometrical marginals. The
sources of interactions are given by the relations between pairs, triplets, quaternions,
etc. of constituting factors, and therefore the interactive part can be further orthogonally
decomposed to objects carrying information about each of these sources. The main
principle is based on aggregation over the redundant dimensions and expression of
interactionswithin the resultant object. In the case of compositional cubeswehave seen
that pairwise interactions actually correspond to the interactive part of a compositional
table formed by geometric means computed across the levels of the third factor, see
e.g. Eq. (15). Similarly, in the case of a four-factorial compositional object, all sources
of interactions between a selected triplet of factors can be reached by a decomposition
of a cube given by an aggregation over the remaining fourth dimension.When we vary
over the fourth dimension, all pairwise and three-way interactions are extracted and,
finally, by subtraction of all these parts together with the independent one, the object
preserving the full interactions is reached (similar as in the Eq. (18)).
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Section 2.3 shows that the whole coordinate representation of a compositional cube
is determined by three systems of SBPs, separately given for the levels of row, col-
umn and slice factors. Similarly, also k-factorial compositions can be represented in
orthonormal coordinates. Balances between levels of the individual factors charac-
terize the independent part of the object. Log-contrasts obtained from the Hadamard
product of pairs, triplets, etc. of SBP basis vectors ξ and Eq. (3) then represent the
respective sources of interactions.

3 Example: employment structure—continuation

Let us go back to the employment structure data set introduced in Sect. 2.1. According
to the proposed methodology, each cube from the sample can be represented by a
system of coordinates (Sects. 3.1 and 3.2), which allows for a deeper analysis of the
structural patterns (Sect. 3.3).

3.1 Coordinate representation

Following Section 2, the row, column and slice SBPs need to be determined prior to
the construction of coordinates. For the factors “type of contract” and “gender”, only
their two levels need to be separated. Consequently, the first two generating vectors
are

ξ r1 =
√

1

12
(1, 1, 1, 1, 1, 1,−1,−1,−1,−1,−1,−1)′

and

ξ c1 =
√

1

12
(1, 1, 1,−1,−1,−1, 1, 1, 1,−1,−1,−1)′,

where the components of these vectors correspond to the cells of the vectorized form
of the cube,

vec(x) = (x111, x112, x113, x121, x122, x123, x211, x212, x213, x221, x222, x223)
′.

There are more options for the slice SBP, where the analyst can decide which age
group has to be separated first. Here, the youngest group was firstly separated from
the remaining two groups and, in the next step, the middle-aged group (25–54 years)
from the oldest. The other options, starting with the separation of the middle-aged
or the oldest group, respectively, would lead to similar results (in terms of presence
of interaction between factors), but they would slightly alter the interpretation. In the
presented case, the generating vectors are

ξ s1 =
√
1

6
(1,−0.5,−0.5, 1,−0.5,−0.5, 1,−0.5,−0.5, 1,−0.5,−0.5)′
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and

ξ s2 =
√
1

8
(0, 1,−1, 0, 1,−1, 0, 1,−1, 0, 1,−1)′.

Following the construction from Sect. 2, the Hadamard product of the above derived
generating vectors leads (after their normalization) to the remaining system of vectors.
Particularly,

ξ rc11 =
√

1

12
(1, 1, 1,−1,−1,−1,−1,−1,−1, 1, 1, 1)′ ∝ ξ r1 ◦ ξ c1,

ξ rs11 =
√
1

6
(1,−0.5,−0.5, 1,−0.5,−0.5,−1, 0.5, 0.5,−1, 0.5, 0.5)′ ∝ ξ r1 ◦ ξ s1,

ξ rs12 =
√
1

8
(0, 1,−1, 0, 1,−1, 0,−1, 1, 0,−1, 1)′ ∝ ξ r1 ◦ ξ s2,

ξ cs11 =
√
1

6
(1,−0.5,−0.5,−1, 0.5, 0.5, 1,−0.5,−0.5,−1, 0.5, 0.5)′ ∝ ξ c1 ◦ ξ s1,

ξ cs12 =
√
1

8
(0, 1,−1, 0,−1, 1, 0, 1,−1, 0,−1, 1)′ ∝ ξ c1 ◦ ξ s2,

ξ rcs111 =
√
1

6
(1,−0.5,−0.5,−1, 0.5, 0.5,−1, 0.5, 0.5, 1,−0.5,−0.5)′ ∝ ξ r1 ◦ ξ c1 ◦ ξ s1,

ξ rcs112 =
√
1

8
(0, 1,−1, 0,−1, 1, 0,−1, 1, 0, 1,−1)′ ∝ ξ r1 ◦ ξ c1 ◦ ξ s2. (31)

Finally, according to Eq. (3), these vectors lead to a system of 11 orthonormal
coordinates:

zr1 = √
3 ln g(x1••)

g(x2••) zrs11 =
√

2
3 ln

g(x1•1)
√
g(x2•2)g(x2•3)

g(x2•1)
√
g(x1•2)g(x1•3)

zc1 = √
3 ln g(x•1•)

g(x•2•) zrs12 =
√

1
2 ln

g(x1•2)g(x2•3)
g(x2•2)g(x1•3)

zs1 =
√

8
3 ln

g(x••1)√
g(x••2)g(x••3)

zcs11 =
√

2
3 ln

g(x•11)
√
g(x•22)g(x•23)

g(x•21)
√
g(x•12)g(x•13)

zs2 = √
2 ln g(x••2)

g(x••3) zcs12 =
√

1
2 ln

g(x•12)g(x•23)
g(x•13)g(x•22)

zrc11 =
√

3
4 ln

g(x11•)g(x22•)
g(x12•)g(x21•) zrcs111 =

√
1
6 ln

x111x221
√
x122x123

√
x212x213

x211x121
√
x112x113

√
x222x223

zrcs112 =
√

1
8 ln

x112x222x123x213
x122x212x113x223

A graphical representation of these coordinates is provided in Fig. 3.

3.2 Interpretation

The interpretation of the coordinates can be discussed on the example of the data
from the Czech Republic, see Table 1. The set of row, column and slice balances (as
a subvector of z) corresponds to
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Fig. 3 Graphical representation of the groups of parts involved in particular coordinates. Yellow parts
constitute the numerator, green the denominator and white parts are not included in the respective log-ratio.
(Color figure online)

(
zr1, z

c
1, z

s
1, z

s
2

)′ = (0.304, 4.672,−2.487, 1.097)′.

These numbers are interpretable, as usual for balances, in terms of a dominance of
either the group of cells in the numerator (positive value) or denominator (negative
value) of the respective log-ratio. Accordingly, in the Czech Republic the proportion of
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female employees slightly dominates over the proportion of males (zr1), and full-time
contracts clearly dominate over part-time contracts (zc1). The slice balances contain
information about the age structure of the employees. Due to the high negative value
of coordinate zs1 it can be concluded that the youngest employees are outbalanced by
those from themiddle age and older groups; within these latter groups, employees aged
between 25 and 54 years prevail (coordinate zs2). More specifically, the ratio between
female and male employees is 1.19 (without the normalizing constant and logarithm),
full-time contracts prevail the part-time almost by a factor of fifteen, the group of 25
+ employees is about 4.6 times bigger than the group of youngest ones and, finally,
there are about twice more employees aged between 25 and 54 than the oldest ones
(55 +). Another possible interpretation is in terms of an average log-ratio between
the given groups of employees across all combinations of the remaining factors. E.g.,
if the coordinate zs1 is divided by its normalizing constant

√
3, it turns out that the

average log-ratio between female and male employees across all combinations of age
groups and types of contract is 0.176. An important source of information are odds
ratio coordinates, which for the Czech Republic result in

(
zrc11, z

rs
11, z

rs
12, z

cs
11, z

cs
12

)′ = (−0.965,−0.249, 0.391,−0.528, 1.128)′.

Coordinate zrc11 compares the type of contract of male and female employees, and the
negative value indicates that the proportion of males with full-time contract, com-
pared to those employed on part-time, is higher than the same proportion of females
or, alternatively, that the proportion of females is higher within employees with a
part-time contract than within those with a full-time contract. The raw odds ratio
between these four groups (formed by the geometric mean across all age groups)
equals 0.33 (exp(−0.965

√
4/3)) and the mean log-odds ratio across the age groups is

−1.12 (−0.965
√
4/3). Coordinates zrs11 and z

rs
12 compare the age structure of male and

female employees and complete the information carried by the balances zr1, z
s
1, z

s
2.

The coordinate zs1 reveals that the youngest group (15–24) is dominated by older
employees—the coordinate zrs11 adds that this dominance tends to be slightly higher
for male employees. On the other hand, the value of the coordinate zrs12 indicates that
the dominance of the age group 25–54 over 55 + tends to be higher for females. Also
the coordinates zcs11 and z

cs
12 can be interpreted in the sense of odds ratios, by comparing

the proportion between full- and part-time contracts in several age groups. The last
group of coordinates is formed by zrcs111 and zrcs112, for the Czech Republic with val-
ues 0.124 and −0.310, respectively. These coordinates inform about mutual relations
between all three factors and their interpretation becomes a bit tricky. Despite of this
complexity (comparable to the complexity of double interaction terms in regression
models), the interpretation in the sense of a double odds ratio is still possible. For
instance, it was already derived that females are employed more often part-time than
males; due to a positive value of zrcs111 it can be concluded that this relation differs
according to the age of employees, specifically it becomes less visible in the youngest
group. The proposed system of orthonormal coordinates is appropriate for the further
statistical analysis of the relations within each cube. For a more detailed interpreta-
tion, the function cubeCoordWrapper of the R package robCompositions
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Fig. 4 Boxplots of the coordinates describing the employment structure

Table 2 List of sample means, standard deviations, and 95% bootstrap confidence intervals for the mean
of the coordinates describing the employment structure

Mean SD CI Mean SD CI

zr1 0.171 0.322 (0.064, 0.271) zrs11 −0.182 0.164 (− 0.235, − 0.124)

zc1 3.246 1.289 (2.849, 3.697) zrs12 0.230 0.217 (0.158, 0.307)

zs1 − 2.102 0.638 (− 2.323, − 1.903) zcs11 − 0.591 0.490 (− 0.752, − 0.426)

zs2 1.666 0.411 (1.538, 1.809) zcs12 0.631 0.286 (0.537, 0.724)

zrc11 − 0.812 0.333 (− 0.919, − 0.701) zrcs111 0.179 0.222 (0.108, 0.255)

zrcs112 − 0.134 0.135 (− 0.182, − 0.087)

also allows to compute all coordinates without the normalizing constant and therefore
to easier quantify the respective relations.

3.3 Statistical analysis

Since a sample of 32 compositional cubes is available, this sample can be investigated
in the light of the relative structure. Due to the geographical and economical proximity
of some countries, the assumption of independence of the observations seems not to
be sufficiently met in this case, and even though the proposed coordinate system is
in general designed to allow for any statistical processing, this prevents from using
standard inference here. First of all, the behavior of the coordinates in the sample can
be described using boxplots, see Fig. 4, and 95% bootstrap confidence intervals for
the means (both computed by cubeCoordWrapper), which are collected together
with the sample mean values and standard deviations in Table 2.

The scale of the different coordinates presented as boxplots in Fig. 4 is comparable
since it always refers to the log-ratios of the employment data. It is obvious that the
countries in the sample differ mainly in the coordinate zc1, comparing the proportional-
ity of full-time and part-time contracts. Larger differences are also visible in coordinate
zs1, where negative values for all countries are obtained, and thus employees older than
25 years dominate. According to the bootstrap confidence intervals shown in Table 2,
the effects of the different factors and factor combinations represented by the coor-
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Fig. 5 Values of the coordinate zc1 representing the log-ratio between full-time and part-time contracts (left)
and the coordinate zs1, which represents the log-ratio between the youngest group of employees and the rest
(right)

dinates are all significant. Thus, not only the previously mentioned simple balances
between the factor levels but also interactions between factors strongly influence the
overall employment structure.

Besides these general statements, the coordinate representation also allows for a
graphical visualization of the regional patterns. For example, the values of the most
variable coordinates zc1 and zs1 are shown in Fig. 5. From the left map it is clearly
visible that high values of coordinate zc1, and therefore a big dominance of the full-
time contracts, are typical for countries which used to be under the influence of the
former Soviet Union. On the other hand, the highest negative values of the coordinate
zs1, and therefore the biggest prevalence of the older group of employees (25 +), are
typical for the southern countries like Italy, Greece or Spain.

Even though the simple balances zc1 and z
s
1 already carry an important piece of infor-

mation about the employment structure, they suppress the influence of the remaining
factors, as described in Sect. 2.3. The possible deviations from the independence
between factors are preserved in the coordinates zrc11—zrcs112, and the main sources of
variability in this regard can be found e.g. by using principal component analysis
(PCA) applied on this set of coordinates. Moreover, since the proposed coordinate
system respects the dimensionality of the interactive part of the cube, also a robust
version of PCA, based on the minimum covariance determinant (MCD) estimates of
location and covariance, can be used. This idea was intensively described for the case
of compositional tables in de Sousa et al (2021). Note that even though the data can
suffer from the presence of a spatial dependence, here classical PCAwas used to reveal
the main sources of variability. The geographical aspect will be of interest in the later
part of the analysis, which is devoted to clustering. The biplot based on the first two
robust principal components is shown in Fig. 6. According to this result, we can say
that the main sources of differences between the countries in the sample, in terms of
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Fig. 6 Biplot of the first two
principal components resulting
from the robust PCA, performed
on the coordinates of the
interactive part of the
compositional cube

−0.3 −0.2 −0.1 0.0 0.1 0.2 0.3

−
0.

3
−

0.
2

−
0.

1
0.

0
0.

1
0.

2
0.

3

Robust PCA, interactive part

PC 1 (58.7 %)

P
C

 2
 (

23
.9

 %
)

AUT BEL

BGR

CYP

CZE

DEU
DNK

ESP

EST
FIN

FRA

GBR

GRC

HRV
HUN

IRL
ITA

LTU

LUX

LVA
MKD

MLT

NLD

NOR

POL

PRT

ROU

RUS

SVK

SVN
SWE

TUR

−4 −2 0 2 4

−
4

−
2

0
2

4

z11^rc

z11^rs

z12^rs

z11^cs
z12^cs

z111^rcs

z112^rcs

deviations from independence, are the coordinates zrc11 and zcs11. The left map in Fig.
7 visualizes the values of the coordinate zrc11. This coordinate is negative for every
country in the sample, and therefore the FT/PT ratio is always higher within male
employees compared to females. The biggest differences appear in the Netherlands,
Belgium, Germany, Austria and Italy; this can be caused e.g. by the popularity of
part-time contracts for female employees. On the contrary, in the countries from the
eastern part of Europe, where part-time contracts are not very popular in general (see
Fig. 5), the difference is less visible. The right map in Fig. 7 shows values of coordinate
zcs11. Also this coordinate is mostly negative, the FT/PT ratio is therefore higher for
the older group of employees (25 +). Or, conversely, we can say, that the part-time
contracts are mostly popular in the age group 15–24. This difference is mostly visible
for Denmark and the Scandinavian countries, followed by the Netherlands, Spain and
Slovenia. In the remaining countries, the effect of age on the FT/PT ratio is rather
negligible.

Robust PCA generates some clusters of countries with similar characteristics in
terms of deviations from the independence of the factors. For example, Finland, Swe-
den, Norway andDenmark have high values on the first component, Romania, Croatia,
Bulgaria and Macedonia have high values on the second principal component. A nat-
ural question is, whether it is possible to obtain geographically compact clusters of
countries with similar employment structure and what are the main features defin-
ing these clusters. For this purpose, a clustering method based on two dissimilarity
matrices was used Chavent et al (2018). In this method, the first matrix measures the
dissimilarity between the numerical variables, in our case the coordinates zrc11–z

rcs
112,

and the second provides information about neighboring countries. The result is shown
in Fig. 8. The first cluster is formed by the Scandinavian countries and Slovenia, with
high negative values for zcs11 and very low, (almost zero) values for coordinate zrcs111.
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Fig. 7 Values of the coordinate zrc11, comparing the FT/PT ratio between female and male employees (left),
and the coordinate zcs11, which compares the same ratio but between the youngest group of employees and
the rest (right)

This shows that these countries are characterized by a high popularity of part-time
contracts within the youngest group of employees (see the right map on the Fig. 7 for
comparison), which moreover holds despite their gender. The second cluster includes
countries fromWestern and Southern Europe, such as Austria, Germany, France, Italy
and Spain, with high popularity of part-time contracts for female employees. This
property is represented with high negative values of coordinate zrc11 and is clearly
visible in Fig. 7. Finally, the Baltic countries and Russia form another compact clus-
ter. They are characterized by a low difference in the ratio between female and male
employees within the middle age (25–54) and the oldest (55 +) group (zrs12 close to
zero) and also by a small difference in the same ratiowithin the employees for full-time
and part-time contracts (zrc11 close to zero).

4 Example: mobility data

In the second example, the interest is in the change of the mobility behavior of people
in Austria within the time period February 3rd until August 2nd, 2020, thus during the
first period of the COVID’19 pandemic. Mobility is measured through the radius of
gyration (ROG), a time-weighted distance of the daily movement locations of mobile
phones to the main location of the phone owner, see Heiler et al (2020a, b) for details.
The phone owners are classified with respect to gender and five age groups (15–
29, 30–44, 45–59, 60–74, 75 +). The mobility of each group is represented by the
respective median value of ROG. This dataset was already analyzed in Heiler et al
(2020a), where the relative differences in the mobility between the age groups were
studied through the clr coefficients. This compositional analysis showed an interesting
change in the behavior of the youngest (15–24) and oldest (75 +) part of the population
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Fig. 8 Result of spatial clustering based on coordinates zrc11–z
rcs
112 representing the interactive part of com-

positional cubes

during the lockdown period from March 16th to April 6th, 2020 (weeks 12, 13 and
14). The current results are based on the separate analysis of males and females, when
a more complex insight can be reached by a simultaneous study of the age and gender
structure. Moreover, when the daily records are aggregated according to the part of
the week, the relative differences in mobility over weekdays and weekends can be
taken into account. The data at hand can therefore be understood as time series of
26 compositional cubes, each representing the relative mobility structure within one
week from weeks 6-31 of 2020. The row levels are formed by gender (F—female,
M—male), the columns by the parts of the week (WD—weekdays, WE—weekend),
and the slices represent the different age groups.

Prior to the main part of the analysis, the SBP of the slice factor needs to be defined.
With respect to the findings in Heiler et al (2020a), a separation of the economically
active (15–59) and non-active (60 +) population seems to be advisable in the first step.
The results of the simple clr-based analysis ofHeiler et al (2020a) help to define also the
remaining steps of the SBP: In the second step, the youngest group is separated from
those aged between 25 and 59, and the third step focuses on the relative dominance of
group 30–44 over 45–59. Finally, the relative dominance of mobility within the age
group 75 + over 60–74 is highlighted by the last step of the slice SBP.

Based on this coordinate representation, some interesting patterns and their sources
can be revealed by PCA.As themain aim of the analysis is to illustrate the principles of
working with multi-factorial compositional data, the classical approach was applied
here. Note, however, that considering the time dependent nature of the data would
lead to more accurate results. Figure 9 shows biplots based on the first four principal
components, describing 98% of the whole variability.

In order to show the whole structure of the PCA results, the loadings of all PCs are
collected in Fig. 10. However, the vast majority of the variability (98%) is explained
by the first four principal components, whose values are always mainly driven by a
single coordinate:
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Fig. 9 Biplots based on the first four principal components computed for the mobility data. The numbers
represent the week numbers in 2020

Fig. 10 Loadings of the principal components computed for the mobility data
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Fig. 11 Selected balances (without the normalizing constant) computed for the mobility data and their
development over time. The red dashed lines define the first lockdown period in Austria

• PC1—zc1, log-ratio between weekdays and weekend mobility, aggregated over all
gender and age groups,

• PC2—zs1, log-ratio between mobility of economically active and non-active pop-
ulation, aggregated over all other categories,

• PC3—zs2, log-ratio between mobility of age groups 15–29 and 30–59, aggregated
over all other categories,

• PC4—zcs11, log-odds-ratio comparing economically active and non-active mobility
ratio over weekdays and weekends, aggregated over gender.

The main source of variability is given by the ratio between weekdays and weekend
mobility (zc1). As it is visible in Fig. 11, this log-ratio was varying over the whole
studied period but it was also atypically high during weeks 11 and 12 preceding the
lockdown period. This gives an evidence on a decrease of the weekend mobility.
The second principal component helps to detect typical characteristics for the weeks
during and immediately after lockdown (weeks 12–17). When the relative mobility
of the economically active population, quantified by zs1, was among the lowest during
lockdown, mobility of the oldest group 75 + was nearly comparable to the mobility of
the population aged between 60 and 74 (coordinate zs4).Moreover, based on coordinate
zcs11, Fig. 12 shows a remarkable difference in the economically active and non-active
population mobility ratio during weekdays and weekends, when the former tends to
be higher during lockdown. The weeks from the end of the observed period (weeks
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Fig. 12 Selected odds-ratio coordinates (without the normalizing constant) computed for the mobility data
and their development over time. The red dashed lines define the first lockdown period in Austria

24–31) are nicely separated by the third principal component. The relative mobility
of the youngest group 15–29 is among the lowest in comparison to the mobility of
group 30–59 (zs2). Moreover, quite stable and high values of coordinate zrs11, comparing
the ratio between the economically active and non-active population for females and
males, are typical for this period. Finally, PC4 characterizes the behavior during the
weeks 16–22 immediately following the lockdown, with the only exception of week
20. According to the respective loadings, the exclusion of weeks 16-22 is not only
driven by relatively low values of zcs11, but also by a mixture of other phenomenons.
For these weeks we observe a high relative dominance of mobility of group 15-29 over
the mobility of those aged between 30 and 59 (zs2), and a high relative dominance of
the mobility of group 30–44 over group 45–59 (zs3).

5 Conclusions

It has been demonstrated that the concepts developed for two-factorial compositional
data can be extended to compositional cubes, and even to the general k-factorial case.
The fundamental idea is to investigate the relative data structure in terms of log-ratios
between different factors and factor levels. One advantage of such an approach is scale
invariance,which is particularly usefulwhen the reported values of the observations are
not comparable (in our example caused by different population sizes of the countries)
or if the relative structure is of main interest.

It has been shown that each compositional cube can be decomposed into its inde-
pendent and interactive parts. Furthermore, the interactive part can be decomposed
into cubes representing the pairwise factor interactions and the interaction between
all three factors. It turned out that the components of the interactive part have an
advantageous property of uniform marginals and, moreover, that the principle of the
decomposition can be directly extended to the general case of k-factorial composi-
tions. Since the commonly used systems of orthonormal coordinates are not able to
sufficiently describe themulti-factorial nature of cubes and respect the possibility of its
decomposition, an alternative system has been proposed.Moreover, this system can be
constructed in a flexible manner, basically according to the needs or expert knowledge
of the analyst: There might be a certain hypothesis on the relations between factors
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and/or factor levels, and based on the principle of sequential binary partitions (SBPs),
these combinations can be reflected by the constructed coordinates. Even though the
proposed coordinate representation allows to describe the overall relations between
factors, similar as in the case of the well developed theory for the analysis of vector
compositional data, it is also possible to use them for further analysis with standard
statistical methods, or to perform statistical inference with the coordinates, for exam-
ple, by constructing bootstrap confidence intervals for the mean, in order to determine
if the effect conveyed by the coordinate is significant. A proper coordinate representa-
tion of themulti-factorial compositional data can therefore be understood as a first step
in the analysis, possibly followed by other advanced statistical methods. For example,
regression methods with compositional regressors with or without the total (Coenders
et al 2017), or any other proper methods of one-factorial (vector) compositional data
analysis (Pawlowsky-Glahn et al 2015) can be used (after its possible adaptation to
the more complex structure of coordinates).

The idea of modeling interactions between factors using the normalized Hadamard
product of vectors, derived from SBPs at the single factor level, works equivalently for
a higher number of factors. Therefore, the approach presented here for compositional
cubes can be extended in a straightforward manner to higher-order arrays.
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Appendix

The SBPs defined in Sect. 3.1, lead to the following contrast matrix,
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The rows of the matrix correspond to coordinates z specified in Sect. 3.1, and they
are ordered in the following way,

z = (
zr1, z

c
1, z

s
1, z

s
2, z

rc
11, z

rs
11, z

rs
12, z

cs
11, z

cs
12, z

rcs
111, z

rcs
112

)′
.

The columns correspond to parts of ln [vec(x)]. Vector vec(x), the vectorized form of
the compositional cube, consists of parts

vec(x) = (x111, x112, x113, x121, x122, x123, x211, x212, x213, x221, x222, x223)
′ .

An alternative partition can be defined for the slice factor—the age of the employees.
If the relative dominance of the oldest group over the remaining two is of interest, one
can separate this group from the rest first, when defining the slice SBP. The second
step can then separate the middle-aged group (25–54 years) from the youngest, which
leads to the coordinate quantifying the relative dominance of employees aged between
25 and 54 years over those younger than 25. This strategy would alter the structure of
the generating vectors, which now result in

ξ s∗1 =
√
1

6
(−0.5,−0.5, 1,−0.5,−0.5, 1,−0.5,−0.5, 1,−0.5,−0.5, 1)′

and

ξ s∗2 =
√
1

8
(−1, 1, 0,−1, 1, 0,−1, 1, 0,−1, 1, 0)′.

The generating vectors which are not related to the values of the slice factor remain
the same as in Sect. 3.1. More specifically,

ξ r∗1 = ξ r1, ξ c∗1 = ξ c1, ξ rc∗1 = ξ rc1 .

123



Compositional cubes: a new concept for multi-factorial… 983

All the remaining vectors change as follows:

ξ rs∗11 =
√
1

6
(−0.5,−0.5, 1,−0.5,−0.5,−1, 0.5, 0.5,−1, 0.5, 0.5,−1)′ ∝ ξ r∗1 ◦ ξ s∗1 ,

ξ rs∗12 =
√
1

8
(−1, 1, 0,−1, 1, 0, 1,−1, 0, 1,−1, 0)′ ∝ ξ r∗1 ◦ ξ s∗2 ,

ξ cs∗11 =
√
1

6
(−0.5,−0.5, 1, 0.5, 0.5,−1,−0.5,−0.5, 1, 0.5, 0.5,−1)′ ∝ ξ c∗1 ◦ ξ s∗1 ,

ξ cs∗12 =
√
1

8
(−1, 1, 0,1,−1, 0,−1, 1, 0, 1,−1, 0)′ ∝ ξ c∗1 ◦ ξ s∗2 ,

ξ rcs∗111 =
√
1

6
(−0.5,−0.5, 1, 0.5, 0.5,−1, 0.5, 0.5,−1,−0.5,−0.5,1)′ ∝ ξ r∗1 ◦ ξ c∗1 ◦ ξ s∗1 ,

ξ rcs∗112 =
√
1

8
(−1, 1, 0, 1,−1, 0, 1,−1, 0,−1, 1, 0)′ ∝ ξ r∗1 ◦ ξ c∗1 ◦ ξ s∗2 .

The new system of coordinates z∗ can be obtained through the Eq. (4), with the contrast
matrix

T =

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

√
1
12

√
1
12

√
1
12

√
1
12

√
1
12

√
1
12 −

√
1
12 −

√
1
12 −

√
1
12 −

√
1
12 −

√
1
12 −

√
1
12√

1
12

√
1
12

√
1
12 −

√
1
12 −

√
1
12 −

√
1
12

√
1
12

√
1
12

√
1
12 −

√
1
12 −

√
1
12 −

√
1
12

−
√

1
24 −

√
1
24

√
1
6 −

√
1
24 −

√
1
24

√
1
6 −

√
1
24 −

√
1
24

√
1
6 −

√
1
24 −

√
1
24

√
1
6

−
√

1
8

√
1
8 0 −

√
1
8

√
1
8 0 −

√
1
8

√
1
8 0 −

√
1
8 −

√
1
8 0

√
1
12

√
1
12

√
1
12 −

√
1
12 −

√
1
12 −

√
1
12 −

√
1
12 −

√
1
12 −

√
1
12

√
1
12

√
1
12

√
1
12

−
√

1
24 −

√
1
24

√
1
6 −

√
1
24 −

√
1
24

√
1
6

√
1
24

√
1
24 −

√
1
6

√
1
24

√
1
24 −

√
1
6

−
√

1
8

√
1
8 0 −

√
1
8

√
1
8 0

√
1
8 −

√
1
8 0

√
1
8 −

√
1
8 0

−
√

1
24 −

√
1
24

√
1
6

√
1
24

√
1
24 −

√
1
6 −

√
1
24 −

√
1
24

√
1
6

√
1
24

√
1
24 −

√
1
6

−
√

1
8

√
1
8 0

√
1
8 −

√
1
8 0 −

√
1
8

√
1
8 0

√
1
8 −

√
1
8

−
√

1
24 −

√
1
24

√
1
6

√
1
24

√
1
24 −

√
1
6

√
1
24

√
1
24 −

√
1
6 −

√
1
24 −

√
1
24

√
1
6

−
√

1
8

√
1
8 0

√
1
8 −

√
1
8 0

√
1
8 −

√
1
8 0 −

√
1
8

√
1
8 0

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

,

or, alternativelly, as a rotation of vector z. According to (30) the rotation matrix equals
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TV′ =

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

1 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0

0 0 − 1
2 −

√
3
4 0 0 0 0 0 0 0

0 0 −
√

3
4

1
2 0 0 0 0 0 0 0

0 0 0 0 1 0 0 0 0 0 0

0 0 0 0 0 − 1
2 −

√
3
4 0 0 0 0

0 0 0 0 0 −
√

3
4

1
2 0 0 0 0

0 0 0 0 0 0 0 − 1
2 −

√
3
4 0 0

0 0 0 0 0 0 0 −
√

3
4

1
2 0 0

0 0 0 0 0 0 0 0 0 − 1
2 −

√
3
4

0 0 0 0 0 0 0 0 0 −
√

3
4

1
2

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

.

In both situations, the coordinate system z∗, highlighting the relative dominance of
the oldest group of employees, is formed by the following eleven coordinates:

zr∗1 = √
3 ln g(x1••)

g(x2••) zrs∗11 =
√

2
3 ln

g(x1•3)
√
g(x2•1)g(x2•2)

g(x2•3)
√
g(x1•1)g(x1•2)

zc∗1 = √
3 ln g(x•1•)

g(x•2•) zrs∗12 =
√

1
2 ln

g(x1•2)g(x2•1)
g(x2•2)g(x1•1)

zs∗1 =
√

8
3 ln

g(x••3)√
g(x••1)g(x••2)

zcs∗11 =
√

2
3 ln

g(x•13)
√
g(x•21)g(x•22)

g(x•23)
√
g(x•11)g(x•12)

zs∗2 = √
2 ln g(x••2)

g(x••1) zcs∗12 =
√

1
2 ln

g(x•12)g(x•21)
g(x•11)g(x•22)

zrc∗11 =
√

3
4 ln

g(x11•)g(x22•)
g(x12•)g(x21•) zrcs∗111 =

√
1
6 ln

x113x223
√
x121x122

√
x211x212

x123x213
√
x111x112

√
x221x222

zrcs∗112 =
√

1
8 ln

x112x222x121x211
x122x212x111x221
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Abstract

Correspondence analysis (CA), a well-known method for analyzing the

relationships between rows and columns of a table, has been reformulated to

link to the logratio methodology of compositional data by using the limiting

case of the power transformation. The resulting methodology investigates

relative rather than absolute information, and it is invariant with respect to

rescaling rows or columns. The latter properties also hold for the analysis of

compositional tables, where the table is first decomposed into an indepen-

dent and an interaction part. It is shown that the analysis of the interaction

part is equivalent to CA, but in addition, the variance contributions can be

determined. Both concepts also allow for an inclusion of weights to sup-

press undesirable variance, and it is shown that the equivalence between

weighted CA and the analysis of weighted compositional tables again holds.

This equivalence allows us to make use of the mathematical framework of

weighted compositional tables, the so-called Bayes spaces, to get a deeper

understanding of CA and to construct extensions to multi-factorial tables

(cubes, etc.).
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ABSTRACT
Correspondence analysis (CA), a well-known method for analyzing the relationships between rows and columns of a table, has
been reformulated to link to the logratiomethodology of compositional data by using the limiting case of the power transformation.
The resulting methodology investigates relative rather than absolute information, and it is invariant with respect to rescaling rows
or columns. The latter properties also hold for the analysis of compositional tables, where the table is first decomposed into an
independent and an interaction part. It is shown that the analysis of the interaction part is equivalent to CA, but in addition, the
variance contributions can be determined. Both concepts also allow for an inclusion of weights to suppress undesirable variance,
and it is shown that the equivalence between weighted CA and the analysis of weighted compositional tables again holds. This
equivalence allows us to make use of the mathematical framework of weighted compositional tables, the so-called Bayes spaces,
to get a deeper understanding of CA and to construct extensions to multi-factorial tables (cubes, etc.).

1 | Introduction

Correspondence analysis (CA) is a prominent method in
exploratory data analysis, with the aim to analyze the relation-
ships in a contingency table with either discrete-valued or con-
tinuous entries [1–3]. The main idea is to subtract the product
of row and column marginals from the proportional representa-
tion of the contingency table (referring to the “correspondence
matrix”), rescale it to the totals of themarginals, and proceedwith
a singular value decomposition (SVD). This yields row and col-
umn information of the table, which can be visualized in order to
study their relationships.

An interesting case is studied in Greenacre [4], where in a first
step the elements of a 𝐼 × 𝐽 contingency table X =

(
𝑥ij
)
are

----------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------

This is an open access article under the terms of the Creative Commons Attribution License, which permits use, distribution and reproduction in any medium, provided the original work is properly
cited.

© 2025 The Author(s). Statistical Analysis and Data Mining published by Wiley Periodicals LLC.

transformed with the Box–Cox transformation [5] with power
parameter 𝛼,

𝑥ij(𝛼) =
⎧⎪⎨⎪⎩

(1∕𝛼)
(
𝑥𝛼ij − 1

)
, 𝛼 > 0,

ln 𝑥ij, 𝛼 = 0.
(1)

If 𝛼 approaches zero, CA is essentially (in the limiting case) based
on log-transformed data, and this provides the link to a compo-
sitional data analysis of the table [4]. Generally speaking, com-
positional data are understood as observations carrying relative
information [6], and also CA makes use of a decomposition of
a specific kind of relative information. If log-transformed data
are used, an SVD of row- and column-wise centered data allows
to construct the so-called compositional biplot [7], with the goal
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to visually study the relationships between rows and columns of
the table.

In the context of compositional data, row centering is presented
by the so-called centered logratio (clr) coefficients [6], defined for
the ith composition x𝑖, that is, the ith row of a tableXwith entries
𝑥ij (𝑖 = 1, . . . , 𝐼 and 𝑗 = 1, . . . , 𝐽 ), as

clr
(
x𝑖
)
=
⎛
⎜⎜⎜⎝
ln

𝑥𝑖1
𝐽
√∏𝐽

𝑗=1𝑥ij
, . . . , ln

𝑥iJ
𝐽
√∏𝐽

𝑗=1𝑥ij

⎞
⎟⎟⎟⎠
. (2)

With the clr coefficients, the compositional data are moved iso-
metrically from their original sample space, endowed with the
Aitchison geometry, to the real space (see, e.g., Pawlowsky-Glahn
et al. [8]), where indeed standard SVD after (column-)centering
results in a meaningful representation of loadings and scores in a
biplot. Since logarithms of ratios are involved, this kind of proce-
dure is generally known under the name logratio approach (see,
e.g., Pawlowsky-Glahn et al. [8], Greenacre [9], and Filzmoser
et al. [10]).

Recent developments in compositional data analysis, however,
enable to proceed further with this limiting case. In particular,
the concept of compositional tables opens up new possibilities
also for the analysis of relative information in contingency
tables [11–13]. As an example, a simple compositional table
could be the number of employed people in a region, where the
rows are determined by part-time and full-time employment,
and the columns by males and females. If one is interested in
comparing and analyzing different regions, relative rather than
absolute information needs to be considered, as the absolute
numbers would essentially be determined by the population size.

To make the link to the mentioned limiting case of correspon-
dence analysis as presented in Greenacre [4, 14], in this paper
only one table is considered, and the interest is again in identify-
ing relationships between rows and columns. More specifically,
the possibility of a decomposition into two tables, an indepen-
dent and an interaction part, will be utilized. The former assumes
independence of the row and column factors and consists of a
product of the respective marginals, and the latter contains the
information about their interaction and is numerically equal
to the matrix used in correspondence analysis. However, the
construction of the interaction table enables to completely filter
out in a geometricallymeaningful way the independent part from
the original table, and thus provides direct pathways to analyzing
the remaining interactions. Besides the description of CA from
the perspective of compositional tables, the paper also introduces
a newmathematical framework for weighting parts of a composi-
tional table and, consequently, for weighted CA, and establishes a
solid foundation for an extension to the multi-factorial problem.

The structure of the paper is as follows. In the next section,
a key relationship between double-centered log-transformed
data and the interaction part of a compositional table (corre-
spondence table) is derived. In Section 3, we generalize the
findings to weighted versions of the methods and investigate
their equivalence. Section 4 shows that the important property of
distributional equivalence also holds for the logratio approach.

Numerical experiments which reveal the advantages of using
weights are presented in Section 5, and the final Section 6
concludes and provides an outlook to further extensions.

2 | Unweighted CA

This section recalls classical (unweighted) CA as well as logratio
analysis (LRA), performing CA on log-transformed data. More-
over, we present the concept of compositional tables and show
the link to LRA.

2.1 | Logratio Analysis (LRA)

Let the 𝐼 × 𝐽 contingency tableX =
(
𝑥ij
)
be given, either in form

of counts or as continuous numbers, and letP = X∕𝑛, 𝑛 =
∑

𝑖,𝑗 𝑥ij,
be the respective matrix of proportions. Classical CA is typically
based on an SVD of the residual matrix

SCA = D−1∕2
𝑟

(
P − rc′

)
D−1∕2

𝑐 , (3)

where r = P𝟏𝐽 and c = P′𝟏𝐼 are vectors of row and column
marginals of P, with 𝟏𝑙 a vector of 𝑙 values of 1, and D𝑟 = diag(r)
and D𝑐 = diag(c).

If the rows of the matrixX represent realizations of a 𝐽 -part com-
positional vector, that is, a vector with positive values carrying
relative information [6], the unweighted LRA is given by an SVD
of the double-centered matrix L =

(
ln 𝑥ij

)
[15]. Row-wise center-

ing of L can be understood as the clr transformation of the rows
of X [8], where the entries of clr

(
x𝑖
)
, 𝑖 = 1, . . . , 𝐼 , are given as

𝑦ij = ln 𝑥ij −
1
𝐽

𝐽∑
𝑗=1

ln 𝑥ij, 𝑗 = 1, . . . , 𝐽 .

After additional column centering we obtain the matrix SLRA
with entries

𝑠LRAij = ln 𝑥ij −
1
𝐽

𝐽∑
𝑗=1

ln 𝑥ij −
1
𝐼

𝐼∑
𝑖=1

[
ln 𝑥ij −

1
𝐽

𝐽∑
𝑗=1

ln 𝑥ij

]

= ln 𝑥ij −
1
𝐼

𝐼∑
𝑖=1

ln 𝑥ij −
1
𝐽

𝐽∑
𝑗=1

ln 𝑥ij +
1
IJ

𝐼∑
𝑖=1

𝐽∑
𝑗=1

ln 𝑥ij, (4)

which is subsequently decomposed with SVD. The matrix SLRA
has mathematically the same entries as the clr representation of
the so-called interaction table, which is introduced in the follow-
ing section.

2.2 | Compositional Tables

The two-factorial extension of the concept of compositional
data to compositional tables [11, 12] treats X =

(
𝑥ij
)
as one data

object, which follows the idea of CA. A convenient property of
the approach is that the table X can be orthogonally decomposed
into an independent and an interactive part with respect to the
Aitchison geometry [11]. This can be written as X = Xind ⊕ Xint,
with ⊕ standing for the entry-wise product, known in the
compositional context as the operation of perturbation.
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The independent tableXind follows the situation of independence
between row and column factors, and its entries are given as the
product of the geometric marginals,

𝑥indij = 𝑔
(
𝑥𝑖.
)
⋅ 𝑔

(
𝑥.𝑗

)
= 𝐽

√√√√ 𝐽∏
𝑗=1

𝑥ij ⋅
𝐼

√√√√ 𝐼∏
𝑖=1

𝑥ij.

Thus, the geometric marginals replace the arithmetic marginals
r and c used in classical CA, see Equation (3). The geometric
marginals have an important property: they are orthogonal pro-
jections of the compositional table on the information contained
in its rows and columns, see Genest et al. [16] for more details.
Note that in case of truly independent row and column factors,
both the arithmetic and geometric marginals are equivalent [11],
which underpins the reasonability of their definition.

The remainder ofX is contained in the interaction tableXint with
entries

𝑥intij =
𝑥ij

𝑔
(
𝑥𝑖.
)
⋅ 𝑔

(
𝑥.𝑗

) .

This table carries information on associations between row and
column factors. Therefore, it can serve as a natural compositional
alternative to matrices used in classical CA (matrix of standard-
ized residuals or matrix of Pearson contingency ratios).

The clr representation of a compositional tableX,Y ≔ clr(X), has
components

𝑦ij = ln 𝑥ij −
1
IJ

𝐼∑
𝑖=1

𝐽∑
𝑗=1

ln 𝑥ij (5)

and the orthogonal decomposition still applies, as Y can be
decomposed into Yind + Yint. The matrices Yind and Yint are the
clr representations of Xind and Xint, with entries given as

𝑦indij = 𝑦𝑖. + 𝑦.𝑗 and 𝑦intij = 𝑦ij − 𝑦indij .

The clr representation turns the geometric marginals of X into
the (scaled) arithmetic margins of Y, which can be written as

𝑦𝑖. =
1
𝐽

𝐽∑
𝑗=1

ln 𝑥ij −
1
𝐽
1
𝐼

𝐼∑
𝑖=1

𝐽∑
𝑗=1

ln 𝑥ij =
1
𝐽

𝐽∑
𝑗=1

[
ln 𝑥ij −

1
𝐼

𝐼∑
𝑖=1

ln 𝑥ij

]
(6)

and

𝑦.𝑗 =
1
𝐼

𝐼∑
𝑖=1

ln 𝑥ij −
1
𝐼
1
𝐽

𝐼∑
𝑖=1

𝐽∑
𝑗=1

ln 𝑥ij =
1
𝐼

𝐼∑
𝑖=1

[
ln 𝑥ij −

1
𝐽

𝐽∑
𝑗=1

ln 𝑥ij

]
. (7)

The entries of Yint are thus equal to

𝑦intij = 𝑦ij − 𝑦indij = 𝑦ij − 𝑦𝑖. − 𝑦.𝑗

= ln 𝑥ij −
1
𝐼

𝐼∑
𝑖=1

ln 𝑥ij −
1
𝐽

𝐽∑
𝑗=1

ln 𝑥ij +
1
IJ

𝐼∑
𝑖=1

𝐽∑
𝑗=1

ln 𝑥ij. (8)

Equations (4) and (8) reveal that

SLRA = Yint (9)

and thus LRA is equivalent to an SVD of the clr-transformed
interaction table. However, the equivalence is achieved just

numerically, but from amathematical perspective themodels are
not the same.While the former approach understandsX as a real-
ization of 𝐼 observations, the latter treats the entire matrix X as
one observation.

For both the independent and the interaction table, the clr
coefficients can also be derived directly from the elements of the
original input table X as

𝑦indij = ln
𝑔
(
𝑥𝑖⋅

)
𝑔
(
𝑥⋅𝑗

)

𝑔
(
𝑥⋅⋅
)2 , 𝑦intij = 𝑦ij − 𝑦indij = ln

𝑥ij𝑔
(
𝑥⋅⋅
)

𝑔
(
𝑥𝑖⋅

)
𝑔
(
𝑥⋅𝑗

) (10)

de Sousa et al. [17], where 𝑔
(
𝑥⋅⋅
)
stands for the geometricmean of

the entire compositional table. Moreover, Yint has uniform (zero)
marginals and is thusmargin free as mentioned in Greenacre [4]
(Result 1).

Due to the orthogonality of the independent and interaction
tables, Pythagoras’ decomposition of squared norms holds [16].
Specifically,

||Y||2𝐹 = ‖‖‖Y
ind‖‖‖

2

𝐹
+ ‖‖‖Y

int‖‖‖
2

𝐹
, (11)

where || ⋅ ||𝐹 is the usual Frobenius norm of a matrix. Accord-
ingly, by computing

𝑅2
Δ(X) =

‖‖‖Y
int‖‖‖

2

𝐹

||Y||2𝐹
, (12)

also known under the term “simplicial deviance” [11], one
can easily (and in a mathematically justified way) decipher the
amount of information stored in the interaction table.

2.3 | CA of a Compositional Table

The equivalence of the double-centered matrix SLRA and the
clr-transformed interaction table Yint, see Equation (9), implies
that CA is obtained by an SVD of the interaction table,

Yint = UDV′, (13)

with orthogonal matrices U and V, and the (rectangular) diag-
onal matrix D = diag

(
𝑑1, . . . , 𝑑𝐷

)
with 𝐷 = min{𝐼, 𝐽}. Double

centering of Y guarantees that the columns u𝑖 ofU, 𝑖 = 1, . . . , 𝐷,
and the columns v𝑗 of V, 𝑗 = 1, . . . , 𝐷, have zero totals, so they
can be perceived as clr transformations of the respective row and
column compositions. The SVD can then be written as

Yint =
𝐷∑
𝑘=1

𝑑𝑘u𝑘v′𝑘,

which results in a univariate decomposition of the interaction
table (which could possibly be back-transformed to the original
space). Clearly,

‖‖‖Y
int‖‖‖

2

𝐹
=

𝐷∑
𝑘=1

𝑑2
𝑘

and therefore 𝑑∗
𝑘 = 𝑑2

𝑘∕
∑𝐷

𝑘=1 𝑑
2
𝑘 can be considered as proportion

of information (variance) explained by the kth factor—of course,
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within the interaction part. By considering Equation (11), one
can however relate the factors also to the overall table through
𝑑2
𝑘∕||Y||2𝐹 . Finally, plotting the first two columns ofU and V, pos-

sibly rescaled by
√
𝑑1 and

√
𝑑2, together in a planar graph then

informs about interactions between row and column factors, as
in classical CA.

3 | Generalization: Weighted CA

In real-world applications, the information on the actual data
structure can be blurred due to problems related to sampling of
the initial data matrix. The structure can be affected by measure-
ment errors, unbalanced sizes of samples defining the rows, or
the presence of cells with low observed value; see, for example,
the example in Greenacre and Lewi [15, sec. 2]. Also, in recent
work, weighting of rows and columns in CA is proposed and
considered useful [18]. In the logratio context, weighting can be
used to give less importance in the analysis to components with
small proportions that often have high variance on the logratio
scale [4, 15, 19]. In the following, we will compare weighted
CA/LRA with a weighted CA version for compositional tables.

3.1 | Weighted CA and LRA

Weighting in CA is commonly carried out by introducing row
and column weights (typically row and column arithmetic
marginals) in the double-centering stage. The vectors r and c
forming the correspondence matrix SCA, see Equation (3), are
computed with respect to given weights. Consequently, weight-
ing propagates also into the approximation stage, so that fitting
is done by weighted least squares [15]. According to Greenacre
and Lewi [15], weighted CA can alternatively be motivated by
a matrix Q =

(
𝑞ij
)
of Pearson contingency ratios 𝑞ij = nxij∕𝑥𝑖.𝑥.𝑗 ,

with 𝑥𝑖. =
∑

𝑗 𝑥ij, 𝑥.𝑗 =
∑

𝑖 𝑥ij, ∀𝑖, 𝑗. With the weights in form of
the row and column marginal vectors r and c, and the matrices
D𝑟 = diag(r) and D𝑐 = diag(c), see also Equation (3), one can
carry out an SVD of D1∕2

𝑟

(
I𝐼 − 𝟏𝐼r′

)
Q
(
I𝐽 − c𝟏′𝐽

)
D1∕2

𝑐 to perform
a weighted CA, which then is equivalent to the weighted form
of LRA. There are also other important contributions on the
equivalence between correspondence analysis and weighted
LRA indices: Greenacre [4] provided an empirical description
of the respective transformation, Choulakian [20] later pre-
sented a mathematical formulation and proof, referring to it as
Greenacre’s Theorem, and Greenacre [14] subsequently offered
an alternative mathematical formulation with a similar proof.

The weighted LRA starts with double centering of L by weighted
means. When w𝑟 and w𝑐 are vectors of normalized row and col-
umn weights (𝟏′𝐼w𝑟 = 𝟏′𝐽w𝑐 = 1), weighted LRA is based on an
SVD of the matrix

SWLRA = D1∕2
𝑤𝑟

(
I𝐼 − 𝟏𝐼w′

𝑟

)
L
(
I𝐽 −w𝑐𝟏′𝐽

)
D1∕2

𝑤𝑐
(14)

with D𝑤𝑟
and D𝑤𝑐

being diagonal matrices of weights. The result
remains unchanged if a constant is added to the rows or columns
of L, as it vanishes through the double centering. The matrix L
is therefore equivalent to the matrix of log-transformed Pearson
ratios 𝑞ij. Moreover, since a logarithm of 𝑥 can be approximated
by 𝑥 − 1 via Taylor approximation, the matrix log(Q) is similar to

Q − 𝟏𝐼𝟏′𝐽 if all 𝑞ij → 1. Finally, the shift by 𝟏𝐼𝟏′𝐽 again vanishes
through the double-centering and the weighted LRA and CA
approaches are therefore equivalent if the observed and expected
values (nearly) coincide, that is, if the analyzed structure is rather
independent. The detailed derivation is given in Greenacre and
Lewi [15]. Additionally, the weighted LRA is also equivalent to
spectral mapping, described, for example, in Lewi [21], and to the
weighted version ofCAof a compositional table as detailed below.

3.2 | Weighted CA of a Compositional Table

Let W =
(
𝑤ij

)
be an 𝐼 × 𝐽 matrix of positive weights satisfying

𝑤ij = 𝑤𝑟
𝑖 ⋅𝑤

𝑐
𝑗 , that is, of a structure which is in agreement with

weighted LRA [15] and which also corresponds to the product
reference measure as used in Genest et al. [16]. Among other
options, the vectors of weights w𝑟 and w𝑐 can be given by the
arithmetic or geometric marginals, and possibly rescaled to unit
sum. However, the rescaling would affect merely the scale of the
final result, not the (weighted) data structure itself.

The mathematical framework for the weighted analysis of com-
positional tables, and consequently for the weighted CA of a
compositional table, is provided byBayes spaces [22, 23]. The fun-
damentals of the weighted analysis of vector compositional data
are given in Hron et al. [19] and can be directly generalized to
the two-factorial case, as described here. Weighting in the Bayes
space framework is in general understood as a shift, in compo-
sitional terms a perturbation-subtraction (denoted as ⊖) of the
object with weights. More specifically, for a compositional table
X and a matrix of weights W, the weighted compositional table
X𝑊 = X⊖W has elements

𝑥𝑊ij = 𝑥ij∕𝑤ij (15)

and it is represented in a weighted Aitchison geometry which
honors scale invariance of the table and its weights. The scale
of the weights only propagates in metric concepts, like in the
weighted Aitchison distance between two tables X𝑊 and Z𝑊 =(
𝑧𝑊ij

)
=
(
𝑧ij∕𝑤ij

)
,

𝑑
(
X𝑊 ,Z𝑊 )2

𝑊 = 1
2∑𝐼

𝑖=1
∑𝐽

𝑗=1𝑤ij

𝐼∑
𝑖=1

𝐽∑
𝑗=1

𝐼∑
𝑖′=1

𝐽∑
𝑗′=1

𝑤ij𝑤𝑖′𝑗′

×

(
ln

𝑥𝑊ij
𝑥𝑊𝑖′𝑗′

− ln
𝑧𝑊ij
𝑧𝑊𝑖′𝑗′

)2

; (16)

depending on rescaling of W by 𝑐 > 0, the sample space of the
tables either shrinks (𝑐 < 1) or expands (𝑐 > 1). Note that the
weighted Aitchison distance (16) corresponds to quite an extent
to the heuristic approach to weighting the distance in compo-
sitional data analysis, cf. Greenacre and Lewi [15, sec. 2]. The
main difference is the initial shift of the correspondence table
by the compositional table of weights, which can be understood
as shifting the data to a new representation where the matrix
of weights plays the role of the new origin. Accordingly, the
weighted observations now indicate how much they differ from
the a priori information represented by the weights. This gives
an additional theoretical frame to the setting from Greenacre
and Lewi [15] which enables to generalize, for example, the
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Pythagoras’ decomposition or the distributional equivalence
from the unweighted case [16, 24]. Despite differences in the
weighting pipeline, the final effect is of course the same: cells
having higher weights yield more emphasis in the analysis,
compare with Talská et al. [24] and fig. 2 therein.

The weights propagate into clr coefficients of the whole table
as well as its independent and interaction parts. The entries are
given by

𝑦𝑊ij =
√
𝑤ij ln

𝑥𝑊ij
𝑔𝑊

(
𝑥𝑊⋅⋅

) , (17)

𝑦ind,𝑊ij =
√
𝑤ij ln

𝑔𝑊
(
𝑥𝑊𝑖⋅

)
𝑔𝑊

(
𝑥𝑊⋅𝑗

)

𝑔𝑊
(
𝑥𝑊⋅⋅

)2 ,

𝑦int,𝑊ij =
√
𝑤ij ln

𝑥𝑊ij 𝑔𝑊
(
𝑥𝑊⋅⋅

)

𝑔𝑊
(
𝑥𝑊𝑖⋅

)
𝑔𝑊

(
𝑥𝑊⋅𝑗

) , (18)

where the weighted geometric mean of X is defined as

𝑔𝑊
(
𝑥𝑊⋅⋅

)
= exp

(
1∑𝐼

𝑖=1
∑𝐽

𝑗=1𝑤ij

𝐼∑
𝑖=1

𝐽∑
𝑗=1

𝑤ij ln 𝑥𝑊ij

)
,

and likewise for row and column geometric means. Note that
such definition ofmarginals corresponds, up to normalizing with
the sum of weights, to weighted arithmetic marginals in the
log-scale as defined in Greenacre and Lewi [15, sec. 2, Step 1]
or Choulakian et al. [25]. The rescaling by √𝑤ij guarantees that
the resulting weighted clr coefficients are represented in the
(unweighted) Euclidean geometry, and are thus ready for fur-
ther processing using ordinary tools ofmultivariate statistics [19];
compare also with Greenacre and Lewi [15, sec. 2, Step 2]. The
entries of the interaction table are (up to rescaling by√𝑤ij)

1√
𝑤ij

𝑦int,𝑊ij = ln 𝑥ij −
1∑𝐼

𝑖=1𝑤
𝑟
𝑖

𝐼∑
𝑖=1

𝑤𝑟
𝑖 ln 𝑥ij −

1∑𝐽
𝑗=1𝑤

𝑐
𝑗

𝐽∑
𝑗=1

𝑤𝑐
𝑗 ln 𝑥ij

+ 1∑𝐼
𝑖=1𝑤

𝑟
𝑖
∑𝐽

𝑗=1𝑤
𝑐
𝑗

𝐼∑
𝑖=1

𝐽∑
𝑗=1

𝑤𝑟
𝑖𝑤

𝑐
𝑗 ln 𝑥ij (19)

and they play an essential role in CA. Moreover, if we denote
sums of the weights w𝑟 and w𝑐 by 𝑠𝑟 and 𝑠𝑐 , respectively, and
their normalized versions asw𝑟 = w𝑟∕𝑠𝑟 andw𝑐 = w𝑐∕𝑠𝑐 , the clr
representation of the weighted interaction table turns to

Yint,𝑊 =
√
𝑠𝑟𝑠𝑐 ⋅D1∕2

𝑤𝑟

(
I − 𝟏w′

𝑟

)
L
(
I −w𝑐𝟏′

)
D1∕2

𝑤𝑐

=
√
𝑠𝑟𝑠𝑐 ⋅ SWLRA. (20)

Therefore, the weighted version of CA based on a
log-transformation (LRA) and the decomposition of a com-
positional table are equivalent.

It follows directly from the general case [16] that the weighted
independent and interaction parts are again orthogonal, and
therefore Pythagoras’ decomposition

‖‖‖Y
𝑊 ‖‖‖

2

𝐹
= ‖‖‖Y

ind,𝑊 ‖‖‖
2

𝐹
+ ‖‖‖Y

int,𝑊 ‖‖‖
2

𝐹
(21)

holds, similar as in Equation (11). Here, a key component is the
use of the product reference measure, which is essential also
for derivations performed in Genest et al. [16]. Consequently,
Equation (21) can be used for diagnostics related to an ordinary
SVD of Y𝑊 , analogously as in Section 2.

3.3 | Choice of Weights and Implications

The most appealing case of weighting is definitely the one with
the standard arithmetic marginals of the original contingency
table or its proportional representation, the correspondence
matrix, as 𝑤𝑟

𝑖 and 𝑤𝑐
𝑗 . Due to scale invariance of weighting in

compositional tables, both representations are now equivalent
and the rescaling results just in a shrinkage or an expansion of
the weighted space [19]. There are good reasons for weighting
in the logratio CA: due to the logarithmic scale, row or column
factor instances (variables) with small presence engender large
variability, which is often a rather undesired effect [15]. The
weighting also combines advances of both approaches: simple
interpretability of arithmetic marginals as weights is comple-
mented by geometric marginals (i.e., arithmetic margins in the
logarithmic scale) which are necessary to develop both important
theoretical and practical consequences of the decomposition into
independent and interactive parts.

4 | Distributional Equivalence of the Logratio
Approach

Distributional equivalence is a natural requirement for CA and,
more generally, for analyzing any ratio-scale data, including
compositional data and compositional tables. In the former
case, this requirement was already emphasized in the seminal
work on CA [1], and it was further elaborated by Greenacre and
Lewi [15], who used the formulation: If two columns (resp., two
rows) have the same relative values, then merging them does not
affect the distances between rows (resp., columns). An important
aspect is what we understand under merging in the context
of ratio-scale data. As the logarithm naturally moves the data
from the ratio-scale to the interval-scale [26], the simple aggre-
gation should be done there, possibly rescaled by the number
of components. In the original scale this is just the geometric
mean, which is promoted in the literature also for a geometric
reasoning [27]. Likewise, in CA, the distributional equivalence
is related to an amalgamation of rows/columns in case of their
proportionality, which should be done again for similar reasons
in the log-scale. Due to scale invariance of compositional tables,
from the perspective of the original scale, it is equivalent if the
aggregation is done in the log-scale or in the clr space. Then, if
any two rows (or columns) of a compositional table carry the
same relative information, or in other words, if they are a con-
stant multiple of each other, it is expected that the logratio CA
keeps unchanged irrespectively whether these rows (columns)
are aggregated.

In case of compositional data, replacing two compositional parts
with their respective geometric mean essentially means that the
information contained in the ratio between these two parts is
removed, and even more, it can be considered as the orthogo-
nal projection of the original composition to the subspace of the
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remaining information [28]. Consequently, when considering a
sample of compositional data, distances among the original com-
positions and among their aggregated counterparts remain the
same. It is only important to keep the original dimensionality of
the data; otherwise, the subcompositional dominance [8] neces-
sarily applies.

The thoughts of Greenacre and Lewi [15] on distributional equiv-
alence can also be reinterpreted to the case of compositional
tables. In particular, in case of proportional rows (columns), the
interaction part should remain unchanged irrespectivelywhether
these rows (columns) are aggregated or not. This can be eas-
ily demonstrated. Without loss of generality., let the first two
rows of the compositional table X =

(
𝑥ij
)
be proportional, which

means that 𝑥2𝑗 = 𝑐2𝑥1𝑗 for any 𝑐 > 0 and 𝑗 = 1, . . . , 𝐽 . If each of
these rows is replaced by √

𝑥1𝑗𝑥2𝑗 = cx1𝑗 , from the scale invari-
ance property it directly follows that the column marginals are
the same as in the non-aggregated version of the table. For row
marginals we need to consider that

𝑔
(
𝑥1.

)
= 𝐽

√√√√ 𝐽∏
𝑗=1

𝑥1𝑗 , 𝑔
(
𝑥2.

)
= 𝐽

√√√√ 𝐽∏
𝑗=1

𝑐2𝑥1𝑗 = 𝑐2𝑔
(
𝑥1.

)
.

The row geometric marginals for a table, where the correspond-
ing elements of the first two rows are replaced by their geo-
metric means, can then be expressed as perturbation of the
original column geometric marginal by the 𝐼-part composition
(𝑐, 1∕𝑐, 1, . . . , 1). From the Yule perturbation property (cf. Genest
et al. [16, Proposition 7]) it then follows that the interaction table
remains unchanged.

Similarly, the same arguments can also be made for the weighted
case, with 𝑤ij = 𝑤𝑟

𝑖𝑤
𝑐
𝑗 , 𝑖 = 1, . . . , 𝐼, 𝑗 = 1, . . . , 𝐽 . By the aggre-

gation of rows we now understand their replacement by the
weighted geometric mean, and from the equality

[(
𝑥𝑊1𝑗

)𝑤𝑟
1
(
𝑐2𝑥𝑊1𝑗

)𝑤𝑟
2
] 1

𝑤𝑟
1+𝑤

𝑟
2 = 𝑐

2𝑤𝑟
2

𝑤𝑟
1+𝑤

𝑟
2 𝑥𝑊1𝑗 = 𝑐′𝑥𝑊1𝑗

it follows that the weighted column marginals are the same irre-
spective of the row aggregation. For row marginals, we need to
consider that

𝑔𝑊
(
𝑥𝑊1.

)
=

[ 𝐽∏
𝑗=1

(
𝑥𝑊1𝑗

)𝑤𝑐
𝑗

] 1∑
𝑗
𝑤𝑐
𝑗

,

𝑔𝑊
(
𝑥𝑊2.

)
=

[ 𝐽∏
𝑗=1

(
𝑐2𝑥𝑊1𝑗

)𝑤𝑐
𝑗

] 1∑
𝑗 𝑤

𝑐
𝑗

= 𝑐2𝑔𝑊
(
𝑥𝑊1.

)

and that the geometric mean of an aggregated row equals
𝑐′𝑔𝑊

(
𝑥𝑊1.

)
. The aggregated row marginals can therefore be

obtained by the perturbation of the non-aggregated ones by(
𝑐′, 𝑐′∕𝑐2, 1, . . . , 1

)
, which again results in an equivalence of the

respective interaction tables. Finally, the proportionality of the
rows can be still traced back to the original (unweighted) table,
since

𝑥𝑊2𝑗 =
𝑥2𝑗
𝑤1𝑗

=
𝑐2𝑥1𝑗
𝑤1𝑗

= 𝑐2𝑥𝑊1𝑗 .

5 | Numerical Experiments

In this section we aim to complement previous work by
Greenacre and Lewi [15] and compare the stability of the results
for the unweighted andweighted version of LRA.Accordingly,we
perform an SVD of the matrices Yint and Yint,𝑊 . For the weights
we will use the arithmetic marginals of the original table.

5.1 | Bootstrapping Tables

The main idea is to draw bootstrap samples from the original
table X =

(
𝑥ij
)
, where we assume that 𝑥ij are integer-valued.

Each entry 𝑖 = 1, . . . , 𝐼 and 𝑗 = 1, . . . , 𝐽 is replicated 𝑥ij times,
forming the rows of a data matrix in “long format,” with
𝑛 =

∑
𝑖,𝑗 𝑥ij rows. Then we draw a bootstrap sample, that is, 𝑛

observations with replacement, and the resulting long format
representation is aggregated to a table format, with the same
rows and columns as the original table. Call this bootstrapped
table X𝑏, for 𝑏 = 1, . . . , 𝐵, where the number of bootstrap tables
𝐵 can be large (e.g., 1000). The unweighted version for the
original table results in a decomposition of the interaction table
with the singular vectors arranged in U and V, respectively, see
Equation (13), and similarly, we obtain the matrices U𝑏 and
V𝑏 for the interaction table of the bootstrapped table. For the
weighted version we obtain the interaction table Yint,𝑊 , see
Equation (20), and the orthonormal matrices U𝑊 and V𝑊 with
the left and right singular vectors, respectively. Equivalently,
we obtain for each bootstrapped weighted interaction table the
correspondingmatrices with the singular vectorsU𝑊 ,𝑏 andV𝑊 ,𝑏.

5.2 | Comparison by the Principal Angle

The results are compared by the principal angle between sub-
spaces, as introduced in Björck and Golub [29] and implemented
as the function angle() in the R package rospca [30]. Denote
by  and  two orthonormal bases, where the number of basis
vectors in  is less or equal the number of basis vectors in  .
Then, the principal angle 𝜃 between the corresponding subspaces
is computed as

𝜃( ,) =
sin−1(𝜎max

((
I − ′)))

𝜋∕2 , (22)

where 𝜎max corresponds to the largest singular value of the pro-
jectedmatrix [29]. Here, the angle was already scaled to the inter-
val [0, 1], where 0 means that the smaller subspace is embedded
in the bigger one (or they span the same space).

In the following experiments, we compare the angle of the results
for the original (weighted) table with those for the bootstrapped
(weighted) tables, where we use all singular vectors in the first
case, but only the first two singular vectors in the second case.
Thus, the idea is to see whether the results usually shown
in a 2D plot for the bootstrapped version are related or even
embedded in the space spanned by the results of the original
data version. Note that the angle will be 0 when comparing the
singular vectors of the smaller dimension of X, and thus we will
reportmax

(
𝜃
(
UU𝑏

1∶2
)
, 𝜃(V,V𝑏

1∶2)
)
, and similarly for the weighted

versions.
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TABLE 1 | Data derived from the Spanish national health survey.

Age group Very good Good Regular Bad Very bad

16–24 243 789 167 18 6
25–34 220 809 164 35 6
35–44 147 658 181 41 8
45–54 90 469 236 50 16
55–64 53 414 306 106 30
65–74 44 267 284 98 20
75+ 20 136 157 66 17

5.3 | Spanish Health Survey Data

This data set originates from a Spanish health survey and it was
analyzed in Greenacre [31]. Table 1 presents the data that have
been used for CA. The rows refer to different age groups, and
the columns refer to the health status as perceived by the 6371
respondents, with the corresponding frequencies in the cells. In
contrast to the analysis presented in Greenacre [31] based on the
frequencies, we are here interested in relative information, and
thus treat the table as a compositional table. Some categories con-
tain small frequencies, which can introduce a lot of undesirable
variability in an unweighted analysis.

Figure 1 presents the results from unweighted and weighted
LRA. There are several changes visible, such as an exchange
of the positions of “Very bad” and “Regular,” but also of
“55–64” and “65–74.” The bootstrapped tables will introduce
even more uncertainty in the categories with small frequen-
cies, and the stability of the results will be investigated in the
following. It is also interesting to compare the explained vari-
ances, shown along the axis legends in the plots of Figure 1:
The first numbers refer to the explained variance within the
interaction parts, while the second numbers refer to the propor-
tion of explained variance from the overall (weighted) clr table.
In the latter case, weighting here leads to a much higher vari-
ance proportion because the weights shift the information to

a new origin which removes a lot of the information from the
independent part.

Figure 2 presents the results from the bootstrap experiments, as
described above. It can happen that zero frequencies occur in a
bootstrap table. Such values were replaced simply by 2/3 to add
minimum possible variance [32]. The boxplots in the left plot
compare the angles of the unweighted LRA with the weighted
version, and it can be seen that the angles are clearly smaller for
the weighted LRA. The right plot shows for each bootstrap repli-
cation the difference of the angle between the unweighted and the
angle of the weighted version as boxplots, together with notches
for confidence intervals around themedian. The boxplots are split
up into bootstrap experiments where the smallest value in the
bootstrapped tablewas 0, 1, 2, and so forth, which is shown on the
horizontal axis. This reveals that the medians of the differences
are positive, and that they tend to be higher if the smallest value
is smaller. Thus, weighting stabilizes the results, particularly if
there are small frequencies involved.

5.4 | Further Data Sets

We investigate for several other data sets known from theCA liter-
ature the stability of the results based on the bootstrap procedure
as described above. For the choice of the data sets, we consid-
ered different aspects, such as the dimension of the table, values
close to zero, low counts in some rows or columns, and so forth.
Of course, here we consider the table information as composi-
tional. As before, we will present the results from the bootstrap
procedure in terms of the difference between the angle of the
unweighted and the weighted version, see Figure 3.

Stores: Age distribution in food stores, used in Chapter 15 of
Greenacre [3]. This small data set with counts consists of 5 stores
(rows) and 5 age groups (columns). The counts are relatively
balanced among the cells, with the smallest value of 8 and the
largest of 69. The weighted version shows a slight improvement
in stability of the results when compared to the unweighted
version (see Figure 3).
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FIGURE 1 | Spanish health data: Results from unweighted (left) and weighted (right) LRA.
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FIGURE 2 | Spanish health data: Angles for unweighted andweighted LRAbased on 10.000 bootstrap samples (left), and the difference of the angles
of the unweighted and the weighted version, depending on the smallest count in the bootstrapped table (right).
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FIGURE 3 | Further data sets: Difference of the angles of the unweighted and the weighted version, based on 1000 bootstrapped tables.

Health2: We consider again the Spanish health data from Table 1,
but aggregate the categories “Bad” and “Very bad” in order
to avoid small counts. Figure 3 still reveals a clear advantage
of weighting, possibly because the categories “Very good” and
“75+” have a large variability.

Cups: A data set originating from the analysis of Roman glass
cups, see Greenacre and Lewi [15], available as data cups in the
R package easyCODA: concentrations of 47 observations for 11
chemical elements. The element “Mn” has very low values due to
detection limit problems. This data set was used inGreenacre and
Lewi [15] to illustrate the usefulness of weighting. We multiplied
the concentrations, reported in % with 2 digits, by 100 to pro-
duce integers in order to make the data suitable for our bootstrap
procedure. The results in Figure 3 indeed show a huge advantage
concerning the stability of the results when using weighting.

News: Data about the news interest in Europe, see Chapter 19 of
Greenacre [3]. The table consists of 34 countries (rows) and 18
categories (columns), and the frequencies are in the range from
18 to 652. There are no issues with small frequencies or big vari-
abilities of values for single categories, and thus the results in
Figure 3 are not in favor of any of the methods.

Galton: This data set originates from Galton [33], where the
body heights of parents and their children are studied. We use
the data as aggregated in tab. 1 of Cuadras and Greenacre [34],
resulting in a 9 × 12 table, with 20 cells containing zeros, which
are replaced by 2/3. There are several other cells with small
frequencies, distributed among several categories. This is a diffi-
cult situation, and here weighting by arithmetic marginals even
leads to slightly more instability compared to the unweighted
version.
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 19321872a, 2025, 4, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/sam

.70023 by K
am

ila Faevicová - U
niversity Palacky , W

iley O
nline L

ibrary on [27/05/2026]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



U W

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

Stores
Si

m
pl

ic
ia

l d
ev

ia
nc

e

U W

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

Health2

U W

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

Cups

U W

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

News

U W

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

Galton

U W

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

Fish

FIGURE 4 | Further data sets: Simplicial deviance of the unweighted (U) and the weighted (W) version, based on 1000 bootstrapped tables. The
simplicial deviance for the original data is shown by horizontal lines.

Fish: Morphological data on Arctic charr fish, available as data
fish in the R package easyCODA. We use the 26 morphological
measurements for the 75 observations, and multiply the values
by 100 to create integers, making them suitable for our bootstrap
procedure. There are no particularly small values or categories
with large variances in the table, and accordingly, the boxplot
shows only a marginal advantage of using weights.

Figure 4 presents the simplicial deviances of the unweighted (U)
andweighted (W) versions. The horizontal lines are the values for
the original data, and the boxplots present the results of the 1000
bootstrapped tables. In all cases we can see a clear advantage of
weighting, which allows to shift much more information to the
interaction table.

6 | Summary and Conclusions

CA is generally considered an exploratory data analysis tool. The
method is motivated by an algorithm, and there is still a con-
tinuous discussion about its mathematical background; see, for
example, Breitung [35]. The aim of this paper was to show that
the link to the logratio methodology [36] as its limiting case,
Greenacre [4] can contribute to build a solid theoretical frame-
work for CA. We have shown that the unweighted LRA, which
performs an SVD of the centered logratio represented composi-
tions [4], is equivalent to an analysis of a compositional table. In
the latter case, the whole table is considered a composition, and
it is not treated as a sample of compositional data. Moreover, the
orthogonal decomposition of a compositional table into its inde-
pendent and interaction parts enables us to assess the explained
variability not only within the interaction part (corresponding in
the jargon of CA to contingency ratios) but also within the whole
(logratio) correspondence table.

Compositional data, and also compositional (correspondence)
tables as their two-factorial decomposition, are characterized by

the property of scale invariance [8]. The possibility of approach-
ing unweighted or weighted LRA with power transformation
by different representations of the same contingency table (cf.
Results 1 and 2 in Greenacre [4]) indicates that scale invariance
in a truly compositional sense is not the main strength of CA.
Weighting with compositional tables is achieved instead through
a change of the reference measure in the respective Bayes space.
This leads to the usual choice of weighting in CA with row and
column (arithmetic) marginals to new insights, and to a natural
increment of the explained variance within the whole table. On
top of that, weighting with compositional tables is equivalent to
the weighted CA.

The reformulation of CA using compositional tables also guaran-
tees distributional equivalence for both the unweighted and the
weighted case, while the unweighted CA so far lacked this fea-
ture. Clearly, the aggregation in distributional equivalence needs
to be reformulated in terms of the geometric mean, as it is the
case for the marginals in a compositional table, and in general
as a measure of central tendency in a truly ratio-scale analysis;
however, it is merely nothing but the usual aggregation in the
log-scale, from the viewpoint of the original scale [16, 26]. Still,
for theweighted case also the usual arithmeticmarginals play the
important role in providing the absolute (interval-scale) informa-
tion, which is essentially their role in data analysis. Herewith, the
benefits of both concepts of marginals can be utilized.

The whole concept can be easily extended to the case of 𝑘-factors,
𝑘 > 2, known under the name compositional cubes [37]. They
represent the discrete version of the orthogonal decomposition
of multivariate densities [16]. Due to the orthogonality of the
decomposition, the explained variance of all possible combina-
tions of factors can be assessed which is of particular importance
in high-dimensional settings.

Of course, with the logratio approach, the problem of zeros
naturally occurs, which needs to be carefully considered. The
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zeros in contingency tables can be, however, treated as so-called
count zeros where a reasonable imputation by non-zero values
is adequate, and approaches for this purpose are available [38].
Moreover, the effect of the imputation (and presence of zeros
in general) is naturally downweighted in the weighted logra-
tio CA by lowering the respective marginal values. Still, dealing
with zeros in the logratio CA is one of the next challenges to be
addressed.

Overall, the logratio approach to CA opens up many new poten-
tial avenues for how the field can be further developed. The R
source codes for both weighted and unweighted CA using the
compositional tables methodology and for the numerical experi-
ments are available at https://github.com/kfacevicova.
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Abstract 

Compositional data, multivariate observations carrying relative information, are popu-
larly expressed in additive logratio coordinates which are easily interpretable as they 
use one of the components as ratioing part to produce pairwise logratios. These coordi-
nates are however oblique and they lead to issues when applying multivariate methods 
on them, including widely-used techniques such as principal component analysis and 
linear regression. In this paper we propose a way to redefne alr coordinates with respect 
to an orthonormal system and we also extend the idea to the case of compositional ta-
bles. The new approach is demonstrated in an application to movement behavior data. 
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1. Introduction 

Compositional data analysis concerns extracting knowledge from data carrying rela-
tive information (Aitchison, 1986). Technically this involves the representation of the 
original components in logratio coordinates which are, fairly naturally, desirable to be 
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mouc, Třı́da Mı́ru 117, Olomouc, 771 00, Czech Republic. 

4 Institute of Active Lifestyle, Faculty of Physical Culture, Palacký University Olomouc, Třı́da Mı́ru 117, 
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somehow interpretable in terms of the original components to facilitate scientifc insight. 
Following on the early additive and centred logratio transformations (alr and clr respec-
tively) proposed by Aitchison (1986), formal developments in the last two decades, cru-
cially the characterisation of the sample space for compositional data (the simplex) as an 
Euclidean space, have led to the popularisation of so-called isometric logratio (ilr) coor-
dinates (Egozcue et al., 2003). Ilr coordinates have been recently re-coined orthonormal 
logratio (olr) coordinates to more precisely honour their particular geometrical proper-
ties. Any of these logratio representations aim to map the data into real space so that 
ordinary statistical methods can be applied for analysis. They are all connected to each 
other by algebraic manipulation and, depending on the method and the purpose of the 
data analysis, they can be used indistinctly and lead to the same results. However, the 
olr representation has been in recent times favoured since it is directly deducted from 
the geometrical structure of the simplex as real-valued coordinates with respect to an 
orthonormal basis. In frst instance this is technically consistent with the own geometry 
of the simplex but, beyond that, it overcomes some diffculties and inconsistencies with 
the alr and clr representations (see e.g. Pawlowsky-Glahn et al. (2015)). Even so, some-
times practitioners fnd the interpretation of olr coordinates challenging in real-world 
applications. Particular classes of olr coordinates have been proposed aiming to over-
come this diffculty. These include so-called balances, which are the fagship approach 
and roughly interpreted as comparisons between subsets of components (Egozcue and 
Pawlowsky-Glahn, 2005), and pivot coordinates (Filzmoser, Hron and Templ, 2018), 
which are aimed at synthesising all the relative information of a component against all 
the others in a single coordinate. 

Even so, some criticism has been recently brought out questioning the role of bal-
ances in compositional data analysis and the actual relevance of orthonormality of logra-
tio coordinates in general (Greenacre, 2019b, 2018, 2019a). It is argued in these works 
that balances result from some form of mathematical funambulism and that orthonor-
mality is not that much necessary and, if required, it can be closely approximated by a 
much simpler logratio coordinate system. One of these simpler systems is obtained by 
just using alr coordinates, which result from just dividing all components by one of them 
(the ratioing part). Specifcally, for a D-part composition x = (x1, . . . ,xD), and xD being 
the rationing part up to a possible permutation, alr coordinates are given by 

� � 
x1 xD−1alr(x) = ln , . . . , ln . (1)
xD xD 

These logratios are sometimes even identifed with the original compositional parts in 
some felds where the scientifc community widely accepts the role of xD as reference 
or normalizing part. On the down side, however, they do not preserve distances and 
angles when moving from the simplex to the real space (they refer to an oblique instead 
of orthonormal coordinate system) (Pawlowsky-Glahn, Egozcue and Tolosana-Delgado, 
2015). This causes problems for both PCA, which is only orthogonal equivariant (Hron 
et al., 2021), and regression analysis, where the regression coeffcients lose their stan-



271 V. Nesrstová et al. 

dard interpretation (Coenders and Pawlowsky-Glahn, 2020). One recent attempt to pro-
vide a reasonable alternative is found in Hron et al. (2021), which aims to maintain 
orthonormality while enabling the use of simpler pairwise logratios. They are called 
backwards pivot coordinates in reference to their relationship with pivot coordinates. 
Hron et al. (2021) also demonstrate that orthonormality really matters when popular sta-
tistical methods such as principal component analysis or regression analysis are applied 
to compositional data. 

In this paper we present backwards pivot coordinates as a valid alternative to addi-
tive logratio coordinates, stressing the associated gains in interpretability in the context 
of principal component analysis (PCA) biplots and regression analysis. Furthermore, we 
extend the concept to two-factorial compositions, a.k.a. compositional tables (Egozcue 
et al., 2015; Faˇ a et al., 2018), for which to our best knowledge no appropriatecevicov´ 
counterpart to alr coordinates is available. In Section 2, backwards pivot coordinates 
and their extension to compositional tables are introduced. The subsequent sections 3 
and 4 are devoted to the development and interpretation of PCA and regression analysis 
in terms of backwards pivot coordinates. Section 5 demonstrates an application using 
movement behavior data in the form of both standard vector compositions and composi-
tional tables. Finally, a synthesis of the presented material is outlined. 

2. Backwards pivot coordinates and beyond 

Proper choice of logratio coordinates is fundamental for reliable analysis of composi-
tional data. Here we briefy review current approaches for ordinary vector compositional 
data and then proceed to the more general setting of compositional tables. 

2.1. Vector compositional data 

It is common in compositional data analysis that different logratio representations are 
used for different purposes. Thus, clr coeffcients of the form 

� � 
x1 x2 xDclr(x) = ln , ln , . . . , ln (2)

g(x) g(x) g(x) 

are commonly used to produce compositional biplots (Aitchison and Greenacre, 2002), 
where g(x) stands for the geometric mean of the parts of the composition x. Although 
clr coeffcients are isometric with respect to the so-called Aitchison geometry of the 
sample space of compositions and are easy to interpret (the original components are 
symmetrically represented with respect to the overall geometric mean at the observa-
tion level), they lead to singular covariance matrix in the clr-space and, thus, hinder the 
use of methods that require regular covariance matrices. Using olr coordinates over-
comes this issue and refects the actual D− 1 dimensionality of compositions. However, 
there are infnitely many possibilities to construct olr coordinates (although they are all 
related by orthogonal rotation) and, as mentioned above, some special cases such as 
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balances (Egozcue et al., 2005) and pivot coordinates (Filzmoser et al., 2018) facilitate 
interpretability. 

A pivot coordinate system allows to aggregate all the relative information about a 
given compositional part in the frst coordinate (the pivoting coordinate), including the 
possibility of defning weights for the logratios aggregated therein (Hron et al., 2017). 
This idea is extended by Hron et al. (2021) to defne backwards pivot coordinates (bpcs), 
where a pairwise logratio plays the role of pivoting coordinate. Using bpcs allows to 
easily capture the information conveyed in alr coordinates while fulflling orthogonality. 
Specifcally, D − 1 bpc systems can be written in the form 

r (l)
i xi+1bpc(x(l))i = ln � �1/i , i = 1, . . . ,D − 1, (3)

i + 1 (l)∏i 
j=1 x j 

(l) (l)where x(l) = (x , . . . ,xD ), l ∈ {1, . . . ,D−1}, stands for the permutation of the parts in x1 
so that the l-th part is placed at the second position and the rationing part (e.g. xD for the 
sake of simplicity) is placed at the frst position. That is, x(l) = (xD,xl,x1, . . . ,xl−1,xl+1, 
. . . ,xD−1). Then the pairwise logratio of interest (pivoting coordinate) is given by 

(l)1 x 1 xl2bpc(x(l))1 = √ ln 
(l)

= √ ln . (4)
2 x 2 xD1 

Consequently, by varying the part of interest xl , which is placed at the second posi-
tion in the respective permuted vector x(l), all alr-like coordinates can be obtained. 

Following Müller et al. (2018), the requirement of orthonormality can be even re-
laxed in regression analysis by replacing it by just orthogonality, which in practice means 
to remove the normalizing constants in (3). This helps to simplify interpretation of re-p
gression coeffcients. A bpcs representation (3) without normalizing constant i/(i + 1) 
will be denoted in the following by z(x(l)). Orthonormality is however important e.g. for 
principal component analysis because here it guarantees that the total explained variabil-
ity coincides with that based on the clr (or any other olr) representation. 

2.2. Compositional tables 

Although for vector compositional data the use of non-orthonormal coordinate systems 
such as alr can be argued on the basis of practical convenience, this is no longer the case 
for compositional tables (Faˇ a et al., 2018) nor multi-factorial compositional datacevicov´ 
in general (Faˇ a, Filzmoser and Hron, 2023; Hron, Machalov´cevicov´ a and Menafoglio, 
2023). For these latter, the concept of orthogonality is crucial for their decomposition 
into independent and interactive parts and preserving their respective dimensionality. 

Moreover, while in ordinary compositional data the most basic information is con-
tained in the pairwise logratios, compositional tables (comprising I rows and J columns) 
involve two types of elemental objects. On the one hand, the within-factor structure is 
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�I� �J� 
given by 2 (or 2 ) pairwise balances between the respective row (column) levels. On 
the other hand, the interactions between rows and columns are then naturally preserved �I��J� 
in 2 2 simple (four-part) log odds-ratios, which represent the elemental source of in-
formation also by contingency tables (Agresti (2013), Ch. 2.4). This needs to be taken 
into account for construction of any logratio coordinates aimed to generalize the concept 
of alr coordinates (in the form of bpcs) to multi-factorial compositions. 

With the aim of defning a coordinate system highlighting a specifc source of ele-
mental information, we introduce x(kl) as a permuted version of the original composi-
tional table x. Within this table, normalizing row and column (let say the I-th row and 
the J-th column for the sake of simplicity) are placed at the frst position followed by the 
k-th row and the l-th column at the second position in the respective dimensions. Con-
sequently, the part xIJ , placed at the position [1,1] in x(kl), plays the role of normalizing 
part xD, while the part xkl (at the position [2,2] in the respective permutation) represents 
the pivoting part (denoted xl in the vector case). There are in general (I − 1)(J − 1) of 
such permutations, and then there is a coordinate system for each of them, following the 
idea of vector bpcs and coordinates defned in Faˇ a et al. (2016). It can be defnedcevicov´ 
as follows. 

The elemental information on the row factor is contained in the frst coordinate from 
the set of row backwards pivot balances (rbpb) 

r (kl) 
(kl))i = 

iJ g(xi+1•)rbpb(x ln � �1/i , i = 1, . . . , I − 1. (5)
i + 1 (kl)∏i 

m=1 g(xm• ) 

That is, it is in the pairwise row balance 

r r(kl) 
(kl))1 = 

J g(x2• ) J g(xk•)rbpb(x ln = ln . (6)
(kl)2 2 g(xI•)g(x )1• 

Note that here g(xi•) stands for the geometric mean of elements in the i-th row of 
a table. Using the geometric mean to represent the rows guarantees that rbpbs can be 
considered an orthogonal projection of the compositional table that accounts for relative 
information conveyed solely by the rows (Fačevicová et al., 2016). This involves fur-
ther benefts, including the Pythagorean decomposition of the overall variability while 
respecting independence and interaction structure of the table. Similarly, g(x• j) is used 
for the defnition of column backwards pivot balances (cbpb) that concerns the inner 
structure of the column factor as 

s 
(kl)g(x 

cbpb(x(kl)) j = 
jI 

ln � 
• j+1) �1/ j , j = 1, . . . ,J − 1. (7)

j + 1 (kl)∏n
j 
=1 g(x•n ) 
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Thus, the pairwise column balance computed for each row-column permutation (kl) is 
given as r r(kl) 

(kl))1 = 
I g(x•2 ) I g(x•l)cbpb(x ln = ln (8)

(kl)2 2 g(x•J)g(x•1 ) 

and carries information on the ratio between the l-th column of interest and the normal-
izing column (the J-th column). 

Typically, the main interest lies on the relationships between factors. For this pur-
pose, the balances (5) and (7) are accompanied by the system of odds-ratio (referred to 
as table) backwards pivot coordinates 

s � �1/i j (kl) (kl) 
i j ∏i

m=1 ∏n
j 
=1 xmn xi+1, j+1 

tbpc(x(kl))i j = ln � �1/i � �1/ j , (9)
(i+ 1)( j + 1) (kl) (kl)∏i ∏ j 

m=1 xm, j+1 n=1 xi+1,n 

for i = 1, . . . , I − 1 and j = 1, . . . ,J − 1. The analysis is again focused on the frst coor-
dinate, the simple log odds-ratio, which here represents the interaction between the frst 
two rows and columns of the respective permutation (kl), i.e. 

(kl) (kl)1 x 1 xIJxkl tbpc(x(kl))11 = ln 11 x22 = ln . (10)
(kl) (kl)2 x 2 xIlxkJ 12 x21 

The proposed sets of coordinates (5), (7) and (9) can be analyzed also separately 
when only a specifc source of information is of interest. Following Egozcue and Paw-
lowsky-Glahn (2008) any compositional table can be decomposed orthogonally onto its 
independent and interactive parts. In our setting, the former is represented by (5) and 
(7), while the latter is accounted for by (9). Finally, omitting the normalizing constants 
can also lead here to a more straightforward interpretation in e.g. regression analysis. 

z(x(kl)), z(x(kl))These orthogonal alternatives to (5), (7) and (9) will be denoted by r c 
and tz(x(kl)) following on the notation introduced in the previous subsection. 

To facilitate the understanding of the construction of coordinates (for both composi-
tional vectors and tables), Supplementary Material B contains a thorough description of 
the process together with a graphical illustration. 

3. Principal component analysis 

Principal component analysis (PCA) is a well-known multivariate technique that aims to 
reduce the dimension of a data set through the construction of mutually orthogonal linear 
latent variables (principal components, PCs), which are fundamentally defned by ma-
trices of loadings (coeffcients of the linear combinations of the original variables) and 
scores (the values of the principal components) (Johnson and Wichern, 2007; Varmuza et 
al., 2009). The ordinary formulation of PCA and the associated biplot display for com-
positional data is based on clr coeffcients (Aitchison and Greenacre, 2002). Following 
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on the strategy introduced in Kynčlová, Filzmoser and Hron (2016), backwards pivot 
coordinates can be used for compositional PCA by combining frst coordinates from the 
D − 1 bpc coordinate systems (3) (Hron et al., 2021). The fnal matrix of loadings is 
obtained as a combination of rows from all the D− 1 loading matrices, picking out from 
each the row corresponding to the frst bpc. This approach is feasible due to the fact that 
the resulting matrices of scores are the same for all D − 1 bpc systems. Key features of 
this representation are the following: (1) the associated biplot display retains (visually) 
all the properties of ordinary clr-based PCA biplots; (2) the frst coordinate of the l-th 
backwards pivot coordinate system conveys information equivalent to the analogous l-th 
alr coordinate; and (3) unlike a biplot based on oblique alr coordinates, the results are 
invariant to orthogonal rotations. In the following subsections we detail the technical 
formulation of bpc-based PCA biplots for vector compositional data and generalize it to 
compositional tables. 

3.1. Preliminaries 

Before we proceed, we briefy summarise the main elements of the theory of PCA and 
the biplot display that will be required later on. Given a real matrix Xn×D, where n is 
the number of observations and D stands for the number of variables (assumed to be 
centered). PCA is commonly performed through singular value decomposition (SVD): 

X = UDVT , (11) 

where Un×D is an orthogonal matrix, DD×k is a matrix of singular values on diagonal, 
arranged in descending order (i.e. d11 ≥ d22 ≥ . . .dkk > 0, k ≤ min(n,D)) and VD×k is 
an orthogonal matrix of loadings. As noted above, the scores are the values of new PCs 
and the loadings are the coeffcients describing the importance of each variable on each 
PC. The singular values in D are the standard deviations of the scores (Varmuza et al., 
2009). The biplot display (Gabriel, 1971) results from an alternative decomposition of 
X as 

X = GHT , (12) 
√ 

√ 1where G = n − 1U and H = 
n−1 

VD. The rows of matrix Gn×D carry information 
about the observations, while the information about the variables is contained in the 
rows of HD×k. The biplot is commonly based on the frst k = 2 PCs (those retaining 
most of the variability of the original data set) and, therefore, only the frst two columns 
of the matrices G and H are used. Hence, equation (12) holds only approximately (unless 
X is of a rank two or less). This gives rise to the biplot graph where observations are 
represented by points (with coordinates determined by the PC scores) and variables are 
represented by arrows from the origin (with angle determined by the loadings vector). 

In the compositional case, X is replaced by Y = clr(X), which can be (after column-
wise centering) decomposed as in (12). The matrix G still represents the observations 
in the PC system, whereas H now carries information about the importance of the clr 
coordinates. Following Aitchison and Greenacre (2002) and known properties of the 
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classical (non-compositional) biplot, general properties of the compositional (clr-)biplot 
are listed below (note that vectors with indexes i• and • j refer, respectively, to the i-th 
row and j-th column of a matrix; all vectors are considered as columns): 

• The inner product between the rows of G and H (from the decomposition of Y) 
approximates the clr coeffcients: 

T xi j g h j• ≈ yi j = lni• g(xi•) 

• The length of the rays approximate the variability of clr coeffcients corresponding 
to the parts x j, j = 1, . . . ,D: 

� � 

∥h j•∥2 ≈ c c ln 
g 
x 
(x 

j 

) 
var(y j) = var 

• The length of the links between the vertices of the rays approximate the variability 
of a pairwise logratio formed by the respective parts: 

� � 
1 xi∥hi• − h j•∥2 ≈ (y•i − y• j)T (y•i − y• j) = varc ln 

n− 1 x j 

• The projection of the i-th score onto a link approximates the difference between 
the respective clr coeffcients (i.e. logratio between xi j and xik): 

T xi j xik xi j gi•(h j• − hk•) ≈ ln − ln = ln 
g(xi•) g(xi•) xik 

More elaborated derivations of the biplot properties (discussed both here and in the 
following sections) are available in Supplementary Material A. 

3.2. Vector compositional data 

The relationship between a pairwise logratio, i.e. the frst bpc in the corresponding 
coordinate system, and clr coeffcients (2) contained in Y can be written as 

r r r r 
1 xl 1 1 1

bpc(x(l))1 = ln = yl − yD = (yl − yD) , (13)
2 xD 2 2 2 

where xD is the chosen rationing element. All D − 1 coordinate systems need to be 
constructed to obtain all possible pairwise logratios with a chosen ratioing element. Let 
Z(l) be a centered matrix containing the bpcs of the l-th system, l = 1, . . . ,D − 1. The 
biplot decomposition of Z(l) can be written as Z(l) = G(l)H(l)T . The matrices G(l) are 
identical for all systems and in fact equal to the matrix G resulting from the clr version 
of PCA as defned above. The suggested biplot representation combines the frst rows of 
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the loading matrices H(l), corresponding to coordinates bpc(x(l))1 and, consequently, to 
pairwise logratios ln(xl/xD) of interest. 

The interpretation of the bpc-based biplot can be derived from the relationship be-
tween the frst row of a matrix H(l) and the rows of the clr loading matrix H. From (13) 
it follows that r r r 

1 1 1
h(l) 1• = hl• − hD• = (hl• − hD•) . (14)

2 2 2 

Given that G(l) = G and the relationship in (14), the main properties of the bpc-based 
biplot are as follows: 

• The inner product between a row of the matrix G and h(l) approximates the pair-1• 
wise logratio between the l-th component and the ratioing part: 

r 
T xil gi•h

( 
1 
l 
• 
) ≈ 

1
2

ln 
xiD 

• The lengths of biplot rays approximate the variability of the logratio between the 
l-th and the rationing part: 

� � 

∥h(l) 1 xl 
1•∥2 ≈ c lnvar 

2 xD 

• The length of the links between the vertices of two rays approximate the variability 
of the logratio between the compositional parts placed in the numerator of the 
respective pairwise logratios: 

� � 
1 xp∥h(p) − h(s)∥2 ≈ cvar ln1• 1• 2 xs 

• The projection of a score onto a link approximates the pairwise logratio of the 
respective components: 

r 
T 1 xip gi•(h

(p) − h(s)) ≈ ln1• 1• 2 xis 

Amongst the properties above, it is worth highlighting that lengths of the links be-
tween vertices approximate pairwise logratio variances, i.e. the elements of the varia-
tion matrix (Aitchison, 1986). Thus, the bpc-based biplot shares this property with the 
ordinary clr-based biplot, except that, for obvious reasons, now the pairwise logratios 
containing the ratioing part are not contained in the links. They can however be read-
ily obtained from the lengths of the rays. This implies that the bpc-based biplot can be 
used as a reasonable alternative to the crude alr-based biplot which suffers from non-
orthonormality of the input coordinates. 
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3.3. Compositional tables 

Similarly to the case of vector compositional data, PCA can be modifed to summarize 
the elemental information contained in a set of compositional tables. As noted in Section 
2.2, this concerns the interactions between factors, as carried by simple log odds-ratios, 
and the within-factor structure, as carried by the pairwise balances computed from the 
entire rows and columns. The modifed PCA using the bpc approach is like in the vector 
case given by the repeated computation of the decompositions (11) and (12), with the 
subsequent combination of the results from the different bpc systems. In each step, the 
data matrix X is replaced by a matrix of coordinates given by (5), (7) and (9). When the 
I-th row and the J-th column are understood as the normalizing categories, results from 
(I − 1)(J − 1) partial computations (based on (I − 1)(J − 1) permutations x(kl)) have to 
be combined. 

From a methodological point of view, it would be possible to analyze the elemental 
information from both the independent and interactive parts of a compositional table 
simultaneously in one biplot. Nevertheless, in the following we focus on the case where 
these two types of information are displayed and interpreted separately. In our view, this 
leads to a more straightforward interpretation of the resulting biplots. 

3.3.1. Inter-factorial relationships 

The ordinary PCA can be modifed so that the resulting biplot contains all possible sim-
ple log odds-ratios with the rationing element xIJ . Namely, let Z(kl), k = 1, . . . , I − 1, 
l = 1, . . . ,J − 1 be a mean centered n × (IJ − 1) matrix of coordinates from a sample 
of compositional tables ix(kl), i = 1, . . . ,n (note that in the following a left subscript will 
stand for the sample index), with the coordinates being ordered as tbpc(x(kl)), rbpb(x(kl)) 
and cbpb(x(kl)). That is, the log odds-ratio ln(xklxIJ/xkJxIl) is represented by the frst 

= G(kl)H(kl)Tcoordinate. When this matrix is decomposed as in (12), Z(kl) , the matrix 
G(kl) remains the same for all row/column permutations and equals the one obtained 
for the clr coeffcients (G). For the biplot representation, the frst row from each of the 
loading matrices H(kl) is used, since it corresponds to the frst tbpc (10). Each of these 
coordinates is related to the clr coeffcients through 

1 xIJxkl 1 � � 
tbpc(x(kl))11 = ln = y[I,J] + y[k,l] − y[I,l] − y[k,J] , (15)

2 xIlxkJ 2 

where y[i, j] stands for the clr representation of the part xi j of a compositional table x, i.e. 
y[i, j] = lnxi j/g(x), i = 1, . . . , I and j = 1, . . . ,J. The frst row of H(kl) is therefore related 
to the rows of the clr loading matrix H as follows: 

1 � � 
h(kl) 

= h[I,J]• + h[k,l]• − h[I,l]• − h[k,J]• , (16)1• 2 

with h[i, j]• denoting the row of H corresponding to the clr coeffcient y[i, j]. 
Based on the aforementioned decomposition, the biplot properties in this case can 

be summarized as follows: 
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• The inner product between the rows of the score matrix G and the frst row of 
H(kl) approximates the respective simple log odds-ratio: 

T h(kl) 1
ln ixIJ ixkl g ≈ .i• 1• 2 ixIl ixkJ 

• Due to the centering of the clr coordinate matrix Y the lengths of the biplot rays 
approximate the variability of the simple log odds-ratios: 

� � 

∥h(kl) 1 xIJxkl var ln .1• ∥2 ≈ c 
4 xIlxkJ 

• The length of the links between two vertices can in general be understood in terms 
of difference between variation of the respective simple log odds-ratios. More-
over, a more convenient interpretation is available for some combinations. Thus, 
the links between rays related to odds-ratios sharing two common elements ap-
proximate the variation of a new simple log odds-ratio. Considering e.g. the log 
odds-ratios sharing the elements at positions [k,J] and [I,J], and differing in the 
column permutation index l (represented by h(kl1) and h(kl2) , l1 ≠ l2), the distance 1• 1• 
between the corresponding rays verifes that 

� � 

∥h(kl1) − h(kl2) 1 xkl1 xIl2∥2 ≈ cvar ln .1• 1• 4 xIl1 xkl2 

A similar derivation can be given for odds-ratios sharing the same column indices, 
i.e. xk1lxIJ/xk1JxIl and xk2lxIJ/xk2JxIl for k1 ̸= k2, where the corresponding link es-
timates the variance of ln(xk1lxk2J/xk1Jxk2l). Consequently, when a biplot collects 
results from all coordinate systems defned for a fxed rationing part xIJ , it pre-
serves also the information on the variability of the odds-ratios containing parts 
either from the I-th row or the J-th column. On the other hand, the characteristics 
of the other odds-ratios are not represented in this setting. 

• In the case of the projection of a score to a link, only pairs of odds-ratios sharing 
elements from the same row or column are worth investigating. E.g. for the same 
pair as considered in the previous point, it holds that 

T
i•(h

(kl1) − h(kl2) 1
ln ixkl1 ixIl2g ) ≈ .1• 1• 2 ixIl1 ixkl2 

Interestingly, the links (partially) approximate the elemental covariance structure, 
represented here by variances of simple log odds-ratios. This property, which was also 
observed for the bpc biplot in the vector case, is thus transferred to a more general 
setting by a proper choice of coordinate representation of the interaction part of the 
compositional table. 
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3.3.2. Intra-factorial relationships 

The other main source of information carried by a compositional table lies in its indepen-
dent part, whose elemental representation is given by pairwise row or column balances. 

When the I-th row of a compositional table x is understood as the normalizing el-
ement (category of the row factor), all pairwise row balances with this element can be 
given by the frst rbpb, computed from different permutations x(kl), k = 1, . . . , I − 1. The 
following relationship holds between these coordinates and the clr representation: 

r r � �
(kl))1 = 

J g(xk•) 1
rbpb(x ln = y[k,1] + . . . + y[k,J] − y[I,1] − . . . − y[I,J] . (17)

2 g(xI•) 2J 

The construction of a biplot with pairwise row balances is based again on the de-
composition of the mean centered coordinate matrix Z(kl) into matrices G(kl) and H(kl), 
so it can be computed along with the one for the interaction part. Here the biplot rep-
resentation collects the rows of the loading matrices H(kl), k = 1, . . . , I − 1, standing at 
the position [(I − 1)(J − 1)+ 1] (the column permutation l does not play a relevant role 
in this case). Let the position be denoted by r1 in the following (in reference to the fact 
that it is the position corresponding to the frst rbpb). According to (17) the following 
relation holds between a row of H(kl) and rows of the clr loading matrix H: 

r 
1 � � 

h(kl) 
= h[k,1]• + . . . + h[k,J]• − h[I,1]• − . . . − h[I,J]• . (18)r1• 2J 

Accordingly, the biplot properties are now as follows: 

• The inner product between a row of matrix G and h(kl) approximates the pairwise r1• 
row balance: 

r 

i•h
(kl) J g(ixk•)gT
r1• ≈ ln 

g(ixI•) 
.

2 

• The lengths of the biplot rays give an approximation of the variability of the pair-
wise row balances: 

� � 

∥h(kl) J g(xk•)var ln .r1• ∥2 ≈ c 
2 g(xI•) 

• The length of the links between the vertices of the rays approximate the variability 
of the balance between row categories standing in the numerator of the respective 
coordinates: 

� � 
J g(xk1•)∥h(k1l) − h(k2l)∥2 ≈ c lnvar .r1• r1• 2 g(xk2•) 
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• A specifc pairwise row balance can be for a given observation approximated by 
the projection to a link: 

r � � 
T 
� 
h(k1l) − h(k2l) 

� J g ixk1• g ≈ ln .i• r1• r1• 2 g(ixk2•) 

Analogous properties can be derived for the biplot constructed from the rows at the 
positions [(I − 1)J + 1] of matrices H(kl), computed for different column permutations 
l = 1, . . . ,J − 1. These rows refer to the frst cbpbs of x(kl), and therefore the interpre-
tation relates to the pairwise column balances with the J-th (rationing) column level or, 
alternatively, between the other levels of the column factor. 

4. Regression analysis 

We now demonstrate the bpc approach focusing on the elemental information in vector-
or table-type compositional data in the context of regression analysis. More specifcally, 
we focus on linear regression models with real-valued response variable and explanatory 
composition. The coordinate representation of the composition challenges the interpre-
tation of regression parameters. As Coenders et al. (2020) pointed out, the standard inter-
pretation of regression coeffcients in terms of “increasing one regressor while keeping 
the others constant” is violated when non-orthonormal coordinates are used. We add 
that, even when an olr coordinate system is used, the idea of keeping regressors constant 
needs to be understood correctly. In this section, following Hron et al. (2021), we elab-
orate on the interpretation of regression parameters in the vector composition case using 
a bpc representation to, subsequently, extend the concept to compositional tables. 

4.1. Vector compositional data 

We focus on the regression analysis problem where a real-valued variable Y is mod-
elled in terms of a D-part compositional vector x = (x1, . . . ,xD). Thus, a system of 

(l) (l)(orthogonal) bpcs z(x(l)) = (z , . . . ,zD−1) can be used to represent the composition in a 1 
regression model as 

h i 
(l)) (l) (l)E Y |z(x = β0 + β (l)z + . . . + β (l) (19)1 1 D−1zD−1. 

Even though the defnition of bpcs in (3) refers to the usual natural logarithm, i.e. 
logarithm with the base of e, following Müller et al. (2018) this can be replaced by 
logarithms with any other base κ . An adequate choice of the base of the logarithm can 
facilitate the interpretation of the regression parameters. 

While the intercept β0 and global characteristics of the regression model such as 
residuals, overall F-statistic, and coeffcient of determination remain the same in any 
coordinate system, all the other regression coeffcients vary with the choice of logratio 
basis. When bpcs with xD as the normalizing part are of interest, the effects of the 
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simple logratios ln(xl/xD) can be investigated by changing the index l (l = 1, . . . ,D−1), 
each represented by the corresponding regression parameter β (l) associated to the frst 1 

(l)bpc coordinate z1 of the system. Therefore, the main result from such a modelling is 
formed by estimates β̂0 and β̂ (l) , l = 1, . . . ,D − 1.1 

Regardless the specifc permutation (l), β0 gives an expected value of the response 
when all compositional parts xi, i = 1, . . . ,D, are equal. However, the interpretation of 
the β (l) , l = 1, . . . ,D − 1, is related to the underlying model and coordinate system it is 1 

coming from. For a given l the parameter β (l) estimates the effect of the κ-times growth 1 
(l) (l)of the ratio xl/xD on the response, while keeping the remaining coordinates z , . . . ,z2 D−1 

constant. For example, using κ = 2 leads to the interpretation in terms of doubling the 
ratio of interest. In order to keep the remaining coordinates unaffected, the κ-times 
increase in xl/xD has to be equally distributed between both parts in the ratio. More√ 
specifcally, the only scenario leading to the required change is the κ-times increase 
in xl accompanied by the same decrease in xD. Each of the regression parameters β (l) ,1 
l = 1, . . . ,D − 1, therefore models the effect of the increase in the part of interest xl at 
the expense of the rationing part xD, while keeping the rest of the composition constant. 

Obviously, there are several other ways to achieve the κ-times increase in the ra-
tio involving xl and xD. Particularly interesting is the case when the increase is caused 
by a κ-times increase in xl only. Even though this does not affect any other pairwise 
logratio with the normalizing part xD, it leads to change in the remaining coordinates 
(l) (l)z , . . . ,zD−1 from the l-th system, which decrease by 1/2,1/3, . . . ,1/(D − 1) respec-2 

tively. The effect of the κ-times increase of xl would therefore need to be accounted for 
from all the regression coeffcients βi 

(l) , i = 1, . . . ,D − 1. 

4.2. Compositional tables 

For the purpose of regression modeling, a table x of dimensions I × J can be represented 
by a vector of olr coordinates (Faˇ a et al., 2021). When, additionally, the elemen-cevicov´ 
tal information related to the I-th row and the J-th column is of interest, such coordinates 
need to be constructed as in Section 2.2. The explanatory variables can be the orthogonal 
versions of the row and column backwards pivot balances (5) and (7) and the odds-ratio 

z(x(kl)),bpcs (9), i.e. z(x(kl)) and t z(x(kl)) respectively. As noted in the previous sec-r c 
tion, the natural logarithm can be replaced by any other with base κ . A linear model of 
dependence between a real variable Y and a I × J compositional table x can therefore be 
formulated as h i 

(kl)) β (kl) (kl) β (kl) (kl)E Y |z(x = β0 + r 1 rz1 + . . . + r I−1 rzI−1+ 

β (kl) (kl) β (kl) (kl) (20)+ z + . . . + zc 1 c 1 c J−1 c J−1+ 

β (kl) (kl) β (kl) (kl)
+ z + . . . + zt 11 t 11 t I−1,J−1 t I−1,J−1. 

The parameter β0 does not depend on the olr basis chosen and it has the usual in-
terpretation, i.e. it is expected value of the response when all the regressors are set to 
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zero. This corresponds to the case of no relationship between row and column factors 
(i.e. t z(x(kl)) being zero) and no informative categorization of the individual factors (i.e. 
z(x(kl)) and z(x(kl)) being zero). The value and interpretation of the remaining regres-r c 

sion parameters depend on the coordinate system from which they are estimated. As 
we focus on the elemental sources of information, we suggest to combine the results 
of the regression modeling (20) for each of the row-column permutations of the table 
x, i.e. x(kl), with k = 1, . . . , I − 1 and l = 1, . . . ,J − 1. As in the vector case in Section 
4.1, the global characteristics of the model do not depend on the specifc permutation 
applied. The main part of the outcome is then formed by the estimates of coeffcients 

β̂ (kl)corresponding to the orthogonal versions of the frst rbpbs , k = 1, . . . , I − 1, ther 1 

β̂ (kl)frst cbpbs , l = 1, . . . ,J − 1 and the frst odds-ratio backwards pivot coordinatesc 1 

β̂ (kl) 
t 11 , ∀k, l. 

The fnal summary of the model collects estimates of I − 1 regression coeffcients 
β (kl), which quantify the effect of a unit change of the ratios r 1 

(kl) g(xk•) 
rz1 = ln , k = 1, . . . , I − 1, (21)

g(xI•) 

on the response variable Y while keeping the remaining ones constant. But, as we are 
actually combining results from several regression models, that refers to the other co-
ordinates included in the respective model and not to those listed in the fnal summary. 
The logratios (21) can be understood as a special case of the pairwise logratios studied 

β (kl) (kl)in Section 4.1. Thus, the interpretation of is analogous. The unit increase in zr 1 r 1 
means a κ√-times increase in the ratio g(xk•)/g(xI•). This is achieved through a pro-
portional κ-times increase in parts from the k-th row accompanied by a proportional 
decrease in parts from the rationing row I by the same constant. 

The second set of regression coeffcients obtained from the regression analysis are 
β (kl)the , which analogously to the above quantify the effect of a unit change of c 1 

(kl) g(x•l)z = ln , l = 1, . . . ,J − 1, (22)c 1 g(x•J) 

on the response variable Y . The κ-times increase in the respective ratio can be (under the√ 
condition of unaltered remaining coordinates) achieved here through a proportional κ-
times increase in parts from the l-th column accompanied by a proportional decrease in 
parts from the J-th column by the same constant. 

β (kl)The last group of regression coeffcients are the 11 . These (I − 1)(J − 1) coef-t 
fcients quantify the effect of changes in the interactive structure of the compositional 
table, as each of them is related to one log odds-ratio of the form 

(kl) xIJxkl z = ln . (23)t 11 xIlxkJ 
√ 

A κ-times increase in this case means a 4 κ-times increase in the parts xIJ and xkl √ 
accompanied by a simultaneous 4 κ-times decrease in xIl and xkJ . Note that even though 
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this ensures that the remaining coordinates from the system remain unchanged, it still 
affects some of the elemental odds-ratios with rationing part xIJ . More specifcally, the 
following happens: 

• The odds-ratios sharing the pair of elements xIJ and xkJ or xIJ and xIl , i.e. 

xIJxk j xIJxil or , i = 1, . . . , I − 1, i ≠ k and j = 1, . . . ,J − 1, j ̸= l, 
xI jxkJ xiJxIl 

√ 
turn out to increase κ - times. 

• The odds-ratios sharing with the one of interest only the part xIJ , 

xIJxi j 
, i = 1, . . . , I − 1, i ̸= k and j = 1, . . . ,J − 1, j ≠ l, 

xI jxiJ 

√ 
increase 4 κ-times. 

Similarly to the vector composition case, the unit increase in the coordinate of inter-
est admits an alternative interpretation. If the condition that the other coordinates must 
remain unchanged is relaxed, we can consider the case in which only the part of the 
interest xkl observes a κ-times increase. This implies that the other coordinates from the 
system are affected and the overall effect on the response variable is therefore a combi-
nation of all regression parameters for the (kl) model. In particular, the row backwards 

(kl) (kl)pivot balances z , i = 2, . . . , I − 1, decrease by 1/iJ, while z increases by 1/J.r i r 1 
(kl)Similarly, the column backwards pivot balances z , j = 2, . . . ,J − 1, decrease by 1/ jI j 

(kl) (kl) 
c 

and z is increased by 1/I. Finally, the odds-ratio backwards pivot coordinates z ,c 1 1 jt 
(kl)j = 2, . . . ,J − 1, or z , i = 2, . . . , I − 1, decrease by 1/ j and 1/i respectively. Thet i1 

(kl)remaining z , i = 2, . . . , I − 1 and j = 2, . . . ,J − 1, are increased by 1/i j.i j 
(kl) 

t 

Another interesting case of a unit change in z is that derived from change int 11 
one of the odds constituting the corresponding odds-ratio (while keeping the other un-
changed). Thus, when for example the odd xkJ/xIJ decreases κ-times in a way such that √ √ 
xIJ becomes κxIJ and xkJ decreases proportionally to xkJ/ κ , this change propagates 

(kl) (kl)to coordinates z , j = 1, . . . ,J −1, which increase by 1/ j, and to the row balance z ,1 j r 1t 
which increases by 1/J. The effect of such a change on the response variable is therefore 

β (kl) β (kl)given by a combination of the parameters , j = 1, . . . ,J − 1, and .1 j r 1t 

5. Illustrative applications 

The presented methodology is illustrated in the following subsections using two real-
world data sets from the feld of time-use epidemiology, where compositional methods 
have been notably introduced in recent years (see e.g. (Dumuid et al., 2020)). The 
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data analyses were conducted using R (R Core Team, 2020). All methods introduced 
in this manuscript are implemented in the R package robCompositions (Templ, 
Hron and Filzmoser, 2011), with associated functions called bpc, bpcPca, bpcReg, 
bpcTabWrapper, bpcTabPca and bpcTabReg. 

5.1. Movement behavior patterns in children and adolescents — a vector 
approach 

The frst data set describes the distribution of 24-hour movement behaviors of 336 chil-
dren and adolescents aged between 8 and 18 (Gába et al., 2021). For each of the partici-
pants the times spent in sedentary behavior (SB), light physical activity (LPA), moderate 
physical activity (MPA) and vigorous physical activity (VPA) were collected together 
with sleep time using wrist-worn accelerometers. Note that sleep is a natural ratioing 
part, so we will focus on the four pairwise logratios representing time spent in SB, LPA, 
MPA and VPA behaviors relative to sleep. 

5.1.1. Principal component analysis 

Compositional PCA and associated biplot based on backwards pivot coordinates as de-
scribed in Section 3.2 are applied here to the movement composition, focusing on the 
representation of pairwise logratios including sleep as reference behavior. The resulting 
biplot display is shown in Figure 1, where it can be observed that the data variability is 
mainly driven by the VPA-to-sleep logratio. The individuals (biplot points) are repre-
sented by their ID number in the database. Thus, while participant no. 1287 spent sub-
stantially more time sleeping than in VPA (the raw values are VPA = 0.12 min/day and 
sleep = 478.35 min/day), for example participant no. 1656 (at the opposite side of the 
biplot) reported a higher absolute (and relative) amount of VPA (VPA = 29.14 min/day, 
sleep = 497.66 min/day). Another important source of variability is the logratio between 
MPA and sleep, while the relative time spent in SB or LPA is rather consistent in com-
parison to the former two logratios. Looking at the links, the logratio between VPA and 
MPA also stands out as relevant source of variation between participants, followed by 
logratios between VPA and SB, VPA and LPA or MPA and SB. 

To illustrate possible caveats of the ordinary alr approach (considering sleep as refer-
ence element as in the case of backwards pivot coordinates), Figure 2 shows the resulting 
alr-based biplot. Two main issues are noticeable. Firstly, the scores of this biplot are dis-
torted with respect to the biplot based on backwards pivot coordinates. Although the 
latter could be closely approximated using alr coordinates through an adequate choice of 
reference element (Greenacre, 2018), this option is not feasible when the reference ele-
ment is chosen to have a concrete interpretation in the context of the problem at hand (as 
it is the case here). Secondly, and related to the above, the loadings are also dramatically 
different to those obtained using backwards pivot coordinates, particularly showing an 
exaggerated variability of the logratio between VPA and sleep. This variability is better 
represented relative to the other elements of the multivariate structure when orthonormal 
coordinates as seen in Figure 1. 
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Figure 1. PCA biplot based on backwards pivot coordinates for the movement behavior vector 
composition with sleep used as reference behavior. The numbers correspond to participant ID. 
Individuals no. 1287 and no. 1656 (highlighted in red color) differ substantially in time spent in 
VPA relative to sleep. 

5.1.2. Regression 

The above movement distribution was accompanied by information on body fat percent-
age as response variable. Regression analysis as described in Section 4 was conducted 
to investigate their relationships. Namely, four regression models were required, each 
concerning the association with the response variable of each of the pairwise logratios 
with sleep as rationing part. Moreover, the logarithmic base κ was set to 2 for interpre-
tation in terms of doubling the respective ratios. Note that body fat percentage was also 
represented in log2-scale as commonly done in practice to symmetrize its distribution. 
The results from all four models are summarized in Table 1. 

The value of parameter β̂0 indicates that the average body fat percentage of an indi-
vidual, who distributes time fairly equally over all fve behaviors, is approximately 18 % 
(2β̂0 = 24.169). The pairwise logratios to sleep do not seem to play an important role 
overall, with the exception of time in MPA relative to sleep that is statistically signif-√ 
cant at the usual 5% signifcance level. This implies that doubling this ratio (a 2-times 
increase in MPA at the expense of a similar decrease in sleep) results in an increase in 

β̂ (3) 
= 20.446body fat percentage of more than one third (2 1 = 1.362). Note that this trend 

represents an average behavior over the entire data set. As the participants in this study 
span a fairly wide age range, it is expectable that a more structured analysis, which is 
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Figure 2. PCA biplot based on alr coordinates for the movement behavior vector composition 
with sleep used as reference behavior. The numbers correspond to participant IDs. 

beyond the scope of this more methodologically-orientated manuscript, would lead to 
more specifc results. 

Following on Section 4.1, when only time dedicated to MPA doubles while all 
the remaining behaviors are unchanged (before closure), the overall effect on body 
fat percentage is derived from all the β coeffcients in the respective model. In this 
case, they are the coeffcients from β (3) to β (3) estimated for the third (l = 3) model, 1 4 
which are (0.446,−0.036, −0.398,−0.193). Therefore, doubling the time spent in MPA 
is associated to an increase in body fat percentage by approximately one ffth 
(20.446−0.036/2−0.398/3−0.193/4 = 1.187). 

Finally, it can be compared to a simpler model that considers only the MPA-to-
sleep logratio as explanatory variate, ignoring time devoted to other behaviors. This 
latter gives a markedly lower performance (adjusted R2 = 0.013) and doubling the MPA-
to-sleep ratio here implies a slight increase in body fat percentage (β̂1 = 0.172 with 
associated p-value equal to 0.020). The predicted body fat percentage when time spent 
in MPA is equal to sleep time is estimated to be 26 % (β̂0 = 4.688 with p-value < 0.001). 

5.2. Movement behavior for older adults — a compositional table approach 

The second data set focuses on the older adult population from a study conducted in 
2016-2019 (Cuberek et al., 2019). The structure of movement behaviors during weekend 
waking time was assessed by hip-worn accelerometers and its association with visceral 
fat area (VFA) was studied based on 161 individuals aged between 60 and 84. For each 



288 Simple enough, but not simpler: reconsidering alr coordinates in CoDa 

Table 1. Regression analysis of body fat percentage on movement behavior composition. Sum-
mary of the four regression models needed to extract all orthogonal logratios with sleep as ref-
erence behavior. Common overall signifcance and R2 measures: F-statistic = 12.304 (p-value 
< 0.001), R2 = 0.129 and adjusted R2 = 0.119. 

(l) Variable Estimate Std. error t-value p-value 

Intercept 4.169 0.219 19.077 < 0.001 

(1) log2(SB/SLEEP) 0.196 0.153 1.283 0.200 

(2) log2(LPA/SLEEP) -0.051 0.154 -0.335 0.738 

(3) log2(MPA/SLEEP) 0.446 0.114 3.918 < 0.001 

(4) log2(VPA/SLEEP) 0.027 0.097 0.278 0.781 

participant, a two-factorial composition was available since activity (with categories SB, 
LPA and MVPA (moderate to vigorous physical activity aggregated)) was also split by 
part of the day (LM - late morning (9-12 am), N - noon (12 am - 3 pm), and A - af-
ternoon (3-6 pm)). Moreover, each of the 3 × 3 compositional tables was accompanied 
by information about the visceral fat area (in cm2) for the individual (see Table 2 for an 
example). Considering SB and LM as normalizing categories, the analysis focuses on 
(1) pairwise row balances between LPA or MVPA and SB, and (2) pairwise column bal-
ances between N or A and LM. Additionally, the interaction structure is studied focusing 
on the simple four-part log odds-ratios with [SB, LM] serving as the reference. 

Table 2. Example compositional table showing the distribution of movement behaviors during 
weekend (min./part of the day) for a senior individual presenting 71.36 cm2 of visceral fat area. 

LM N A 

SB 110.5 73.0 38.5 

LPA 65.5 88.5 105.5 

MVPA 4.0 18.5 36.0 

5.2.1. Principal component analysis 

Figure 3 shows biplots for the row and column pairwise balances (left) and simple log 
odds-ratios (right) resulting from the four PCAs required here, each based on a permu-
tation of the 3×3 compositional table x(kl). 

The left biplot suggests that the data variability is mostly driven by the MVPA-to-
SB logratio (averaged over parts of the day). Even though SB time overall dominates 
MVPA time amongst participants, the more active ones are represented on the left-hand 
side of the biplot (e.g. participant no. 97159 has a paiwise row balance equal to -0.279). 
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Figure 3. PCA biplots based on backwards pivot coordinates for the movement behavior com-
positional table with sedentary behavior (SB) and late morning (LM) used as normalizing cat-
egories. The numbers correspond to participant ID. Participants further discussed in main text 
are highlighted in red. 

Contrarily, participants whose amount of MVPA time is relatively small (e.g. no. 598 
has a pairwise row balance of -7.275) appear on the right-hand side. An important 
contribution to the overall variability is given by the simple log odds-ratio comparing 
the MVPA-to-SB ratio between afternoon and late morning. Thus, participants at the 
top of the right-hand side biplot tend to spend more time in MVPA (relatively to SB) 
in the late morning than in the afternoon (e.g. participant no. 97027, with log odds-
ratio equal to -5.843). On the contrary, those at the bottom typically exhibit the opposite 
behavior (e.g. participant no. 97168 has log odds-ratio equal to 5.010). Moreover, the 
lengths of the rays indicate that a non-negligible variability involves the averaged A-to-
LM and N-to-LM logratios (i.e. there is a good deal of variability in movement behavior 
during the day) and the log odds-ratio comparing the MVPA-to-SB ratios between noon 
and late morning. It can be observed that all logratios including LPA are fairly stable 
across participants. Thus, the LPA-to-SB logratio is fairly stable during the day and, 
considering the results from the regression analysis, change in LPA could be related 
with reduction in fat. Finally, looking at the link between the vertices of the odds-ratios 
including MVPA, we can conclude that the odds-ratio comparing the MVPA-to-SB ratio 
between afternoon and noon is markedly variable. 

5.2.2. Regression 

The relationship between amount of visceral fat and structure of weekend activities can 
be studied using a regression model of the form (20) as introduced in Section 4.2. Four 
permutations x(kl) were considered for each individual table, where k = 1,2 distinguishes 
whether either LPA (k = 1) or MVPA (k = 2) is set as second row, and l = 1,2 refers 
to permutations where N (l = 1) or A (l = 2) is placed in the second column. For each 
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� � 
x(kl)permutation, a system of orthogonal coordinates z was computed following (5), 

(7) and (9) . They were used as covariates in the regression model. As in the previous 
example, a base κ = 2 was set for the logarithm and the response variable VFA was 
log-transformed to meet distributional assumptions. The results from all four models 
are summarized in Table 3. Note that, e.g., notation log2(g(MVPA)/g(SB)) refers to 
the pairwise row balance between MVPA and SB, while log2OR: x[MVPA, N] denotes 
simple log odds-ratio with the pivoting element at the position [MVPA, N]. 

Table 3. Regression analysis of visceral fat area on weekend movement behavior composition in 
adults according to intensity and part of a day. Summary of the four regression models needed 
with sedentary behavior (SB) and late morning (LM) as normalizing categories. Common overall 
signifcance and R2 measures: F-statistic = 2.943 (p-value = 0.004), R2 = 0.134, adjusted 
R2 = 0.089 (see text for details). 

(kl) Covariate Estimate Std. error t-value p-value 
Intercept 6.246 0.126 49.566 < 0.001 

(1•) log2(g(LPA)/g(SB)) -0.029 0.048 -0.607 0.545 
(2•) log2(g(MVPA)/g(SB)) -0.105 0.035 -2.987 0.003 
(•1) log2(g(N)/g(LM)) 0.068 0.157 0.436 0.664 
(•2) log2(g(A)/g(LM)) -0.069 0.131 -0.530 0.597 

(11) log2OR: x[LPA, N] -0.088 0.047 -1.878 0.062 
(12) log2OR: x[LPA, A] -0.063 0.039 -1.626 0.106 
(21) log2OR: x[MVPA, N] -0.066 0.042 -1.562 0.120 
(22) log2OR: x[MVPA, A] -0.024 0.035 -0.667 0.506 

The results suggest that VFA is mostly related to the MVPA-SB ratio, with the cor-
β̂ (2•)responding regression coeffcient being = −0.105. That is, doubling the average r 1 

MVPA-SB ratio is related to a decrease in VFA by approximately 7% (1 − 2−0.105). 
Change in the respective row balance is considered under the condition of constant re-
maining coordinates. Therefore, it has to happen across the whole day by simultaneous √ 

2-increase of time spent in MVPA at the expense of SB. Alternatively, we can con-
sider a 2-time increase in MVPA over the day, without simultaneous decrease in SB nor 
LPA and before closure. Similarly to the vector case, such a change affects the second � � 

β̂ (2•)− 1 β̂ (2•) 
r 1 2 r 2 = 2(−0.105+0.031/2)rbpb and, thus, the overall effect on VFA is 2 = 0.940 

(approx. 6% decrease). If LPA and the interactions were ignored, the simple model 
of VFA on the MVPA-to-SB balance would estimate an effect of −0.120, leading to 
a similar conclusion: doubling the mean MVPA time (with respect to SB without any 
other condition) is associated with a decrease in VFA of about 8 %. Note that the overall 
performance of this simpler model is also fairly poor (adjusted R2 = 0.087). 
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β̂ (11)Another interesting regression coeffcient is , which quantifes the effect oft 11 
change in the odds-ratio comparing the LPA-to-SB ratio at noon and late morning. Even 
though the estimate is marginally non-signifcant at the usual 5% signifcance level (p-
value = 0.062), its value suggests that doubling the odds-ratio decreases VFA by more 
than fve percent (2−0.088 = 0.941). This change has to be proportionally distributed 
over all parts in the odds-ratio, meaning that while time spent in LPA at noon and in 
SB at late morning increases 

√
4 2-times, this is at the expense of time devoted to the 

same behaviors at the complementary part of a day. It can be therefore understood as 
a transfer of LPA time from late morning to noon, compensated by a transfer of SB 
time in the opposite direction. Alternative scenarios as discussed in Section 4.2 can be 
considered. For instance, when the change affects only the late morning LPA-to-SB ratio 
(decreasing in a half by reducing LPA time at the favor of SB time), the effect on VFA � � 

β̂ (11) β̂ (11) β̂ (11)1 1+ +t 11 2 t 12 3 r 1is equal to 2 , i.e. 2(−0.088−0.026/2−0.029/3) = 0.926 (a 7% decrease 
approx.). Finally, the simpler model of VFA on the discussed log odds-ratio gives an 
estimated β coeffcient equal to −0.101 (p-value = 0.024). Therefore, when the other 
covariates are neglected, doubling the odds-ratio comparing the LPA-to-SB ratio at noon 
and late morning relates to a decrease in VFA by approximately 7%. 

6. Final remarks 

Some recent developments in compositional data analysis suggest that there is a demand 
amongst practitioners for simple, interpretable logratio representations of compositional 
data. The classic alr coordinates, although having some issues related to the fact that they 
defne an oblique system of coordinates, are indisputably a key representative of this 
kind. Moreover, orthonormality of logratio coordinates is a desirable property which 
is very much linked to the Aitchison geometry of compositional data, contributing to 
guarantee consistent and reliable results. In this paper we present backwards pivot coor-
dinates as an orthonormal alternative to alr coordinates. It is demonstrated how they can 
be used with widely-used techniques such as principal component analysis and linear 
regression analysis. Just taking into account that the results are originated from multi-
ple coordinate representations simultaneously, the interpretation results to be simple and 
natural while orthonormality is satisfed. Additionally, the approach is extended in this 
contribution to the case of compositional tables, where orthonormality of coordinates is 
required to enable (orthogonal) decomposition into independent and interactive parts. 

We then consider that the approach in the present work opens up new possibilities 
in compositional data analysis, offering simplicity of interpretation while respecting the 
well-established geometrical framework for both vector compositional data and multi-
factorial compositions. Computer implementations of the methods are made freely avail-
able to facilitate use by practitioners on the R software for statistical computing. 
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Fačevicová, K., Hron, K., Todorov, V. and Templ, M. (2016). Compositional tables anal-
ysis in coordinates. Scandinavian Journal of Statistics, 43(4), 962–977. 

Faˇ a, K., Hron, K., Todorov, V. and Templ, M. (2018). General approach to co-cevicov´ 
ordinate representation of compositional tables. Scandinavian Journal of Statistics, 
45(4), 879–899. 

Facevicovˇ a, K., Kyn´ ˇ a, P. and Mack˚clov´ u, K. (2021). Geographically Weighted Regres-
sion Analysis for Two-Factorial Compositional Data. In: Advances in Compositional 
Data Analysis, pages 103–124. Springer, Cham. 

Filzmoser, P., Hron, K. and Templ, M. (2018). Applied Compositional Data Analysis. 
Springer, Cham. 
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1 Introduction

Modelling of spatial dependent data represents one of the well-developed fields of
statistical analysis. Methods of spatial statistics are based on the assumption that
elements that are spatially close to one another are also more closely related. Thus,
it is a direct link to Tobler’s first law of geography saying that "Everything is related
to everything else, but near things are more related than distant things." [Tobler,
1970]. Spatial data are often mistreated without taking into account their specific
characteristics resulting from spatial relationships. These linkages may disrupt the
assumptions of common statistical analyses, such as homogeneity, or absence of au-
tocorrelation [Fotheringham, 1997], making standard statistical methods unsuitable
[Anselin, 2013].

Many authors have been dealing with the design of spatial statistical methods.
There are several well-developed methods and tools for solving spatial autocor-
relation problems [Cliff and Ord, 1970], applying regression models on spatial
data [Anselin, 2001, Brunsdon et al., 1998], estimating of local spatial and geo-
graphically weighted correlations [Kalogirou, 2012] or performing geographically
weighted principal component analysis [Harris et al., 2011]. Nevertheless, all these
methods are primarily designed for real-valued data and, therefore, if the data at
hand are of the relative (compositional) nature, a proper modification of the methods
is needed.

Analysis of spatial dependent compositional data is quite frequent in practice.
Let us mention here the Kola data set consisting of a geochemical structure of over
600 soil samples from different locations in Norway, Finland and Russia [Reimann
et al., 1997] as a well-known example of spatial dependent vector compositional
data. Relative-valued data also naturally appear in the econometric studies, when
the demographic structure of countries [Gollini et al., 2015] or the election results
in different electoral districts are of interest. Finally, not just vector but also more
complex compositional structures appear in practice. The compositional approach
to analysis of manufacturing output distributed according to technology intensity
and resource efficiency was introduced in [Fačevicová et al., 2016]. Furthermore,
the educational structure reflecting the field of study and the highest reached degree
was analysed in [de Sousa et al., 2020]. In both cases, the set of spatial dependent
compositional tables was analysed. In the latter case, a more detailed structure can
be considered when inhabitants’ gender is taken into account resulting in a set of
three factorial compositional data - compositional cubes.

Even though spatial dependency is quite common for compositional data, the
methods for its analysis are still not well developed. One of the first steps towards
this goal was taken by [Pawlowsky-Glahn et al., 2015, Tolosana-Delgado et al.,
2008] who focused on simplicial kriging and cokriging. The authors of [Nordhausen
et al., 2015] deal with the task of blind source separation. They propose the use of
an independent component analysis method tailored for spatial dependent composi-
tional data. Other authors have recently focused on methods for analysis of spatial
dependence [Andreano et al., 2019, Pirzamanbein et al., 2018], spatial regression
modelling [Leininger et al., 2013] or multivariate spatial processes [Yoshida and
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Tsutsumi, 2018]. However, all the current methods are designed for vector compo-
sitional data and do not reflect the complexity of their more-factorial alternatives.
This chapter represents the first step towards analysing more-factorial compositional
data using spatial statistical methods. The main aim is to introduce a geographically
weighted regression model for exploring spatial heterogeneity of the relationship
between the dependent variable and an explanatory variable reflecting a structure
expressed in terms of a compositional table.

The contribution itself is motivated by the problem of modelling a relationship
between at-risk-of-poverty rates and educational attainment structure of the popula-
tion aged 30-34 in 36 German regions in 2017. As the at-risk-of-poverty rates vary
significantly across different German regions, the relationship with the structure of
the highest attained education level is explored assuming local variations over the
space. The compositional aspect of the educational structure of German population
plays an important role in this study. The system of coordinates is thus constructed in
such a way to focus primarily on the relative dominance of attained tertiary education
as a key factor of at-risk-of-poverty rates.

The chapter is organised as follows. The theory of compositional tables and their
coordinate representation is introduced in Sect. 2. Moreover, this section proposes
an ordinary linear regression model with a compositional table in the role of the
independent variable, and focuses on the interpretation of its coefficients. The con-
ventional geographically weighted regression model is defined in Sect. 3 and further
extended to its compositional version in Sect. 4. Sect. 5 demonstrates a practical
application of the method followed by concluding remarks in Sect. 6.

2 Two-factorial Compositional Regression Model

Analysis of more-factorial compositional data represents a natural extension of the
traditional log-ratio methodology, which is described in detail e.g. in Chapters 1, 2,
3 and 11 of [Pawlowsky-Glahn and Buccianti, 2011]. When the relative structure
results from the combination of levels of two factors, it can be expressed in the form
of an 𝐼 × 𝐽 compositional table

x =
©­­«
𝑥11 · · · 𝑥1𝐽
...

. . .
...

𝑥𝐼1 · · · 𝑥𝐼 𝐽

ª®®¬
, (1)

whose cells 𝑥𝑖 𝑗 > 0, for 𝑖 = 1, 2, . . . , 𝐼 and 𝑗 = 1, 2, . . . 𝐽 convey relative contribu-
tions on the whole. An example of such a structure is shown in Table 1 where each
cell represents a percentage of the given educational-gender category on the whole
population aged 30-34 in Leipzig in 2017.

Similarly to the case of vector compositional data, the sample space of composi-
tional tables is a subset of an 𝐼𝐽-part simplex S𝐼 𝐽 where both basic operations of the
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Table 1 The structure of attained education in German population aged 30-34 living in Leipzig in
2017 (in percent). The educational classes are Less than primary, primary and lower secondary ed-
ucation (ED0-2), Upper secondary and post-secondary non-tertiary education (ED3-4) and Tertiary
education (ED5-8).

ED0-2 ED3-4 ED5-8

Women 1.63 25.35 20.94
Men 4.53 27.71 19.84

Aitchison geometry, perturbation of tables x and x′ and powering by a real constant
𝛼, can be extended as follows

x ⊕ x′ = C
(
𝑥𝑖 𝑗𝑥

′
𝑖 𝑗

) 𝐼 ,𝐽
𝑖, 𝑗=1

and 𝛼 � x = C
(
𝑥𝛼𝑖 𝑗

) 𝐼 ,𝐽
𝑖, 𝑗=1

, (2)

where C denotes closure and constitutes the equivalence classes of compositional
tables, which differ only by the sum of their parts 𝜅. The vector space structure is
moreover extended with the Aitchison inner product defined for compositional tables
as

〈x, x′〉𝐴 =
1
2𝐼𝐽

∑︁
𝑖, 𝑗

∑︁
𝑘,𝑙

ln
𝑥𝑖 𝑗

𝑥𝑘𝑙
ln

𝑥 ′𝑖 𝑗
𝑥 ′𝑘𝑙

. (3)

Similarly to compositional vectors, compositional tables are also defined as hav-
ing strictly positive entries. The situation when some cells equal zero would disable
the application of the log-ratio approach to further analysis and therefore its impu-
tation is needed.Various techniques for dealing with zeros or missing values have
been introduced, e.g. in Filzmoser et al. [2018], ch. 13. Nevertheless, all of them
are primarily designed for vector compositional data and not their more-factorial
alternatives.

According to Egozcue et al. [2008, 2015], it is possible to decompose each
compositional table into its independent and interactive parts

x = x𝑖𝑛𝑑 ⊕ x𝑖𝑛𝑡 (4)

and to analyse them separately. More specifically, both x𝑖𝑛𝑑 and x𝑖𝑛𝑡 are also 𝐼 × 𝐽
compositional tables with cells

𝑥𝑖𝑛𝑑𝑖 𝑗 =

(
𝐼∏

𝑘=1

𝐽∏
𝑙=1

𝑥𝑘 𝑗𝑥𝑖𝑙

) 1
𝐼 𝐽

and 𝑥𝑖𝑛𝑡𝑖 𝑗 =

(
𝐼∏

𝑘=1

𝐽∏
𝑙=1

𝑥𝑖 𝑗

𝑥𝑘 𝑗𝑥𝑖𝑙

) 1
𝐼 𝐽

, (5)

respectively.
Before further analysing the compositional structures, it is convenient to express

them in a system of 𝐷 − 1 real-valued coordinates z = (𝑧1, . . . , 𝑧𝐷−1) ′. More specif-
ically, a vector of isometric log-ratio (ilr) coordinates represents a mapping from
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S𝐷 to R𝐷−1. This real space representation of compositional data is defined as
log-contrasts

𝑧𝑖 =
𝐷∑︁
𝑗=1

𝜉𝑖 𝑗 ln 𝑥 𝑗 ,
𝐷∑︁
𝑗=1

𝜉𝑖 𝑗 = 0, 𝑖 = 1, . . . , 𝐷 − 1, (6)

where e𝑖 = exp(𝝃𝑖) = [exp(𝜉𝑖1), . . . , exp(𝜉𝑖𝐷)] ′, 𝑖 = 1, . . . , 𝐷 − 1 is a system of
orthonormal vectors which forms an orthonormal basis of S𝐷 .

According to Hron et al. [2012], the linear regression model with a 𝐷-part
compositional vector in the role of the explanatory variable can then be defined as

E(𝑌 |z) = 𝛽0 + 𝛽1𝑧1 + · · · + 𝛽𝐷−1𝑧𝐷−1. (7)

Its alternative form will be mainly used in this chapter as follows

E [ln(𝑌 ) |z] = 𝛽0 + 𝛽1𝑧1 + · · · + 𝛽𝐷−1𝑧𝐷−1. (8)

Different ilr coordinate systems are orthogonal rotations of each other and there-
fore the general characteristics of the regression models (AIC, 𝑅2, residuals, 𝛽0,
etc.) are invariant to the specific choice of the coordinate system. Despite this, the
parameters 𝛽1, . . . , 𝛽𝐷−1 vary according to the structure of coordinates, which is
usually set with regards to a convenient interpretation. An ilr system, formed by
three groups of coordinates, is defined in Fačevicová et al. [2018] to enable the real
space representation of compositional tables. The construction is based on sequential
binary partition (SBP) [Egozcue and Pawlowsky-Glahn, 2005] applied separately to
levels of each of the constituting factors. The first two groups of coordinates z𝑟 and
z𝑐 of a compositional table x are thus simple balances between the whole rows and
columns,

𝑧𝑟𝑖 =

√︂
𝑠𝑡𝐽

𝑠 + 𝑡
ln

[
𝑔(x 𝑗1•) · · · 𝑔(x 𝑗𝑠•)

]1/𝑠
[
𝑔(x𝑘1•) · · · 𝑔(x𝑘𝑡•)

]1/𝑡 , for 𝑖 = 1, 2, . . . , 𝐼 − 1 (9)

and

𝑧𝑐𝑗 =

√︂
𝑢𝑣𝐼

𝑢 + 𝑣
ln

[
𝑔(x•𝑙1 ) · · · 𝑔(x•𝑙𝑢 )

]1/𝑢
[
𝑔(x•𝑚1 ) · · · 𝑔(x•𝑚𝑣 )

]1/𝑣 , for 𝑗 = 1, 2, . . . , 𝐽 − 1, (10)

where 𝑠, 𝑡 (𝑢, 𝑣) are numbers of rows (columns) separated in the 𝑖-th ( 𝑗-th) step of
SBP, indices ( 𝑗1•, . . . , 𝑗𝑠•) and (𝑘1•, . . . , 𝑘𝑡•) or (•𝑙1, . . . , •𝑙𝑢) and (•𝑚1, . . . , •𝑚𝑣 )
denote rows/columns involved in this step and 𝑔(.) stands for the geometric mean.
These coordinates describe relations between levels of one factor when the influence
of the second factor is suppressed. The coordinate system is complemented with a
third group of (𝐼 −1) (𝐽 −1) log-contrasts, which describe relations between factors.
The interpretation of these coordinates is closely connected to the odds ratio between
four groups of parts, which are uniquely determined by the initial row and column
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SBPs and represented by the geometric mean of the respective parts. When 𝑎, 𝑏, 𝑐, 𝑑
are the numbers of parts within each group and 𝑖., 𝑗., 𝑘 ., 𝑙. are indices of parts within
each group, these coordinates can be in general defined as

𝑧𝑂𝑅 =

√︂
𝑎 · 𝑑

𝑎 + 𝑏 + 𝑐 + 𝑑
ln

(
𝑥𝑖1 · · · 𝑥𝑖𝑎

)1/𝑎 (
𝑥𝑙1 · · · 𝑥𝑙𝑑

)1/𝑑
(
𝑥 𝑗1 · · · 𝑥 𝑗𝑏

)1/𝑏 (
𝑥𝑘1 · · · 𝑥𝑘𝑐

)1/𝑐 . (11)

The construction of coordinates z𝑂𝑅 is described in detail in Fačevicová et al.
[2018] and the whole coordinate system can be computed with the function
tabCoord from the R package robCompositions [Templ et al., 2011].

As an example, let us consider the 2x3 compositional table from Table 1. In order
to represent the structure in orthonormal coordinates, the row and column SBPs
need to be defined first. For the purpose of deeper analysis in Sect. 5, it seems to
be convenient to focus on the relative dominance of men over women (which is
quantified by the coordinate 𝑧𝑟1). It furthermore seems convenient to concentrate on
the overall population aged 30-34 with attained tertiary education (ED5-8) over the
geometric mean of the remaining groups (ED0-2 and ED3-4) - 𝑧𝑐1 , complemented
by the relative dominance of the upper secondary qualification (ED3-4) over those
with the lowest achieved degree of education - 𝑧𝑐2 . The whole relative structure can
therefore be represented with the system of coordinates that are listed in Table 2 and
whose simple graphical description is presented in Fig. 1.

Table 2 List of orthonormal coordinates and their values used for the practical example from Table
1.

𝑧𝑟1 𝑧𝑐1 𝑧𝑐2 𝑧𝑂𝑅
11 𝑧𝑂𝑅

12

√︃
3
2 ln

(𝑥21𝑥22𝑥23 )1/3
(𝑥11𝑥12𝑥13 )1/3

√︃
4
3 ln

(𝑥13𝑥23 )1/2
(𝑥11𝑥12𝑥21𝑥22 )1/4 ln (𝑥12𝑥22 )1/2

(𝑥11𝑥21 )1/2
√︃

1
3 ln

(𝑥11𝑥12 )1/2𝑥23
(𝑥21𝑥22 )1/2𝑥13

1
2 ln

𝑥11𝑥22
𝑥12𝑥21

0.4317 1.0120 2.2777 -0.3520 -0.4769

Fig. 1 Graphical representation of orthonormal coordinates defined in Table 2.

According to the values of the coordinate 𝑧𝑟1 , men in Leipzig dominated women
across all attained educational classes in 2017. Considering the column balances 𝑧𝑐1
and 𝑧𝑐2 , we can conclude that there is (on average) a higher proportion of people with
a university degree than those with primary or secondary educational qualification.
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Moreover, the coordinate 𝑧𝑐2 indicates that the population with attained secondary
education prevails over those who attained only the lowest level of education.

An even deeper insight into the structure is provided by the odds ratio coordinates
𝑧𝑂𝑅
11 and 𝑧𝑂𝑅

12 . The negative value of 𝑧𝑂𝑅
11 highlights the fact that the proportion of

women with a tertiary education (in comparison to the geometric mean of those with
the primary or secondary one) is slightly higher than the respective proportion ofmen
with tertiary education. Furthermore, the relative predominance of the secondary
education over the primary one is slightly higher for women due to the negative
value of 𝑧𝑂𝑅

11 . This difference is presumably caused by a small percentage of women
with only a primary qualification.

The linear regressionmodel with a compositional table as the explanatory variable
can be written as

E(𝑌 |z) = 𝛽0 + 𝛽𝑟1𝑧
𝑟
1 + · · · + 𝛽𝑟𝐼−1𝑧

𝑟
𝐼−1 + 𝛽𝑐1 𝑧

𝑐
1 + · · · 𝛽𝑐𝐽−1𝑧𝑐𝐽−1

+ 𝛽𝑂𝑅
11 𝑧𝑂𝑅

11 + · · · + 𝛽𝑂𝑅
𝐼−1,𝐽−1𝑧

𝑂𝑅
𝐼−1,𝐽−1 (12)

or by incorporating a log-transformed response with respect to the application intro-
duced in this chapter

E [ln(𝑌 ) |z] = 𝛽0 + 𝛽𝑟1𝑧
𝑟
1 + · · · + 𝛽𝑟𝐼−1𝑧

𝑟
𝐼−1 + 𝛽𝑐1 𝑧

𝑐
1 + · · · 𝛽𝑐𝐽−1𝑧𝑐𝐽−1

+ 𝛽𝑂𝑅
11 𝑧𝑂𝑅

11 + · · · + 𝛽𝑂𝑅
𝐼−1,𝐽−1𝑧

𝑂𝑅
𝐼−1,𝐽−1. (13)

Similar to the case of classical regression, the intercept 𝛽0 equals the predicted
value of 𝑌 (or ln(𝑌 )) when all coordinates are zero. Zero values of all odds ra-
tio coordinates correspond to the situation when the row and column factors are
completely independent. Moreover, the zero values of all row and column balances
reflect a situation when all parts of the compositional table are equal. The remaining
parameters quantify the effect of a unit change of the respective coordinate (while
fixing the remaining ones) on the response variable. A deeper insight into the model
structure is needed to enable interpretation of this effect in terms of the original
compositional parts.

Consider a linear regression model (13) with regressors in the form of ilr coordi-
nates of a 2x3 table, defined in Table 2. The model can be written as

E [ln(𝑌 ) |z] = 𝛽0 + 𝛽𝑟1𝑧
𝑟
1 + 𝛽𝑐1 𝑧

𝑐
1 + 𝛽𝑐2 𝑧

𝑐
2 + 𝛽𝑂𝑅

11 𝑧𝑂𝑅
11 + 𝛽𝑂𝑅

12 𝑧𝑂𝑅
12 . (14)

The value of the parameter 𝛽𝑟1 quantifies the effect of a 𝑘-times growth of the
relative dominance of the second level of the row factor. More specifically, this
change, with simultaneously fixed values of the remaining coordinates, results in
an exp

(√︁
3/2𝛽𝑟1 ln 𝑘

)
-times growth of the response variable. A similar reasoning

can also be done for the other coefficients. The effects of ratio changes forming the
remaining regressors are summarised in Table 3. Note here, that only finite changes
of the coordinates are considered within this chapter and its infinitesimal alternatives
are for the case of a vector compositional covariate discussed in Morais et al. [2018].
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Table 3 Interpretation of regression parameters of model (14). Column 𝑧 denotes the coordinate
corresponding to the given parameter 𝛽 and 𝑧′ its changed value. The original prediction 𝑦 and
its new value 𝑦′, resulting from the model with 𝑧′ and other coordinates fixed, are compared in
ln(𝑦′/𝑦) . Column x′ introduces possible changes in the compositional table x, which lead to a
change in the coordinate 𝑧 and simultaneously keep the remaining coordinates unchanged.

𝛽 𝑧 𝑧′ ln (𝑦′/𝑦) x′

𝛽𝑟
1

√︃
3
2 ln

(𝑥21𝑥22𝑥23 )1/3
(𝑥11𝑥12𝑥13 )1/3

√︃
3
2 ln 𝑘

(𝑥21𝑥22𝑥23 )1/3
(𝑥11𝑥12𝑥13 )1/3

√︃
3
2 𝛽

𝑟
1 ln 𝑘

𝑥11 𝑥12 𝑥13
𝑘𝑥21 𝑘𝑥22 𝑘𝑥23

𝛽𝑐
1

√︃
4
3 ln

(𝑥13𝑥23 )1/2
(𝑥11𝑥12𝑥21𝑥22 )1/4

√︃
4
3 ln 𝑘

(𝑥13𝑥23 )1/2
(𝑥11𝑥12𝑥21𝑥22 )1/4

√︃
4
3 𝛽

𝑐
1 ln 𝑘

𝑥11 𝑥12 𝑘𝑥13
𝑥21 𝑥22 𝑘𝑥23

𝛽𝑐
2 ln (𝑥12𝑥22 )1/2

(𝑥11𝑥21 )1/2 ln 𝑘 (𝑥12𝑥22 )1/2
(𝑥11𝑥21 )1/2 𝛽𝑐

2 ln 𝑘
1√
𝑘
𝑥11

√
𝑘𝑥12 𝑥13

1√
𝑘
𝑥21

√
𝑘𝑥22 𝑥23

𝛽𝑂𝑅
11

√︃
1
3 ln

(𝑥11𝑥12 )1/2𝑥23
(𝑥21𝑥22 )1/2𝑥13

√︃
1
3 ln 𝑘

(𝑥11𝑥12 )1/2𝑥23
(𝑥21𝑥22 )1/2𝑥13

√︃
1
3 𝛽

𝑂𝑅
11 ln 𝑘

6√
𝑘𝑥11

6√
𝑘𝑥12

1
3√
𝑘
𝑥13

1
6√
𝑘
𝑥21

1
6√
𝑘
𝑥22

3√
𝑘𝑥23

𝛽𝑂𝑅
12

1
2 ln

𝑥11𝑥22
𝑥12𝑥21

1
2 ln 𝑘

𝑥11𝑥22
𝑥12𝑥21

1
2 𝛽

𝑂𝑅
12 ln 𝑘

4√
𝑘𝑥11

1
4√
𝑘
𝑥12 𝑥13

1
4√
𝑘
𝑥21

4√
𝑘𝑥22 𝑥23

The condition of fixed regressors implies that the change of the coordinate of
interest should be caused by a simultaneous increase of one constituting group and
a decrease of the other. For instance, an increase of the coordinate 𝑧𝑐2 can reflect
the situation when the proportion of ED3-4 men and women grows together with a
decrease of proportions belonging to the group ED0-2 and an unchanged proportion
of men and women with tertiary education. Another complex case can be derived
when an increase of the coordinate of interest is not caused by simultaneous changes
of all involved compositional parts (as described in Table 3) but e.g. by an increase of
only those parts, which form the nominator of the respective formula. Such changes
of the relative structure would also affect (some of) the other coordinates. The
resulting effect on the response will therefore be strengthened or weakened with
these supplementary effects. Some of these scenarios are with respect to the model
(14) described in Table 4.

3 Geographically Weighted Regression Model

There are situations where the analysed phenomena vary over space. That is when
each observation corresponds to some geographic location. An approach to deal with
the problem of spatial non-stationarity was given in [Brunsdon et al., 1998] where
authors define the geographically weighted regression (GWR) model. The main idea
of this approach is that the regression parameters 𝜷 can vary over space. Therefore a
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Table 4 List of possible changes in the relative structure of a compositional table x (column x′),
their impact on ilr coordinates (𝑧′), when the not-listed coordinates remain unchanged,
and the final effect on the value of the response (ln (𝑦′/𝑦)).

x′ 𝑧′ ln (𝑦′/𝑦)

𝑥11 𝑘𝑥12 𝑥13 𝑧𝑐2
′ = ln 𝑘 (𝑥12𝑥22 )1/2

(𝑥11𝑥21 )1/2
𝛽𝑐
2 ln 𝑘 − 𝛽𝑐

1

√︃
4
3 ln

√
𝑘

𝑥21 𝑘𝑥22 𝑥23

𝑧𝑐1
′ =

√︃
4
3 ln

1√
𝑘

(𝑥13𝑥23 )1/2
(𝑥11𝑥12𝑥21𝑥22 )1/4

1
𝑘 𝑥11 𝑥12 𝑥13 𝑧𝑐2

′ = ln 𝑘 (𝑥12𝑥22 )1/2
(𝑥11𝑥21 )1/2

𝛽𝑐
2 ln 𝑘 + 𝛽𝑐

1

√︃
4
3 ln

√
𝑘

1
𝑘 𝑥21 𝑥22 𝑥23

𝑧𝑐1
′ =

√︃
4
3 ln

√
𝑘 (𝑥13𝑥23 )1/2

(𝑥11𝑥12𝑥21𝑥22 )1/4

𝑥11 𝑥12 𝑥13
𝑧𝑂𝑅
11

′
=

√︃
1
3 ln 𝑘

(𝑥11𝑥12 )1/2𝑥23
(𝑥21𝑥22 )1/2𝑥131√

𝑘
𝑥21

1√
𝑘
𝑥22

√
𝑘𝑥23

𝑧𝑟1
′ =

√︃
3
2 ln

1
6√
𝑘

(𝑥21𝑥22𝑥23 )1/3
(𝑥11𝑥12𝑥13 )1/3

𝛽𝑂𝑅
11

√︃
1
3 ln 𝑘−

𝛽𝑟
1

√︃
3
2 ln

6√
𝑘 + 𝛽𝑐

1

√︃
4
3 ln

√
𝑘

𝑧𝑐1
′ =

√︃
4
3 ln

√
𝑘 (𝑥13𝑥23 )1/2

(𝑥11𝑥12𝑥21𝑥22 )1/4

√
𝑘𝑥11

√
𝑘𝑥12

1√
𝑘
𝑥13

𝑧𝑂𝑅
11

′
=

√︃
1
3 ln 𝑘

(𝑥11𝑥12 )1/2𝑥23
(𝑥21𝑥22 )1/2𝑥13𝑥21 𝑥22 𝑥23

𝑧𝑟1
′ =

√︃
3
2 ln

1
6√
𝑘

(𝑥21𝑥22𝑥23 )1/3
(𝑥11𝑥12𝑥13 )1/3

𝛽𝑂𝑅
11

√︃
1
3 ln 𝑘−

𝛽𝑟
1

√︃
3
2 ln

6√
𝑘 − 𝛽𝑐

1

√︃
4
3 ln

√
𝑘

𝑧𝑐1
′ =

√︃
4
3 ln

1√
𝑘

(𝑥13𝑥23 )1/2
(𝑥11𝑥12𝑥21𝑥22 )1/4

√
𝑘𝑥11

1√
𝑘
𝑥12 𝑥13 𝑧𝑂𝑅

12
′
= 1

2 ln 𝑘
𝑥11𝑥22
𝑥12𝑥21

𝛽𝑂𝑅
12

1
2 ln 𝑘 − 𝛽𝑐

2 ln
√
𝑘𝑥21 𝑥22 𝑥23

𝑧𝑐2
′ = ln 1√

𝑘

(𝑥12𝑥22 )1/2
(𝑥11𝑥21 )1/2

𝑥11 𝑥12 𝑥13 𝑧𝑂𝑅
12

′
= 1

2 ln 𝑘
𝑥11𝑥22
𝑥12𝑥21

𝛽𝑂𝑅
12

1
2 ln 𝑘 + 𝛽𝑐

2 ln
√
𝑘

1√
𝑘
𝑥21

√
𝑘𝑥22 𝑥23

𝑧𝑐2
′ = ln

√
𝑘 (𝑥12𝑥22 )1/2

(𝑥11𝑥21 )1/2
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system of 𝑛 local models is estimated. Each model corresponds to one geographical
location 𝑖 and is based on the observations which are geographically close enough
to the given one. The local model can be formally written as

E (𝑌𝑖 |v𝑖) = 𝛽𝑖0 +
𝑚∑︁
𝑘=1

𝛽𝑖𝑘𝑣𝑖𝑘 , (15)

where 𝑌𝑖 and v𝑖 = (𝑣𝑖1, . . . , 𝑣𝑖𝑚) ′ are values of the dependent and independent
variables measured at the location 𝑖 and 𝜷𝑖 = (𝛽𝑖0, . . . , 𝛽𝑖𝑚) ′ are the respective
regression coefficients. Within the GWR approach, the observation which is closer
to the location 𝑖 has a greater influence on the model estimation at the location 𝑖. The
regression parameters are therefore estimated using a weighted least squares formula

𝜷̂𝑖 = (𝑉 ′𝑊𝑖𝑉)−1𝑉 ′𝑊𝑖y, (16)

where 𝑉 is an 𝑛 times 𝑚 + 1 data matrix, y = (𝑌1, . . . , 𝑌𝑛) ′ is vector of values of the
response variable and𝑊𝑖 is the diagonal matrix

𝑊𝑖 =

©­­­­«

𝑤𝑖
1 0 · · · 0
0 𝑤𝑖

2 · · · 0

· · · . . . 0
0 0 · · · 𝑤𝑖

𝑛

ª®®®®¬
. (17)

The diagonal elements 𝑤𝑖
𝑗 correspond to the weights of each data point 𝑗 and

are assigned according to its geographical (Euclidean) distance from the actual
location 𝑖. The geographical weighting is based on the value of a kernel function.
The most frequently used ones are summarised in Table 5 according to [Gollini et al.,
2015]. When the global model incorporates all observations with the same weight, it
corresponds to the classical ordinary least squares (OLS) approach. If the Gaussian
or Exponential kernel is used, observations which are far from the 𝑖-th location
contribute to the model estimation with a smaller weight. The bi-square, tri-cube
or box-car kernels use only those observations which are within some bandwidth
𝑏 around the location 𝑖. The bandwidth 𝑏 is one of the key parameters of the local
model estimation. It can be defined as the distance from the center point 𝑖 and is then
fixed for all local models. Alternatively, if the adaptive version of the algorithm is
used, 𝑏 can vary according to a given number of local data. The optimal bandwidth
choice is usually found based on a cross-validation method or a model performance
criterion likeAkaike InformationCriterion (AIC) or its corrected version (AICc) (see
[Brunsdon et al., 1998, Gollini et al., 2015] for details). The bandwidth can also be
determined by an expert choice based on the knowledge of real spatial relationships
given by behaviour of the observed phenomenon (e.g. the influence of commuting
between municipalities).

Local models are characterised with local estimates of the regression coefficients
𝜷𝑖 supplemented by the respective t-statistics and corresponding local 𝑅2

𝑖 values
for each model. These characteristics can be compared with those of the global
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model and their proper geographical visualisation can facilitate the exploration of
spatial non-stationarity of the modelled phenomenon [Matthews and Yang, 2012].
Moreover, the overall performance of local models can be expressed by the local 𝑅2

values (or alternatively by 𝐴𝐼𝐶𝑙𝑜𝑐𝑎𝑙) which are based on the residuals in the centre
location of each partial model.

Table 5 List of kernel functions frequently used for computation of weights in GWR Gollini et al.
[2015]. 𝑤 𝑖

𝑗 denotes the weight of the 𝑗-th observation in the 𝑖-th regression model, 𝑑𝑖 𝑗 is the
geographical distance between the 𝑖-th and 𝑗-th location and 𝑏 is the bandwidth.

Global model 𝑤 𝑖
𝑗 = 1

Gaussian 𝑤 𝑖
𝑗 = exp

(
− 1

2

(
𝑑𝑖 𝑗

𝑏

)2)
Exponential 𝑤 𝑖

𝑗 = exp
(
− |𝑑𝑖 𝑗 |

𝑏

)

Bi-square 𝑤 𝑖
𝑗 =




(
1 −

(
𝑑𝑖 𝑗

𝑏

)2)2
if |𝑑𝑖 𝑗 | < 𝑏,

0 otherwise

Tri-cube 𝑤 𝑖
𝑗 =




(
1 −

( |𝑑𝑖 𝑗 |
𝑏

)3)3
if |𝑑𝑖 𝑗 | < 𝑏,

0 otherwise

Box-car 𝑤 𝑖
𝑗 =

{
1 if |𝑑𝑖 𝑗 | < 𝑏,

0 otherwise

4 Geographically Weighted Regression for Compositional Tables

Similarly to other conventional statistical methods, the GWR approach to modelling
of spatial non-stationary relations is primarily designed for real-valued regressors.
When a variable of interest is modelled according to a relative structure of some
regressor variable, the use of an ilr coordinate representation of the structure is
needed. Therefore, the global model for one- or two-dimensional compositional
regressors can be described by Equations (8) and (13), respectively. Assuming the
case of spatial dependent two-factorial compositional data, the global model can be
further extended with a set of local models as follows

E(𝑌𝑖 |z𝑖) = 𝛽𝑖,0 + 𝛽𝑟𝑖,1𝑧
𝑟
𝑖,1 + · · · + 𝛽𝑟𝑖,𝐼−1𝑧

𝑟
𝑖,𝐼−1 + 𝛽𝑐𝑖,1𝑧

𝑐
𝑖,1 + · · · 𝛽𝑐𝑖,𝐽−1𝑧𝑐𝑖,𝐽−1

+ 𝛽𝑂𝑅
𝑖,11𝑧

𝑂𝑅
𝑖,11 + · · · + 𝛽𝑂𝑅

𝑖,𝐼−1,𝐽−1𝑧
𝑂𝑅
𝑖,𝐼−1,𝐽−1 (18)

or alternatively, for the logarithmic response,
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E [ln(𝑌𝑖) |z𝑖] = 𝛽𝑖,0 + 𝛽𝑟𝑖,1𝑧
𝑟
𝑖,1 + · · · + 𝛽𝑟𝑖,𝐼−1𝑧

𝑟
𝑖,𝐼−1 + 𝛽𝑐𝑖,1𝑧

𝑐
𝑖,1 + · · · 𝛽𝑐𝑖,𝐽−1𝑧𝑐𝑖,𝐽−1

+ 𝛽𝑂𝑅
𝑖,11𝑧

𝑂𝑅
𝑖,11 + · · · + 𝛽𝑂𝑅

𝑖,𝐼−1,𝐽−1𝑧
𝑂𝑅
𝑖,𝐼−1,𝐽−1. (19)

The model coefficients are estimated using the weighted least squares formula (16),
where the data matrix𝑉 is now an 𝑛 times 𝐼𝐽 matrix of coordinates defined by equa-
tions (9), (10) and (11). Similarly to the case of the global model, the performance of
its local alternatives does not depend on the specific choice of the coordinate system.
The interpretation of the regression coefficients should be carried out with respect
to the complexity of the modelled structure and taking into account findings from
Sect. 2.

5 Application

The practical part of this chapter focuses on a country example of Germany. The aim
of the study is to explore and analyse the relationship between the risk of falling into
poverty and the educational attainment structure of the 30-34 aged population and
its variation over space.

Poverty and inequality are not only an issue of developing countries. The vulner-
ability towards falling into poverty is driven by many factors determined by national,
sector-specific, community, household or individual characteristics. The level and
depth of poverty also increases as a result of any crisis with strong economic im-
pacts such as increase of unemployment inducing a reduction of available income of
households [Duiella and Turrini, 2014].

From the global perspective, the number of people living in extreme poverty
in Germany is negligible compared to developing countries. However, poverty in
Europe is not typically measured in absolute terms. People are considered poor if
they have lower income and fewer opportunities than other individuals living in the
same society. In fact, the percentage of people living at risk of poverty and social
exclusion in Germany in 2017 was 19.0 percent; almost one fifth of the population.

Many research findings suggest that factors that often condition the number of
people living at risk of poverty or social exclusion in Germany are: young age,
single, lone parent, or regional aspects such as unemployment, low education and
the region of East Germany [Brülle, 2018]. People with a lower level of educational
background and a limited access to the labour market are highly vulnerable to easily
fall into this group. Moreover, high rental costs, especially in urban areas, pose an
additional burden to many households [Pieper et al., 2019].

5.1 Data and Methods

The data were processed in the environment of the R Software [R Core Team, 2020]
with packages robCompositions for computation of coordinates and GWmodel and
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spdep for estimation of the global and local models [Gollini et al., 2015, Bivand
et al., 2013]. The maps were produced using the ArcGIS® software by Esri [ESRI,
2011].

Data used for the analysis are sourced from the regional database of EUROSTAT
accessed and processed through the R package eurostat [Lahti et al., 2017]. The
data were collected by the Federal Statistical Office Germany through Labour Force
Survey (EU-LFS) and Statistics on Income and Living Conditions (EU-SILC). Both
types of information are available by NUTS2 (Nomenclature of territorial units for
statistics) regions.

The indicator chosen to represent the poverty dimension is the share of people at
risk of poverty or social exclusion, i.e. the at-risk-of-poverty rate (RoP). At risk-of-
poverty are people with an equivalised disposable income below the risk-of-poverty
threshold, which is set at 60 percent of the national median equivalised disposable
income (after social transfers).

The compositional tables show the structure of the population aged 30-34 by sex
and the highest level of education successfully completed. The level of education
attained is classified by International Standard Classification of Education (ISCED).
In this chapter, the classes chosen for further analysis are:

• Less than primary, primary and lower secondary education (ED0-2),
• Upper secondary and post-secondary non-tertiary education (ED3-4),
• Tertiary education (ED5-8).

Educational attainment data series are available from 2000 to 2017. The informa-
tion on the risk of poverty or social exclusion by NUTS2 regions is available only
for 2016 and 2017. For the assessment of the regression models, the relationship
between the dependent and independent variables is modelled for 36 German regions
in the latest available year 2017.

5.2 Poverty Analysis

At-risk-of-poverty rates vary substantially across German regions. Values reported
show the minimum of 13.3 percent in Lüneburg and the maximum of 28.5 percent
in Bremen in 2017. Fig. 2 demonstrates the distribution of people at risk of poverty
or social exclusion in Germany by NUTS2 regions in 2017.

The highest at-risk-of-poverty rates are experienced by urban areas such as Bre-
men, Berlin and Hamburg, together with regions of the former East Germany, in
particular Mecklenburg-Vorpommern, Chemnitz, Thuringia and Saxony-Anhalt. In
contrast, Lüneburg followed by all regions of Baden-Württemberg have the lowest
shares of people exposed to the risk of poverty or social exclusion.

Education can serve as an elevator for upward economic mobility. Particularly
higher levels of education increase chances of participation in the labour market.
Level of attained education influences the income distribution and thus has a sub-
stantial effect on at-risk-of-poverty rates. As education plays an important role, ap-
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plication of the methodology is illustrated on modelling people at risk of poverty or
social exclusion by using the information on the structure of educational attainment
level by sex within the population aged 30-34.

5.2.1 Comparison of Educational Attainment Structure in Germany Between
2000 and 2017

Germany has one of the highest levels of upper secondary education attainment and
tertiary education has expanded in the past decades. In 2019, 86.7 percent of the
country’s 25-64 year-olds have obtained at least an upper secondary qualification.
The expansion of tertiary education is reflected by the number of people with tertiary
qualifications which increased from 24.9 percent in 2004 to 29.9 percent in 2019.
The differences between generations are noticeable: the share of people with tertiary
education in the 30-34 year-old population is 35.5 percent compared to 26.9 percent
of 55-64 year-olds. The tertiary education rates are fairly higher formen (32.4 percent
in 2019) than women (27.3 percent).

Building on existing research studies [Hanesch, 2019], the focus of this article is
placed on the educational attainment structure of population aged 30-34 to explore
its relation to at-risk-of-poverty rates. Such constructed compositional tables which
focus on the productive age of the population (30-34 year-old) reveal patterns of the
attained level of education with respect to the gender characteristics. An example
of such a compositional table is illustrated in Table 1 reflecting the educational
attainment structure in Leipzig.

The coordinate representation of compositional tables, which is defined in Table
2 and whose schematic structure is given in Fig. 1, also enables us to compare the

Fig. 2 People at risk of
poverty or social exclusion in
Germany by NUTS2 regions
in 2017 (in percentages).
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structure over time. The coordinates calculated for years 2000 and 2017 reveal a
clear structural change in the German educational system.

Despite the lack of data for a several regions, particularly interesting results
are captured by coordinates 𝑧𝑐1 and 𝑧𝑂𝑅

11 , which quantify the relative prevalence of
university educated citizens and further compare their proportion within men and
women.

The positive values of 𝑧𝑐1 indicate that the component of population with tertiary
education on average dominates the population with secondary or primary education
across all women and men aged 30-34 in Germany. Fig. 3 suggests that the impor-
tance of tertiary education has grown significantly in Germany in the past decades.
While most of German regions showed negative values in 2000 representing a rela-
tive dominance of secondary and primary education, this trend reversed in 2017. The
majority of former Western German regions show dominance of tertiary education
in 2017 with the exception of Lower Saxony and Saarland. Both regions have un-
dergone a structural change moving from mining-oriented economies towards high
technology industrial production. Negative values can also be observed in regions
of the former East Germany indicating relative predominance of vocational qualifi-
cations across the population aged 30-34 in this area in 2017. Moreover, the relative
dominance of the upper secondary attainment over the primary one in these regions
is supported by positive values of the coordinate 𝑧𝑐2 .

Fig. 3 Comparison of 𝑧𝑐1 in 2000 (left) and 2017 (right)

The coordinate 𝑧𝑂𝑅
11 examines the proportion of men with tertiary education with

the proportion of women with tertiary education. The comparison of 𝑧𝑂𝑅
11 in 2000

and 2017 shows a much wider range of the coordinate values in 2000. This indicates
greater disparities between men and women in the distribution of attained education
in the population aged 30-34 in Germany in 2000. Positive values correspond to the
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situation when the proportion of men with tertiary education is higher in the 30-34
aged population than the proportion of women with tertiary education, which is a
pattern observed in all regions of former West Germany. In past decades, disparity
has been significantly reduced as noticed in Fig. 4. No substantial change has been
noticed for the territory of former East Germany where negative values of 𝑧𝑂𝑅

11
still prevail in most of the regions. In contrast, the dominance of tertiary education
over the other education levels among 30-34 aged men has become similar to the
situation of women in the west of Germany. The most balanced regions are for
instance southern Bavaria, Hessen or the eastern part of Lower Saxony, which show
𝑧𝑂𝑅
11 values around 0.

Fig. 4 Comparison of 𝑧𝑂𝑅
11 in 2000 (left) and 2017 (right)

5.2.2 The GWRModel

The introduced methodology is applied to explore whether the relationship of people
at risk of poverty or social exclusion and the educational attainment structure by sex
varies across German regions in the population of 30-34 years-old. As a first step, the
linear regression model (14) with a compositional table as the explanatory variable
was fitted to the examined data set. The global model diagnostics is shown in Table 6.
According to the estimate of parameter 𝛽0 of the global model and the interpretation
of parameters defined in Sect. 2, the basic level of the RoP when all groups are
equally frequent is approximately 20 percent (exp (3.027)).

The level of RoP is significantly affected by the OR coordinates 𝑧𝑂𝑅
11 and 𝑧𝑂𝑅

12 and
therefore the comparison of the educational structure within the male and female
population seems to be important. According to the parameter 𝛽𝑂𝑅

11 = −0.91 and
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Table 6 Results from the global OLS model. The 𝑅2 and 𝑅2
𝑎𝑑 𝑗 value are 0.370 and 0.265, residual

sum of squares is 0.748 on 30 degrees of freedom and value of the F statistic is 3.527 on 5 and 30
degrees of freedom, AIC equals −23.292 and AICc −19.292

.
𝛽0 𝛽𝑟

1 𝛽𝑐
1 𝛽𝑐

2 𝛽𝑂𝑅
11 𝛽𝑂𝑅

12

Estimates 3.027 1.337 −0.040 −0.119 −0.913 1.250
Significance ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗∗
St. deviations 0.139 0.692 0.070 0.115 0.249 0.457
Coordinates 𝑧𝑟1 𝑧𝑐1 𝑧𝑐2 𝑧𝑂𝑅

11 𝑧𝑂𝑅
12

findings listed in Table 3, a doubling of the proportion of men with tertiary education
(related to the average proportion of those with the secondary or lower degree) in
comparison to the same proportion for women is related to the decrease of the RoP
by approximately one third (exp(−0.91

√︁
1/3 ln 2) = 0.69). In order to keep the

remaining coordinates fixed, this change can be caused by a simultaneous increase
in groups of Male ED5-8 and Female ED0-2 and ED3-4 together with a proportional
decrease in the remaining ones (see Table 3).

The second significant factor, which affects the overall value of at-risk-of-poverty
rate, is the proportion of men with secondary education (within the group of all
men who attained at least the upper secondary education) in comparison to the
same proportion for women. According to the value of the parameter 𝛽𝑂𝑅

12 = 1.25
and Table 3, a doubling of the respective log-odds ratio is related to an increase
of at-risk-of-poverty rate by 50 percent (exp(0.5 · 1.25 ln 2) = 1.54). This growth
can be caused by a simultaneous increase of ED0-2 women and ED3-4 men and a
proportional decrease by ED3-4 women and ED0-2 men. In a less complex situation,
when the difference is caused by a change in just one category (an increase of the
proportion of women with the lowest level of attained education or conversely in an
increase of men with at least the secondary qualification), the change affects also
the value of the coordinate 𝑧𝑐2 . According to Table 4, the overall change of at-risk-
of-poverty rate is given as 0.5𝛽𝑂𝑅

12 ln 𝑘 − 𝛽𝑐2 ln
√
𝑘 . Considering negative values of

the parameter 𝛽𝑐2 , an increase of the proportion of ED0-2 women seems to be more
critical as it would result in a growth of the at-risk-of-poverty rate by 60 percent
(exp(0.5 · 1.25 ln 2 + 0.119 ln

√
2) = 1.61).

The Moran’s 𝐼 test is employed to test the presence of spatial autocorrelation
among residuals in our data set. We assume that the disturbances are normally
distributed and therefore the Moran’s 𝐼 test under normality is conducted [Leung
et al., 2000]. The resulting Moran’s 𝐼 statistic is 0.021 with the standard deviation
of 0.448. The p-value of 0.327 suggests that the statistic does not significantly
differ from zero and there is thus no spatial autocorrelation among the residuals.
Nevertheless, we assume that the relationship between at-risk-of-poverty rates and
the educational attainment structure might vary geographically. The GWR model
for compositional tables is thus used to explore variations of this relationship across
German regions.
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It should be highlighted that the choice of the coordinate system does not affect the
resulting outcome from either the global and local regressionmodels. The coordinate
system is chosen with respect to the convenience of results’ interpretation. Our
application builds on the coordinates constructed with the intention of exploring
the relative dominance of attained tertiary education in the overall population aged
30-34 as an apparent determinant of at-risk-of-poverty rates.

The local regression model has been selected with the following settings of input
parameters. The bi-square kernel type function was set to ADAPTIVE as it fits our
data the best using the corrected AIC values (AICc). All 36 regions were considered
in the estimation of each set of coefficients. The summary diagnostics of our local
GWR model is provided in Table 7.

Table 7 Results from the local GWR model with the adaptive bandwidth of 36 (all regions), the
given p-values are related to the Monte Carlo test of spatial variability of the coefficients. The
𝑅2 and 𝑅2

𝑎𝑑 𝑗 value are 0.514 and 0.254, residual sum of squares 0.577 with effective degrees
of freedom 23.812. The effective number of parameters is 12.19, AIC equals −36.756 and AICc
−14.210

.
𝛽0 𝛽𝑟

1 𝛽𝑐
1 𝛽𝑐

2 𝛽𝑂𝑅
11 𝛽𝑂𝑅

12

Min 2.778 -0.230 -0.233 -0.189 -0.946 0.283
1st Qu. 2.813 0.285 -0.146 -0.112 -0.869 0.658
Median 2.923 0.973 -0.060 -0.015 -0.764 1.248
3rd Qu. 3.025 1.419 0.012 0.083 -0.728 1.330
Max 3.122 1.479 0.019 0.148 -0.692 1.462

MCtest p-value 0.071 0.217 0.010 0.059 0.750 0.287
Coordinates 𝑧𝑟1 𝑧𝑐1 𝑧𝑐2 𝑧𝑂𝑅

11 𝑧𝑂𝑅
12

The comparison of both the global and the local regression model can be carried
out through the AIC or AICc values ([Fotheringham et al., 2002], p. 96). The
AIC value of the local model 𝐴𝐼𝐶𝑙𝑜𝑐𝑎𝑙 = −36.756 is compared to the global one
𝐴𝐼𝐶𝑔𝑙𝑜𝑏𝑎𝑙 = −23.292, 𝐴𝐼𝐶𝑐𝑙𝑜𝑐𝑎𝑙 = −14.210 to the global one 𝐴𝐼𝐶𝑐𝑔𝑙𝑜𝑏𝑎𝑙 =
−19.292 respectively. The resulting statistics indicate lower value of AIC for the
local model, however the AICc shows slightly better performance for the global one.
Alternatively, the coefficient of determinantion 𝑅2 and its adjusted version 𝑅2

𝑎𝑑 𝑗 are
examined. The global 𝑅2 is 0.370 and the local 𝑅2 0.514, the global 𝑅2

𝑎𝑑 𝑗 is 0.265
and the local 𝑅2

𝑎𝑑 𝑗 0.254 respectively. Although the coefficient 𝑅2 has increased
for the GWR model, the gain is probably driven by the difference in the number
of parameters and degrees of freedom as the adjusted 𝑅2

𝑎𝑑 𝑗 values remain almost
unchanged.

Table 7 summarises the main statistics of estimated parameters generated using
the local model. The median values of parameters preserve the same signs as the
estimates resulting from the global model (Table 6). The local measure of goodness-
of-fit 𝑅2, whose geographical distribution is visualised in Fig. 5, varies between 0.48



Geographically Weighted Regression Analysis for Two-factorial Compositional Data 19

and 0.58, which is satisfactory but with limitations. The 𝑅2 values show a better fit
for the model in the part of former East Germany and in the south of the country.
In addition, each regression coefficient is accompanied by the p-value of the Monte
Carlo test of its spatial variability Brunsdon et al. [1998]. The test results complement
the ambiguous comparison of the local and the global model provided by 𝐴𝐼𝐶s
and 𝑅2s. The majority of coefficients does not significantly vary across locations.
However, the hypothesis that the parameter is globally fixed was rejected for 𝛽𝑐1
and values for 𝛽0 and 𝛽𝑐2 are quite marginal. Hence, local differences are apparently
driven by the effect of changes in the structure of population with the highest level
of attained education. Values of 𝛽𝑐1 indicate that the growth of the mean proportion
of the population with tertiary education has a positive effect on at-risk-of-poverty
rates in the north of Germany, while it leads to an at-risk-of-poverty rate decrease
in the southern regions. Moreover, the parameter 𝛽𝑐2 suggests that the growth of the
(mean) relative proportion of people with only primary qualification (in comparison
to those with the secondary education) contributes to higher at-risk-of-poverty rates
in Northern Germany but it results in lower rates in the south.

According to the local regression model, apparent interactions between coordi-
nates and at-risk-of-poverty rates are observed. Higher at-risk-of-poverty rates are
associated with negative values of the coordinate 𝑧𝑂𝑅

11 and positive values of 𝑧𝑂𝑅
12 .

Regions exhibiting this particular behaviour are Hamburg, Arnsberg and Saarland.
All these regions reveal the at-risk-of-poverty rate higher than the overall national
rate of 19.0 percent reported by Germany in 2017. However, the coordinates 𝑧𝑂𝑅

11
and 𝑧𝑂𝑅

12 attain values very close to zero and they all lie in the area with lower
goodness-of-fit measures 𝑅2. The strongest association is observed in Hamburg with
at-risk-of-poverty rate of 21.6 percent. The region experienced one of the lowest val-
ues of the coordinate 𝑧𝑂𝑅

11 = −0.085 and the second highest value of 𝑧𝑂𝑅
12 = 0.180.

Furthermore, Hamburg lies in the area showing high significant t-values of param-
eters (-2.96 and 2.44 respectively) given by the local regression models, see Fig.
5.

In contrast, positive values of the coordinate 𝑧𝑂𝑅
11 and negative values of 𝑧𝑂𝑅

12
lead to lower at-risk-of-poverty rates. This trend has been experienced by regions
of Weser-Ems, Detmold, Kassel, Unterfranken, Karlsruhe and Freiburg. Except for
Weser-Ems, all mentioned regions experienced at-risk-of-poverty rates below the
German national rate of 19.0 percent in 2017. Examining a specific example of
Detmold, the trend is further illustrated. The share of people at risk of poverty or
social exclusion in Detmold was 16.9 percent in 2017. The coordinate 𝑧𝑂𝑅

11 = 0.186
is the second highest one and the value of 𝑧𝑂𝑅

12 = −0.045 belongs to the lowest scores
among all regions. Moreover, Detmold is situated in the area where both parameters
are significant with t-values -2.75 and 2.44 respectively.
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Fig. 5 Maps demonstrating estimates of regression parameters of the local regression models and
values of the respective 𝑅2 characteristic. The local t-value of the respective estimate is displayed
in the centre of each region.
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6 Conclusions

In this contribution, we introduced a novel approach to regression with spatial
dependent compositional tables. Even though some methods for analysis of spatial
dependent compositional data have already been developed, all of them are primarily
designed for its one-factorial (vector) version. Hence, this chapter serves as the first
step towards modelling more complex relative structures. The main contribution of
this chapter is that it serves as an introduction of a geographicallyweighted regression
model designed in order to inspect the relationship between the dependent variable
and the explanatory variable expressed in the form of a compositional table.

It turned out that the local regression model was much more suitable for the
analysis of the relationship between the risk of falling into poverty and the educational
attainment structure of the 30-34 aged population in Germany. The comparison of
both the global and local regression model revealed important aspects of local
variations in our real data example. The selection of the coordinate system based on
the desired research interest, in our case the dominance of tertiary education over
the entire population, enabled a convenient interpretation of the regression outcomes
with respect to the variable of interest, the at-risk-of-poverty rates.

The future research initiatives might be devoted to accommodation of spatial or
spatiotemporal autoregressive models for the case of more-factorial compositional
data as well as more complex or robust alternatives of the GWR model.
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1 Introduction

Independent component analysis (ICA) is a well-established data analysis method in
signal processing with the goal of recovering hidden signals that are usually meant
to have a physical meaning. In recent years, ICA methods have attracted increasing
interest in the statistics community as an extension of normality-based multivari-
ate methods that only use second-order moments. In principle, ICA can be seen as
a refinement of principal component analysis where, after removing second-order
information, higher order moments are used to search for hidden structures which
are not visible in the principal components. Classical ICAmethods are mainly devel-
oped for independent and identically distributed observations in a Euclidean space.
Nevertheless, these methods are also applied, for example, on time series, spatial
data, etc. but to the best of our knowledge not on iid compositional data.

Compositional data is special in the way that the entries (parts) of a d-variate
vector are positive and carry relative rather than absolute information about the
respective observation of interest. Moreover, the parts of the compositional vector
are by nature not independent and in some specific situations, e.g. when all parts
are bounded by a constant sum constraint, a spurious correlation between them is
present. Therefore, compositional data lies on a simplex and does not follow the real
Euclidean geometry. Examples of compositional data are geochemical data where
the chemical composition of soil samples is of interest, the composition of nutrients
of food intake or the distribution of market shares. For further details and examples
of compositional data, see, for example, Aitchison (1986), Egozcue and Pawlowsky-
Glahn (2019), Fačevicová et al. (2016), Filzmoser et al. (2018), Morais et al. (2018),
Pawlowsky-Glahn and Buccianti (2011), Trinh et al. (2019).

It is well established that standard multivariate methods should not be applied
directly to compositional data. Either methods which take the geometry of composi-
tional data into account or methods that transform compositional data in such a way
that standard multivariate analysis tools can be applied are appropriate. In this paper,
we take the latter approach.

We review some basic ICA methods in Sect. 2. In Sect. 3, we describe compo-
sitional data and methods to transform such data into the real space. Based on the
former two sections, we present how ICA can be performed on compositional data
in Sect. 4 and conclude the paper with the analysis of a metabolomics dataset from
healthy newborns in Sect. 5 and a discussion in Sect. 6.

2 Independent Component Analysis

From a statistical perspective, independent component analysis is usually formulated
as a latent variable model as follows.

Definition 1 An observable p-vector x follows the independent component (IC)
model if
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x = Az + b,

whereA is a p × p non-singularmatrix,b a p-vector, and the latent p-variate random
vector z satisfies

(A1) E(z) = 0 and COV(z) = Ip,
(A2) the components of z are independent, and
(A3) at most one component of z is Gaussian.

ThusE(x) = b andCOV(x) = AA�. The goal of ICA is to find a p × pmatrixW
such that Wx has independent components. Note however that in general it will not
hold that W(x − b) = z as the IC model assumptions only fix the location and scale
of z but not the signs or the order of the components. Therefore, for every solution
W, also PJW is a solution, where P is a p × p permutation matrix (1 per row and
column, 0 elsewhere) and J is a p × p sign-change matrix (a diagonal matrix with
±1 on its diagonal).

There are many suggestions in the literature on how to estimate W based on a
sampleX = (x1, . . . , xn), and for recent reviews see, for example, Comon and Jutten
(2010), Nordhausen and Oja (2018). Almost all ICA methods make, however, use
of the following result:

Key result Let x follow the ICmodel and denote xst = COV(x)−1/2(x − E(x)), then
there exists an orthogonal p × p matrix U such that

U�xst = z.

This result implies that after estimatingCOV(x) andE(x), the problem is reduced
from finding a general p × p matrix to a p × p orthogonal matrix. Also note that
this means that the performance of ICA methods does not depend on the values of A
and b, as these are accounted for when standardizing the data. An unmixing matrix
estimate is therefore obtained asW = U�COV(x)−1/2 and different ICA approaches
differ in the way they estimate U. In the following, we will show how some popular
ICA methods estimate this rotation.

2.1 FOBI

Fourth-order blind identification (FOBI), presented in Cardoso (1989), was one of
the first ICA methods but is still popular as it has a closed-form solution. For FOBI,
we need to define the scatter matrix of fourth-order moments

COV4(x) = 1

p + 2
E

(
(x − E(x))�COV(x)−1(x − E(x))(x − E(x))(x − E(x))�

)
.

Then we can define the following:
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Definition 2 The FOBI unmixing matrix is WFOBI = U�
FOBICOV(x)−1/2 where the

columns of UFOBI are given by the eigenvectors of COV4(xst ).

FromdenotingUFOBIDU�
FOBI to be the eigendecomposition ofCOV4(xst )which is

needed to computeWFOBI, it is obvious that FOBI is onlyuniquewhen the eigenvalues
contained in the diagonal matrix D are distinct. One can actually show that these
eigenvalues are linked to the kurtosis values of the independent components. For
FOBI to be well-defined, Assumption (A3) from the IC model needs to be replaced
by the stronger assumption:

(A4) The kurtosis values of the independent components must be distinct.

FOBI is often the first ICA method applied as it is quick to compute, gives a
fast first impression, and its statistical properties are well known; see, for example,
Miettinen et al. (2015), Nordhausen and Virta (2019) for more details. FOBI can
also be of interest outside the IC model and can be seen as an invariant coordinate
selection method (Tyler et al. 2009).

2.2 JADE

Assumption (A4) is considered highly restrictive. Joint approximate diagonalization
of eigenmatrices (JADE) can be seen as an extension of FOBI which relaxes this
strict assumption, Cardoso and Souloumiac (1993).

For JADE, we have to define the fourth-order cumulant matrices

Ci j (x) = E
(
(xst�Ei jxst )xstxst�

)
− Ei j − E�

i j − tr(Ei j )Ip,

where Ei j = eie�
j with ei being a vector of dimension p with the i th element equals

1 and 0 otherwise. As i and j range from 1 to p, there are in total p2 such cumulant
matrices. In the IC model, Ci j (z) = 0 if i �= j and for the case where i = j Ci i (z)
corresponds to the kurtosis of the i th component. The matrix of fourth moments can
actually be expressed as

COV4(x) = 1

p + 2

p∑
i=1

Ci i (x) + (p + 2)Ip,

meaning that it uses not all possible cumulant information. The idea of JADE is to
exploit the information contained in all cumulant matrices.

Definition 3 The JADE unmixing matrix is WJADE = U�
JADECOV(x)−1/2 where

UJADE is the maximizer of

p∑
i=1

p∑
j=1

||diag(U�Ci j (xst )U)||2F .
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Thus, JADE tries to maximize the diagonal elements of U�Ci j (xst )U which is equiv-
alent to minimize the off-diagonal elements by the orthogonal invariance of the
Frobenius norm || · ||F . As in the IC model, only Ci i (z) is non-zero and corresponds
to the kurtosis of zi . This means that JADE relaxes the FOBI assumption (A4) to the
following:

(A5) At most one independent component can have zero kurtosis.

For a finite sample, the joint diagonalization of more than two matrices needs to
be carried out approximately; many algorithms that jointly diagonalize two or more
matrices are available; see, for example, Illner et al. (2015). For the purpose of this
paper, we will use an algorithm based on Givens rotations, Clarkson (1988).

The statistical properties of JADE are, for example, given in Miettinen et al.
(2015); from an asymptotic point of view, FOBI is never superior compared to JADE.
JADE is however computationally more expensive, especially when the number of
independent components grows, as p2 matrices need to be computed and jointly
diagonalized.

As a compromise, k-JADE was suggested in Miettinen et al. (2013). The idea is
to use not all matrices Ci j , but only those whose indices are not too far apart, i.e.
|i − j | < k. This requires however that the first step, the whitening step, is not done
using just the covariance matrix but using WFOBI.

Definition 4 Denote xst ′ = WFOBI(x − E(x)) and choose an integer 1 ≤ k ≤ p,
then the k-JADE unmixing matrix is WkJADE = U�

kJADEWFOBI where UkJADE is the
maximizer of

p∑
|i− j |<k

||diag(U�Ci j (xst ′)U)||2F .

Thevalue k is basically a tuningparameter. The intuition is that themultiplicities of
the distinct non-zero kurtosis values of the independent components are atmost k, and
that there is at most one component having kurtosis zero. Usually, k is simply chosen
by the user based on expert knowledge. In Virta et al. (2020), some guidelines for the
selection are offered, which are however not very practical. The statistical properties
of k-JADE are given inMiettinen et al. (2013), Virta et al. (2020). It can be shown that
for a value of k which fulfills the multiplicity condition, k-JADE is asymptotically
as efficient as JADE but has, if k is small, a much smaller computational complexity.

2.3 FastICA

FOBI, JADE, and k-JADE are often called algebraic ICA methods. Another large
group of ICAmethods is based on projection pursuit ideas, where themost prominent
one is FastICA. It was originally suggested in Hyvärinen (1999a). Some of the many
FastICA variants are discussed below.
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The general idea of FastICA is to find the column vectors u1, . . . , up of U which
maximize the non-Gaussianity of the components of U�xst . Non-Gaussianity of a
univariate random variable x is measured by |E(G(x))| with some twice contin-
uously differentiable and non-quadratic function G that satisfies E(G(y)) = 0 for
y ∼ N (0, 1). The most popular choices for G are

pow3: G(x) = (x4 − 3)/4,
tanh: G(x) = log(cosh(x)) − ct , and
gauss: G(x) = − exp(−x2/2) − cg .

The constants ct = E(log(cosh(y))) ≈ 0.375 and cg = E(− exp(−y2/2)) ≈
−0.707 are normalizing constants. The derivatives of G, denoted as g, are called
non-linearities and are the name givers as pow3 : g(x) = x3, tanh : g(x) =
tanh(x) and gauss : g(x) = x exp(−x2/2).

2.3.1 Deflation-Based FastICA

FastICA was first suggested in Hyvärinen and Oja (1997) using the non-linearity
pow3 and finding the column vectors of UDF one after another which is now known
as deflation-based FastICA.

Definition 5 The deflation-based FastICA unmixing matrix is defined as WDF =
U�

DFCOV(x)−1/2, where the kth column of U, uk , maximizes

|E[G(u�
k xst )]|

under the constraints uT
k uk = 1 and uT

j uk = 0, j = 1, . . . , k − 1.

To obtain estimates, a modified Newton-Raphson algorithm is used which iterates
the following steps until convergence:

uk ← E[g(u�
k xst )xst ] − E[g′(u�

k xst )]uk

uk ←
(

Ip −
k−1∑
l=1

ulu�
l

)
uk

uk ← ||uk ||−1uk .

The last two steps perform the Gram-Schmidt orthonormalization.
The properties of deflation-based FastICA have been studied in detail in Ollila

(2010), Nordhausen et al. (2011). One issue with deflation-based FastICA is that
besides the global maximum it has many local maxima and the order in which the
vectors uk are found depends heavily on the initial value of the algorithm, where in
turn the estimation performance depends on the order in which the vectors uk are
found. Using asymptotic arguments, Nordhausen et al. (2011) suggested reloaded
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Table 1 Table of default candidate set of non-linearities of adaptive deflation-based FastICA,where
(x)+ = x if x > 0 and 0 otherwise, and (x)− = x if x < 0 and 0 otherwise

g1(x) = x3 g6(x) = (x)2+ + (x)2− g11(x) =
(x − 1.0)2+ + (x + 1.0)2−

g2(x) = tanh(x) g7(x) =
(x − 0.2)2+ + (x + 0.2)2−

g12(x) =
(x − 1.2)2+ + (x + 1.2)2−

g3(x) = x exp(−x2/2) g8(x) =
(x − 0.4)2+ + (x + 0.4)2−

g13(x) =
(x − 1.4)2+ + (x + 1.4)2−

g4(x) = (x + 0.6)2− g9(x) =
(x − 0.6)2+ + (x + 0.6)2−

g14(x) =
(x − 1.6)2+ + (x + 1.6)2−

g5(x) = (x − 0.6)2+ g10(x) =
(x − 0.8)2+ + (x + 0.8)2−

FastICA, which estimates first the independent components using FOBI or k-JADE
and then derives an optimal order based on the estimated independent components.

The idea of reloaded FastICA to fix the extraction order based on asymptotic argu-
ments was extended in Miettinen et al. (2014) to also select an optimal non-linearity
for each component out of a candidate set of possible non-linearities. This is known
as adaptive deflation-based FastICA. We will denote the adaptive deflation-based
FastICA unmixing matrix as WADF. The candidate set of non-linearities suggested
in Miettinen et al. (2014) contains, for example, the non-linearities presented in
Table 1.

2.3.2 Symmetric FastICA

A FastICA variant estimating all directions in parallel was suggested in Hyvärinen
(1999b).

Definition 6 The symmetric FastICA estimator WSF = U�
SFCOV(x)−1/2 uses as a

criterion for USF
p∑

j=1

|E[G(u�
j xst )]|

which should be maximized under the orthogonality constraint U�
SFUSF = Ip.

The steps of the iterative algorithm to compute USF are

uk ← E[g(uT
k xst )xst ] − E[g′(u�

k xst )]uk, k = 1, . . . , p

U�
SF ← (U�

SFUSF)
−1/2U�

SF.

The first update step of the algorithm is similar to that of the deflation-based
FastICA estimator. The orthogonalization step can be interpreted as taking an average
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over the vectors of the first step. This differs from the deflation-based approach
where errors made in the kth direction carry on to the following directions and
therefore the errors accumulate. This is often the reason why symmetric FastICA is
usually considered superior to the deflation-based FastICA. However, there are also
cases where the accumulation is preferable to the averaging. This occurs when some
independent components are easier to find than the others. Statistical properties of
symmetric FastICA are given in Miettinen et al. (2015), Wei (2015), Miettinen et al.
(2017).

2.3.3 Squared Symmetric FastICA

One of the most recent variants of FastICA is the squared symmetric FastICA esti-
mator (Miettinen et al. 2017). The idea of this estimator is to replace the absolute
values in the objective function of the symmetric FastICA with squared values.

Definition 7 The squared symmetric FastICA estimator
WS2F = U�

S2FCOV(x)−1/2 obtains US2F as the maximizer of

p∑
j=1

(E[G(u�
j xst )])2

under the orthogonality constraint U�
S2FUS2F = Ip.

The steps of the resulting algorithm are

uk ← E[G(u�
k xst )](E[g(u�

k xst )xst ] − E[g′(u�
k xst )]uk), k = 1, . . . , p,

U�
S2F ← (U�

S2FUS2F)
−1/2U�

S2F.

Thus, the first step of the algorithm equals the first step in the symmetric algorithm
with an additional multiplication by E[G(u�

k xst )]. Hence, the squared symmetric
variant puts more weight on components that are “more” non-Gaussian, which most
often, but not always, is advantageous. The properties of the squared symmetric
FastICA estimator as well as comparisons to the deflation-based and symmetric
FastICA methods are given in Miettinen et al. (2017). In Miettinen et al. (2017), it
is also shown that if the non-linearity pow3 is used, symmetric squared FastICA is
asymptotically equivalent to JADE.

Besides assumptions (A1)–(A3), deflation-based, symmetric, and squared sym-
metric FastICA need further assumptions based on G to ensure consistency. Assum-
ing the order of the components is fixed as |E[G(z1)]| ≥ · · · ≥ |E[G(z p)]|, then it is
required that for any z = (z1, . . . , z p)� with independent and standardized compo-
nents and for any orthogonal matrix U = (u1, . . . , up), the following holds.
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For deflation-based FastICA:

(A6) For all k = 1, . . . , p, |E[G(u�
k z)]| ≤ |E[G(zk)]|, when u�

k e j = 0 for all j =
1, . . . , k − 1, where ei is a p-vector with i th element one and others zero,

for symmetric FastICA

(A7) |E[G(uT
1 z)]| + · · · + |E[G(uT

p z)]| ≤ |E[G(z1)]| + · · · + |E[G(z p)]|,
and for squared symmetric FastICA

(A8) (E[G(uT
1 z)])2 + · · · + (E[G(uT

p z)])2 ≤ (E[G(z1)])2 + · · · + (E[G(z p)])2.
It was proven, for example, in Miettinen et al. (2015), that all three conditions are

fulfilled with pow3. On the other hand, in the case of non-linearities like tanh and
gauss some of these conditions might be violated for certain source distributions.

From a computational point of view, the advantage of both symmetric versions
is that the initial value of U is not important when the sample size is large, as the
algorithms converge usually to the global maxima.

To conclude this section we can point out that FOBI, JADE, k-JADE, symmetric
FastICA, and squared symmetric FastICA are affine equivariant ICAmethods which
means that their performance does not depend on the mixing matrix. So, from this
point of view, only deflation-based FastICA differs, which can be overcomewhen the
reloaded version or adaptive version is used. Affine equivariance will be of relevance
later when applying the ICA methods to compositional data.

3 Compositional Data and Its Real Space Representation

A specific family of d-dimensional vectors is present when each entry (part) of a
vector is positive and carries information about its contribution to the whole. In
the following, such multivariate observations are called (vector) compositional data,
whose specifics were already described, utilized, and analyzed in a wide range of
applications (Pawlowsky-Glahn and Buccianti 2011). The main property of com-
positional data is its relative nature, when the relevant information is contained in
the ratios between parts rather than in the absolute values of the parts. Consider,
e.g. a vector describing a geochemical structure of soil, where each part represents
the quantity of the given element in the sample. The quantity can be given either
in absolute scale, like in mg of the component contained in the sample, or some of
its relative alternatives, typically ppm. While the mg representation depends on the
overall size of the sample, the ppm one does not, despite the ratios between parts
remaining unchanged. Both representations are therefore from the compositional
point of view equivalent.

Due to the relative nature of compositional data, the sample space of representa-
tions of a d-part compositional vector x forms a d-part simplex
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Sd =
{

x = (x1, . . . , xd)
�,

d∑
i=1

xi = κ, κ > 0

}
,

where the Aitchison geometry holds. The whole sample space is formed by equiv-
alence classes of proportional vectors (Pawlowsky-Glahn et al. 2015, Chaps. 2, 3).
Since most of the standard statistical methods are designed for real-valued data
following the usual Euclidean geometrical structure, it is favorable to express com-
positional data in real coordinates prior to their analysis. One of the possible repre-
sentations is the centered log-ratio (clr) transformation from Sd to Rd given by

clr(x)i = ln
xi

gm(x)
= 1

d

d∑
j=1

ln
xi
x j

, for i = 1, . . . , d,

where gm(x) denotes the geometrical mean of all parts. The parts of the resulting
clr vector can be interpreted in terms of the dominance of the compositional part in
the numerator within the whole composition or equivalently as its mean dominance
over each part of the whole composition. The use of logarithm symmetrizes this
relationship. Let us stress here that the clr values depend on the set of compositional
parts used for its computation and therefore the above interpretation holds true only
when the whole composition is considered. Within the whole manuscript, the clr
transformation based on all compositional parts will be of interest. On the other hand,
from its construction, the clr coefficients/variables are not linearly independent, as
they sum up to zero and, therefore, the whole clr vector falls in a (d − 1)-dimensional
subspace of Rd . This feature prevents direct use of the clr representation within
methods that require full rank data, like robust PCA (Filzmoser et al. 2009) or the
above stated ICA methods.

One possible workaround is the isometric log-ratio (ilr) transformation, which
represents the compositional vector x in a system of d − 1 orthonormal real coordi-
nates. This system can be obtained directly from the clr vector as

ilr(x) = V�clr(x),

where the columns of the d × d − 1 log-contrast matrix V are given as vi = clr(ξi )
and the vectors ξi , i = 1, . . . , d − 1 constitute an orthonormal basis in Sd . See
Pawlowsky-Glahn and Buccianti (2011), Ch. 11 for details.

The system of basis vectors {ξ1, . . . , ξd−1} is not uniquely given and can be chosen
according to the purpose of further analysis. Since each system of ilr coordinates can
be obtained as an orthogonal rotation of the others, its specific choice does not affect
the results of their analysis, like predictions of the regression model with a composi-
tional regressor or scores of the robust PCAmodel (Filzmoser et al. 2009; Hron et al.
2012). When it is required, a specific coordinate system can be selected by some
data-driven method, like hierarchical clustering of the compositional parts, or using
expert knowledge. In both cases, the main aim is to obtain such an interpretation of
the coordinates at hand, which is favorable according to the given problem (Egozcue
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and Pawlowsky-Glahn 2005). Since a specific interpretation of the ilr coordinates
is not the main purpose here, the same system as in Nordhausen et al. (2015) is
used. The basis vectors ξi have the value exp

(√
1/ i(i + 1)

)
at the first i positions,

exp
(−√

i/(i + 1)
)
at the position i + 1, and 1 at the remaining ones. Consequently,

the columns of the log-contrast matrix are

vi =
√

i

i + 1

(
1

i
, . . . ,

1

i
,−1, 0, . . . , 0

)�
, i = 1, . . . , d − 1 .

The ilr coordinates have the form of balances between the i th part of the composition
and all parts with lower indices

ilr(x)i =
√

i

i + 1
ln

(
(x1 · · · xi )1/ i

xi+1

)
, for i = 1, . . . , d − 1.

Finally, the clr and ilr representations are mutually transferable through the contrast
matrix V

clr(x) = Vilr(x)

and also the back-transformation to the simplex is possible by using

x = exp(clr(x)) = exp(Vilr(x)).

4 ICA for Compositional Data

As described above, ICA is not reasonable for data following the Aitchison geometry
in its raw form. Therefore, it is natural to transform the data first into the Euclidean
space. As ICA methods start with whitening and therefore require full rank data, the
ilr space is the most natural representation. Due to the affine equivariance property
of the discussed ICA methods, the particular used basis for the ilr transformation at
most affects the order and signs of the estimated independent components. Hence,
for compositional ICA we have the following model assumption:

ilr(x) = Ailrz + b,

where Ailr is a (d − 1) × (d − 1) full rank mixing matrix specific for a chosen ilr
basis, b a d − 1-dimensional location vector, and z = (z1, . . . , zd−1)

� a random
vector with independent components, which are standardized so that E(z) = 0 and
COV(z) = Id−1. When the unmixing matrix Wilr is estimated using one of the ICA
methods described in Sect. 2, the system of independent components is given by

z = Wilr(ilr(x) − b) = Wilr(V�clr(x) − b).
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As ilr coordinates are not directly related to the dominance of the original parts
within the considered composition, the relationship between ilr and clr spaces can
be exploited yielding a (d − 1) × d “clr” loading matrix Wclr = WilrV�, allowing
interpretation of the independent components in the clr space. In the context of
principal component analysis performed in the clr space, principal components lead
to a new system of ilr coordinates (Pawlowsky-Glahn et al. 2011). This is not the
case for ICA, as the unmixing matrix Wilr (and consequently also Wclr) is generally
not restricted to be orthogonal. Even if the independent component model does not
hold, ICA transformations remain affine equivariant which means that z can be seen
as an intrinsic data representation with a coordinate system, whose components are
as independent as possible.

After performing ICA, one is usually interested in either using z itself for further
analysis, such as classification and outlier identification, with possible interpretation
in ilr or clr space using the former defined loading matrices Wilr or Wclr, or, using
ICA for noise or artifact removal. For that purpose, the components of z are divided
into a signal part zs and a noise/artifact part zn . This defines also the partition of
the unmixing matrix Wilr into Ws

ilr and Wn
ilr and the mixing matrix Ailr = (Wilr)

−1

into As
ilr and An

ilr . As
ilr is formed only by those columns of Ailr that correspond to the

signal components zs . The pure signal can then be restored in the ilr, clr, and original
space by using

ilr(x)s = As
ilrzs + b, clr(x)s = V

(
As

ilrzs + b
)
, and xs = exp

[
V

(
As

ilrzs + b
)]

,

respectively.

5 A Case Study in Metabolomics

In order to demonstrate the above-describedmethods, the data fromaneonatal screen-
ing program in the Czech Republic was analyzed. Anonymous data were obtained
from a retrospective study approved by the Ethics Committee of the University Hos-
pital Olomouc which was part of a larger international study described in Fleischman
et al. (2013). Newborn screening is a preventive program that allows for early detec-
tion of a selected spectrum of inborn metabolic diseases. At an age of 48–72 hours
after birth, several drops of blood from the heel of the child were sampled on a special
paper and sent for analysis to the screening laboratory. The data at hand were consti-
tuted by the metabolite profile of over 10 000 healthy newborns. For each neonate,
the values of 48 metabolites were measured. Moreover, information about sex and
birth weight was available. More specifically, the birth weight ranged from 300 to
5 570 grams and for newborns with very low birth weight (less than 1500 grams) a
different metabolite structure can be expected, due to their prematurity and the arti-
ficial nutrition they receive. One of the main goals of metabolomics is to investigate
interactions between metabolites, their dynamic changes, and responses to stimuli.
Biofluids, e.g. blood or urine, and also tissues are used for the analysis. On the one
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Fig. 1 Scatterplots of the first three principal components resulting from the compositional PCA
(left) and scree plot of the respectively explained variability (right)

hand, the most frequently used approach for the data analysis is done through com-
parison of absolute values of biomarkers and reference ranges (data from the healthy
population). On the other hand, the new trend of data evaluation is based on the use of
ratios of metabolite data. Relative changes are more relevant/informative than abso-
lute values in diagnostics based on profiling. Therefore, metabolomic data can be
considered as observations carrying relative information, i.e. as compositional data
(Kalivodová et al. 2018), and as such the above-discussed methods can be applied.

The following analysis was carried out in R 3.6.1 (R Core Team 2019) with the
help of the packages JADE (Miettinen et al. 2017), fICA (Miettinen et al. 2018), com-
positions (van den Boogaart et al. 2019), and robCompositions (Templ et al. 2011).
As the first step, standard principal component analysis (PCA) was performed on the
clr transformed data. There were no significant patterns visible within the first three
principal components; see Fig. 1, left. The whole dataset forms one quite compact
cluster with no outliers. Moreover, the variance explained by the first components
is low (around 20 % for the first PC) (Fig. 1, right), and therefore PCA does not
seem to deal well with the issue of outlier detection, grouping, as well as dimension
reduction in that case.

As PCA seems not to reveal any clear structure, we applied FOBI, k-JADE, with
k = 5, and adaptive deflation-based FastICA to the ilr representation of the data
(the dimension p = 47 was already too large for JADE). For easier comparison,
the components from all three ICAmethods were ordered according to their kurtosis
values. As all three ICAmethods showed similar results, we focus on our presentation
and discussion of the components on those from adaptive deflation-based FastICA.

Due to the kurtosis ordering, the first components show heavy-tailed distributions,
and they are expected to find outliers or small groupings, while the last components
show light-tailed distributions and hencemight findmore balanced groupings. Scores
of the first and last three independent components are plotted in Fig. 2, and the chosen
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Fig. 2 Scatterplots of the first (left) and last (right) three independent components resulting from
the compositional FastICA, using adaptive deflation-based FastICA

non-linearities are given in Table 2 for all independent components. According to the
left plot of Fig. 2, one outlier is clearly detected due to its high negative value in the
third component (IC.3). According to its loadings, which are collected in Table 3,
IC.3 mostly reflects the relative dominance (with respect to concentrations of all 48
measuredmetabolites) of phenylalanine (Phe), hexadecanoylcarnitine (C16), octade-
cenoylcarnitine (C18:1), valine (Val), and hexadecenoyl- and octadecanoylcarnitines
in the form of C16:1 and C18, respectively, when the higher dominance of the first
three metabolites results in a decrease of IC.3 and vice versa for the last three stated
metabolites. The high loadings of the clr coefficients of these six metabolites imply
that IC.3 reflectsmostly (but not solely) the balance between subcompositions formed
by Phe, C16, C18:1, andVal, C16:1, C18. The value of this balancewas for the outlier
significantly lower than that within the rest of the sample. After a deeper investiga-
tion of the outlying sample, it turned out that it belongs to a newborn suffering from
Phenylketonuria, a metabolic disease which is typically followed by distinctly high
absolute blood concentrations of phenylalanine. The measured value was 1 014.7
μmol/ l, which significantly exceeds the upper norm value set on 120 μmol/ l (van
Wegberg et al. 2017) and which is represented with the respective high clr value 6.76.
The levels of the remaining metabolites were comparable with the other samples,
but particularly the atypical high dominance of Phe over all measured metabolites,
which for the rest of samples ranged from 5.72 to 3.58 for their clr values, resulted
in the high negative value of the third component, and therefore clear identification
of this non-standard observation.

The next interesting feature is presented by IC.1. According to Fig. 2, the values
of this component are not very homogeneous across the whole dataset and therefore
some specific groups of neonates might be identified. A deeper graphical analysis
of the first component (presented in Fig. 3) shows that for newborns with a birth
weight smaller than 1500 grams, higher values of IC.1 are typical. The independent
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Table 2 Chosen non-linearities gi for each independent component computed with the adaptive
deflation-based FastICA algorithm. Non-linearities are ordered according to kurtosis values of the
corresponding ICs. In the original ordering, IC.44 was the last component, thus no non-linearity is
given. See Table 1 for the definitions of the functions gi
IC gi IC gi IC gi IC gi IC gi

IC.1 g2 IC.11 g2 IC.21 g5 IC.31 g1 IC.41 g5
IC.2 g2 IC.12 g9 IC.22 g6 IC.32 g5 IC.42 g4
IC.3 g6 IC.13 g9 IC.23 g9 IC.33 g14 IC.43 g4
IC.4 g2 IC.14 g8 IC.24 g1 IC.34 g5 IC.44 –

IC.5 g6 IC.15 g6 IC.25 g1 IC.35 g5 IC.45 g5
IC.6 g8 IC.16 g10 IC.26 g4 IC.36 g5 IC.46 g3
IC.7 g8 IC.17 g5 IC.27 g14 IC.37 g12 IC.47 g6
IC.8 g8 IC.18 g6 IC.28 g5 IC.38 g14
IC.9 g9 IC.19 g10 IC.29 g10 IC.39 g4
IC.10 g8 IC.20 g6 IC.30 g8 IC.40 g11
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Fig. 3 Scatterplots of IC.1 and IC.3 (left) and the kernel density plot of IC.3 (right) with the groups
defined according to the birth weight

component IC.1 is mostly formed by clr values of acylcarnitines dodecanoylcar-
nitine (C12), C16, and C18:1, whose high relative dominance over all measured
metabolites results in low values of the component and, e.g. clr values of acylcar-
nitines isovalerylcarnitine/methylbutyrylcarnitineC5, and linoleoylcarnitine (C18:2)
increase the IC.1 values. Even though there are also other metabolites contributing
with a high weight to the values of IC.1 (all clr loadings are collected in Table 3), the
clr values of the selected ones systematically differ for the group of the newborns
with low birth weight, and therefore these acylcarnitines seem to be responsible for
their separation from the remaining neonates. The differences in the selectedmetabo-
lites are clearly visible in Fig. 4. Let us stress here that the immature neonates tend
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to have different diet supplementation, therefore the metabolic profile can substan-
tially differ within this group, but despite the proposed ICA method being able to
find some similar patterns, detect the important metabolites, and separate the low
birth weight newborns from the remaining ones. More specifically, artificial nutri-
tion consists of amino acids, lipids, sugars, vitamins, etc. Essential unsaturated fatty
acids including linoleic acid may be responsible for increased C18:2. The increased
blood concentration of the long-chain acylcarnitines (C12, 16, C18:1) as well as of
the short-chain C5 carnitine, which then results in high respective clr values, cor-
responds with previous studies. In Gucciardi et al. (2015), the significantly lower
amounts of acylcarnitines except the branched-chain acylcarnitines (e.g. C5), which
were significantly higher in preterm infants, were described. The latter mentioned
are direct products of branched-chain amino acid (BCAA) catabolism, therefore its
elevated levels may be related to BCAA overfeeding (Gucciardi et al. 2015; Wil-
son et al. 2014). The difference of several amino acids measured for the premature
newborns compared to the others agrees with findings in Wilson et al. (2014), where
increased levels of several amino acids (arginine, leucine, Orn, Phe, and Val) in the
blood spots of premature infants were described. This observation may be related to
the catabolic state of organisms in these children, amino acid supplementation, and
immaturity of preterm infants (hepatic maturation, renal insufficiency, etc.) (Wil-
son et al. 2014; te Braake et al. 2005). The raw concentrations of valine (Val) and
leucine/isoleucine (Xle) are known to be highly positively correlated, therefore the
opposite signs of the respective loadings of IC.1 seem to be counter-intuitive at the
first glance. However, the values of the loadings suggest that the resulting value of
IC.1 is affected by the difference of clr values of the respective metabolites, or equiv-
alently by the log-ratio of their measured concentrations, when the higher relative
dominance of Val over Xle results in a higher value of IC.1. These findings agree with
the data, since slightly higher values of the Val-Xle log-ratio are typical for newborns
with a low birth weight (see Fig. 4). Finally, an even more complex interpretation
can be based on the ilr loading matrix Wilr . According to the values of this matrix,
IC.1 is mainly influenced by the balance between C18 and subcompositions C18:1,
C18:OH, C18:2, and C18:2OH. This balance corresponds to the highest positive
loading, and its values are systematically higher for the group of newborns with low
birth weight than for the rest of the samples.

An even better visible pattern is formed by the last independent component IC.47,
which clearly divides thewhole dataset into two groups as seen in Fig. 5.According to
the loadings (collected in Table 3), the most contributing are clr values of metabolites
Xle, ornithine (Orn), and lysine (Lys) with a negative effect and methionine (Met),
proline (Pro), andvaline (Val)with a positive one.This suggests that the value of IC.47
is highly affected by the balance between subcompositions Met, Pro, Val and Xle,
Orn, Lys. The dataset is roughly separated into twogroups of observationswith values
of IC.47 higher and lower than −0.34; this value was chosen as the corresponding
value of IC.47 at the local minimum in the middle of the density presented in Fig. 5
(this density was computed with Gaussian kernels and a bandwidth selection with
Silverman’s rule of thumb). The relative dominance of the six above-mentioned
metabolites itself over all measured concentrations does not significantly differ in its
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Fig. 4 Boxplots of clr as well as log-ratio values of the selected metabolites, which significantly
differ for newborns with very low (< 1500g) and normal (>= 1500g) weight at birth

Fig. 5 Density plot of
IC.47, the bimodal shape
shows a clear grouping
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values between the two groups. Therefore, the grouping effect of IC.47 is hidden in
some of their more complex combinations, e.g. the suggested balance between Met,
Pro, Val and Xle, Orn, Lys, which is distinctly higher by cases with IC.47 higher
than −0.34.
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Table 3 The list of loadings for IC.1, IC.3, and IC.47 computed with the adaptive deflation-based
FastICA algorithm regarding clr transformed data

IC.1 IC.3 IC.47 IC.1 IC.3 IC.47

Ala 0.02 0.24 0.41 C5DC/C6OH –0.08 0.14 0.04

Arg 0.13 –0.33 0.04 C5:1 –0.05 0.11 0.13

ArgSucc 0.00 –0.09 –0.01 C6 –0.22 0.22 0.07

Cit –0.05 0.38 0.01 C8 0.84 –0.05 0.21

Glu –0.16 0.70 0.20 C8:1 –0.05 –0.16 0.09

Gly 0.08 1.33 –0.16 C10 0.25 –0.21 –0.09

His –0.56 0.44 0.55 C10:1 –1.05 –0.01 –0.21

Lys 0.20 0.38 –0.46 C10:2 0.28 0.20 0.06

Met 0.53 1.03 1.01 C12 –1.27 –0.01 –0.13

Orn 0.48 0.40 –0.78 C12:1 –0.09 0.10 –0.09

Phe 1.02 –7.30 –0.40 C14 –0.39 0.45 –0.38

Pro –1.15 –0.66 0.65 C14:1 0.88 –0.46 0.04

Thr –0.17 –1.71 –0.01 C14:2 0.15 –0.01 0.17

Trp –1.33 –0.77 0.14 C14OH 0.03 0.27 0.08

Tyr –0.28 1.25 –0.02 C16 –2.00 –1.49 –0.02

Val 3.09 3.86 0.59 C16:1 0.97 1.60 0.09

Xle –1.73 –0.15 –1.03 C16OH 0.24 0.09 0.01

C0 0.51 0.60 0.17 C16:1OH 0.05 0.01 0.24

C2 0.08 –0.30 –0.25 C18 2.38 1.72 0.12

C3 –0.57 –0.34 –0.01 C18:1 –3.46 –2.64 0.00

C3DC/C4OH 0.29 –0.23 0.34 C18:2 1.80 0.41 0.16

C4 0.05 0.14 0.01 C18:1OH –0.00 0.27 –0.15

C4DC/C5OH 0.07 0.49 –1.42 C18:2OH 0.19 0.23 –0.05

C5 0.35 –0.32 –0.08 C18OH –0.33 0.20 0.09

6 Discussion

In this paper, we reviewed some classical independent component analysis meth-
ods and showed how these can be applied to compositional data. The key finding
here is that when the ICA methods are affine equivariant it is most natural to use an
ilr transformation, as the choice of the basis constituting the ilr coordinate system
does not matter. For interpretability, the link between ilr coordinates and clr coeffi-
cients/variables can be easily exploited, which allows interpreting the results either
in terms of the dominance of single compositional parts with respect to the whole
composition, or, e.g. based on values of balances between subcompositions formed
according to values of clr loadings. Finally, since the clr loadings are derived from
the ilr ones, it is also possible to provide the interpretation directly in terms of the
ilr coordinates. The proposed technique is demonstrated on a metabolomics dataset
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where PCA, which is probably the most used multivariate transformation, reveals
no specific feature on the first few components while ICA reveals several interesting
features visible when exploiting the higher order moments information. Independent
component analysis belongs to the larger class of blind source separation methods
where for the separation of the latent components often also temporal or spatial
information is used. In the context of compositional data such blind source separa-
tion methods are, for example, discussed in Nordhausen et al. (2015), Nordhausen
et al. (2020). But these methods would not be applicable to the metabolomics dataset
fromSect. 5 as there is no temporal or spatial information present. The current results,
which were discussed mostly in terms of the relative dominance of a single com-
positional part respective to the highest loading of an IC, open new challenges for
further research. An alternative interpretation can be reached, e.g. by adaptation the
approach based on principal balances (Pawlowsky-Glahn et al. 2011). However, the
loadings of ICs are in general not orthonormal and therefore the principal balances
approach is not as straightforward as in the case of PCA. Finally, an extension of
the dataset with a group of blood samples collected from neonates with a diagnosed
disease can further prove the usefulness of the method.
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Abstract

X-ray fluorescence (XRF) scanning of split cores using automated cores

scanners is rapid but expensive and semi-quantitative method in sedimentary

geochemistry. While searching for a low-cost and quantitative solution in en-

vironmental geochemistry, we investigated the application of hand-held XRF

device in scanning on two siliciclastic-sediment cores from dam-reservoirs

in Slovakia. The core-scan data were compared with XRF data from dry,

powdered sample aliquots, grain size, water content, and magnetic suscep-

tibility data, which were used as independent variables. The aim of the

manuscript is to investigate the applicability of time-series statistical meth-

ods to reveal the physical and chemical signals from hand-held XRF scanning

of wet-sediment cores. The geochemical data were processed using the cen-
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A B S T R A C T   

X-ray fluorescence (XRF) scanning of split cores using automated cores scanners is rapid but expensive and semi- 
quantitative method in sedimentary geochemistry. While searching for a low-cost and quantitative solution in 
environmental geochemistry, we investigated the application of hand-held XRF device in scanning on two 
siliciclastic-sediment cores from dam-reservoirs in Slovakia. The core-scan data were compared with XRF data 
from dry, powdered sample aliquots, grain size, water content, and magnetic susceptibility data, which were 
used as independent variables. The aim of the manuscript is to investigate the applicability of time-series sta
tistical methods to reveal the physical and chemical signals from hand-held XRF scanning of wet-sediment cores. 
The geochemical data were processed using the centred log-ratio (clr) technique, and then by the Second-Order 
Blind Identification (SOBI) method, which is a subtype of robust Blind Source Separation (BSS) techniques 
commonly used to enhance the signal-to-noise ratio in time series analysis of data in medicine or acoustics. So 
far, BSS has been rarely applied in geochemistry. Raw element concentrations (ppm/wt%) of core scans and 
sediment powders are essentially incomparable, but their clr coefficients show statistically significant correlation 
for Al, P, K, Ca, Mn, Fe, Cu, As, Sr, Zr, and Pb, which reduces the difference between the two measurement 
methods and justifies previous attempts to calibrate the core-scanning data using log-ratio techniques. Scores of 
three of eight latent components (IC2, IC4, and IC7) found by SOBI in the core scan- and powder data show 
significant statistical correlation demonstrating the applicability of the core-scan technique. Their geochemical 
interpretation is based on the IC loadings by element clr, and the stratigraphic correlation with the sediment 
grain size and water content. These ICs explain geochemical variability due to grain-size contrast between sandy 
and silty layers, input of biogenic productivity-sensitive elements (Ca and P), eutrophication, and accumulation 
of anthropogenic elements. The robust BSS approach represents a promising method of processing of large 
datasets in environmental geochemistry.   

1. Introduction 

Rapid geochemical analysis and statistical processing of large data 
sets are one of the current trends in geochemistry (Reimann et al., 2012; 
de Caritat and Grunsky, 2013; McKinley et al., 2016). The use of X-ray 
fluorescence core-scanning (XRF-CS) devices shorten analytical time to 
seconds and allow analysing of cores with sub-mm stratigraphic reso
lution (Jenkins, 1999; Rothwell and Croudace, 2015). XRF core scanners 
are now widely used for analysis of sediment provenance, 

palaeoclimatology, tephrostratigraphy, environmental risk assessment, 
geochemistry of organic-rich sediments, and even biological tissues 
(Kelloway et al., 2014; Miller et al., 2015; Gadd et al., 2018; Peti et al., 
2019; Hsiung et al., 2021). Perhaps of similar importance are hand-held 
XRF analysers, which can be used for direct scanning of elemental 
composition from surfaces of hard rock and soft sediment and soils in 
outcrops and split cores for anthropogenic impact assessment (Matys 
Grygar et al., 2014). 

Although the detection limits of XRF-CS have significantly improved 
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over time and may detect a few ppm for selected trace elements such as 
Rb and Sr. However, the XRF-CS and hand-held XRF scanning are 
strongly affected by surface geometry of the scanned rocks, their grain 
size, porosity, water content, and limited time for a single analysis 
(Croudace et al., 2006; MacLachlan et al., 2015; Weltje and Tjallingii, 
2008). Given in counts per second the XRF-CS results are incomparable 
to conventional geochemical analysis such as ICP-MS and wet-chemical 
methods, which are represented by concentration units (wt%, ppm). 
Consequently, the XRF-CS is generally considered as a semi-quantitative 
method. 

Attempts have been made to calibrate the XRF-CS results with in
dependent analytical methods based on linear regression of raw XRF-CS 
data, element normalization to Si, Ca and coherent/incoherent X-ray 
scatter ratios (CIR), correction of XRF-CS data to water content, pairwise 
log-ratios, and multivariate log-ratio calibration (MLC) (Weltje and 
Tjallingii, 2008; Weltje et al., 2015; Gregory et al., 2019; Löwemark 
et al., 2019). In particular, the MLC technique using Partial Least Square 
(PLS) regression performed very well in predicting absolute concentra
tions of major and trace elements in scanned cores as well as comparing 
scan results from different labs (Weltje et al., 2015; Dunlea et al., 2019; 
Hennekam et al., 2019). The relationship between element concentra
tion and grain size was investigated by Bloemsma et al. (2012) and 
Henares et al. (2019) who used the PLS regression to decompose the 
grain size, porosity and permeability effects from other factors 
contributing to the total geochemical variability. However, calibrations 
based on ICP-MS analysis of sample aliquots are hampered by different 
scaling between the high-resolution scanning (typically mm scale across 
stratigraphy) and a minimum volume of sample required for conven
tional chemical analysis although XRF scanning of discrete samples may 
provide a solution to the scaling difference (Gregory et al., 2019; Profe 
and Ohlendorf, 2019). Data from the hand-held XRF devices are typi
cally given in concentration units (ppm), but the negative effects of grain 
size, porosity, and water/air content during direct scanning are not 
eliminated. 

Use of XRF-CS and hand-held XRF devices in the analysis of trace 
elements Co, Ni, Cu, Zn, As, Cd, Hg and Pb, which are important for 
environmental risk assessment, is thus limited to semi-quantitative 
monitoring of contamination (Rodríguez-Germade et al., 2015). 
Although external factors such as porosity or water content can affect 
the measurements obtained by these devices, it allows for a rapid and 
cost-effective measurement of large datasets. Combined with a proper 
data processing, this makes these tools a promising alternative to the 
traditional geochemical methods. In general, given the large volume of 
data and the importance of relative changes in element intensities, the 
XRF scanning provides a valuable source of data for unconventional 
statistical methods in geochemistry, e.g. the compositional data analysis 
(CoDA) (Pawlowsky-Glahn and Buccianti, 2011). In most of the CoDA 
methods, the geochemical information (single element concentrations) 
is first extracted using element (log-)ratios and then processed by 
multivariate statistical analysis (Weltje et al., 2015; Fačevicová et al., 
2016; Henares et al., 2019). With the hand-held XRF measurements in 
cores, two additional features have to be respected. Due to the sample 
inhomogeneity and sensitivity to grain size, non-typical (outlying) ob
servations are likely to appear in the dataset, which can be suppressed 
by robust statistical approach (Matys Grygar et al., 2020). Second, the 
depth-distribution of samples across a sediment core generally follows 
the principles of time-series analysis and we may assume that samples 
located close to each other tend to be more similar than those occurring 
at greater distance are. Therefore, our aim is to find latent components 
reflecting the common physical processes controlling sediment 
geochemistry such as lithology, provenance, grain size, diagenesis, and 
anthropogenic contamination (Sageman and Lyons, 2003; Vijver et al., 
2008; Grosbois et al., 2012; von Eynatten et al., 2016; Laceby et al., 
2017) as well as the traits inherent to the measurement methods using a 
family of blind source separation (BSS) techniques. The BSS is a well- 
established multivariate statistical tool that builds on a linear latent 

variable model. We assume that the observed data are controlled by 
linear combinations of unknown (latent) components, which are un
correlated or even independent. Based on the principles of signal pro
cessing the aims of the BSS are to find physical signals of the measured 
(time series) data, for example brain signals based on fMRI measure
ments (Comon and Jutten, 2010; Pan et al., 2021). The robust BSS is also 
widely used in acoustic noise reduction and speech quality enhancement 
(Mukai et al., 2003; Zhang and Zhao, 2013). However, applications of 
this method is Earth Sciences are still rare and often not taking into 
account the relationships between adjacent measurements, which, in 
our perspective, is one of the key properties of the data (Nordhausen 
et al., 2015, 2021). 

In this study, we focus on XRF scanning of discrete samples from split 
cores of soft, wet sediments retrieved from dam reservoirs, Váh River, 
Slovakia, potentially impacted by anthropogenic contamination by toxic 
metals, and statistical processing of the data by CoDA and robust BSS. 
Our aim is to investigate whether this rapid and cost-effective but 
alternative approach to geochemical analysis is capable of providing 
reasonable interpretations of near-surface Earth processes that can be 
imprinted in the sediments (research question, RQ 1). The scanned cores 
were subjected to subsequent EDXRF analysis, grain-size analysis, and 
porosity measurements in order to evaluate the effects of primary signals 
inherent to the sediment composition, texture, and anthropogenic 
contamination, and secondary signals inherent to the XRF-CS method. 
Our aim is to separate primary geogenic signals from measurement noise 
using the robust BSS method and investigate whether and under what 
conditions this novel method can be applied to sedimentary geochem
istry (RQ 2). 

2. Geographic and geological settings 

Váh River, a left-hand tributary of the Danube River, is the longest 
river in Slovakia, which drains a predominantly mountainous catchment 
with very diverse geology spreading from Slovakia to Poland and Cze
chia. The Váh river basin has an area of 19,660,977 km2. The altitude 
difference between the river origin (664 m above sea level) and its 
outflow to the River Danube (102 m a.s.l.) is 562 m. The river flows 
through a very rugged relief of the Western Carpathians reaching ele
vations of almost 2500 m above sea level, and through lowlands of the 
West Pannonian Basin. The river valleys are relatively narrow. Geology 
of the catchment comprises Cenozoic siliciclastic sedimentary rocks of 
the Flysch Zone of Outer Western Carpathians, metamorphic and 
igneous rocks of the crystalline basement of Central Western Carpa
thians with its upper Palaeozoic and Mesozoic sedimentary cover 
(mainly carbonates), and largely unconsolidated, Neogene siliciclastic 
sediments of the Pannonian basin and its northern promontories. 

There are 22 dams constructed along the 406 km long course of the 
Váh River (one dam per 18.5 km of river course on average) known as 
the Váh Cascade (Fig. 1). Owing to the frequency of dam reservoirs and 
the very diverse geology, the Váh River provides a good opportunity to 
study the effects of damming on the transport, accumulation, architec
ture, and composition of the reservoir sediments. Sediments found in the 
reservoirs are commonly a mix of soil particles and rock fragments from 
the catchment transported by the river and deposited from atmospheric 
sources. This paper addresses two sediment cores from two reservoirs, 
the Hričov reservoir completed in 1962 with dam height 19 m, upstream 
length 6 km, water storage capacity 8.47 million m3, maximum depth 8 
m, and dam height 19 m, and the Nosice reservoir, completed in 1957 
with dam height 21 m, water storage capacity 35.9 million m3, and 
maximum depth of 18 m. 

3. Material and methods 

3.1. Physical properties and geochemistry of analysed sediments 

Two underwater sediment cores with 6.3 cm inner diameter were 
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retrieved from Nosice (NOS 2, water depth 0.6 m) and Hričov (HRI 4, 
water depth 1.8 m) dam reservoirs located on the Váh River, Slovakia, 
using UWITEC gravity corer sampler (Uwitec sampling equipment, 
Austria) with hydraulic core catcher. The cores were split lengthwise, 
photographed, covered by a Mylar foil, and scanned while still wet by a 
Delta (Innov-X, USA) portable spectrometer with 1 cm stratigraphic 
interval (XRF core scan data). The spectrometer with 25 mm2 circular 
analysis spot size was operating in Geochem mode (analytical beam 
operating at 1 to 40 kV, and 0.1 to 4 mA for V, Cr, Fe, Co, Ni, Cu, Zn, W, 
Hg, As, Se, Au, Pb, Bi, Rb, U, Sr, Y, Zr, Th, Mo, Ag, Cd, Sn, and Sb; beam 
operating at 2 to 10 kV, and 0.4 to 2 mA for Mg, Al, Si, P, S, Cl, K, Ca, Ti, 
and Mn). The assay time was set to 240 s. The assay results from the 
Delta portable spectrometer are given in concentration units (ppm). A 
simple device with fixed scaled core holder and manually operated 
sliding holder for the XRF spectrometer attached to a computer was 
specially developed for the core scanning (Fig. 2). 

After the scanning, the scanned half-core was sliced to produce 
sample aliquots corresponding to the scanning intervals. A smaller part 
of each aliquot, while still wet, was subjected to grain-size analysis by 
wet-suspension laser grain-size analysis using a Fritsch Analysette 22 
MicroTec Plus laser particle sizer (0.08–2000 mm) with an attached 
ultrasound dispersion unit. The remaining part was weighted, dried in a 
lab oven at 40 ◦C temperature for 48 h, and then weighted again. Water 
content was determined as the difference between the wet and dry mass 
in the NOS-2 core. Water content was not measured in the HRI-4 core, 

which was drilled earlier, and wet samples are no more available. 
However, we use the XRF, MS, and grain-size results from HRI-4 core as 
reference material for the NOS-2 core. 

The dry samples were powdered to analytical fineness (< 63 μm), put 

Fig. 1. Map of the study area: (A) Geographic context of Europe; (B) Geology of Slovakia with Váh river course and location of the Nosice and Hričov dam reservoirs; 
(C,D) location of the drill cores in the Hričov and Nosice reservoirs. 

Fig. 2. Manual X-ray fluorescence scanning of a wet core covered by Mylar foil 
using Delta (Innov-X, USA) portable EDXRF spectrometer attached to a 
specially designed core holder. 
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into plastic containers sealed by Mylar foil, and their elemental 
composition analysed by a Delta Premium (Innov-X, U.S.A.) EDXRF 
spectrometer with a large-area silicon-drift detector, with 2 × 120 s 
acquisition time (beam) at accelerating voltages of 15 kV and 40 kV 
(XRF powder data). Fifteen elements (Al, Si, P, K, Ca, Ti, Mn, Fe, Cu, Zn, 
As, Rb, Sr, Zr, and Pb) and 188 samples were analysed in total. Thirty- 
one samples (each pooled from three neighbouring EDXRF samples) 
from the HRI-4 core were analysed by inductively coupled optical 
emission- (ICP-OES) and mass spectrometry (ICP-MS) after total diges
tion in Aqua Regia at Bureau Veritas Minerals, Acme Labs, Vancouver, 
Canada. Eleven oxides of major elements (SiO2, Al2O3, Fe2O3, MgO, 
CaO, Na2O, K2O, TiO2, P2O5, MnO, and Cr2O3) and 47 elements were 
analysed. Analytical precision and accuracy of powdered EDXRF ana
lyses and ICP-OES/MS analyses from dam reservoir sediments, using the 
same instrumentation, are described in our previous papers (Bábek 
et al., 2021). Magnetic susceptibility (MS) of the powdered samples was 
measured using KLY-2 Kappabridge (Agico, Czech Republic) at a mag
netic field intensity of 300 A.m− 1, 920 Hz operating frequency, and a 
sensitivity of 4•10− 8 SI. The bulk MS (SI) was converted to mass-specific 
MS (m3.kg− 1). 

3.2. Statistical analysis 

The measured concentrations represent a set of positive D-dimen
sional multivariate observations. Since the nature of data is relative, 
element concentrations from adjacent depths are dependent, and the 
presence of outliers is expectable due to the measurement method, 
principles of robust statistics, time series, and compositional data anal
ysis will be combined. 

In order to respect the relative nature of measured element concen
trations, and to follow the common practice in geochemistry, the raw 
element concentrations will be replaced with two coordinate systems. 
The core of the analysis runs on D-1 pivot coordinates (where D is the 
number of measured elements), a specific type of orthonormal log-ratio 
(olr, also abbreviated as ilr – isometric log-ratio) coordinates whose 
advantageous geometrical structure allows us to perform any statistical 
method (including the robust ones) without the need of its further 
adjustment (Fǐserová and Hron, 2011; Matys Grygar et al., 2020). A 
more favourable interpretation of relative dominance of the given 
element within the whole composition is provided by centred log- ratio 
coefficients (clr), which will be therefore used for the final presentation 
of results. Note that the vectors of olr coordinates xolr and clr coordinates 
xclr are interconnected though a log-contrast matrix V by xolr = V′ xclr, 
see Pawlowsky-Glahn and Buccianti (2011), Ch. 11 for details. 

As a usual data pre-processing step, Principal Component Analysis 
(PCA) is used in order to reduce the dimension of the problem and filter 
out the noise. More specifically, robust PCA, utilizing the deterministic 
Minimum Covariance Determinant (MCD) estimates of location and 
scatter, will be applied (Hubert et al., 2012) on pivot coordinates and 
first k components explaining 99 % of the total variability will be kept 
for the further analysis. 

The core of the statistical analysis is based on the time series BSS 
methodology, when the measurements from different equidistant depths 
are treated as equidistant points in time. Following the methodology 
described by Ilmonen et al. (2015) the measurements from a given depth 
s (xs) are assumed to be linked to latent components zs through the 
mixing matrix A and the theoretical model xs = A zs. The aim of BSS is to 
recover the latent components by W xs given only xs, where W is an 
unknown unmixing matrix (e.g., A− 1). 

Note that the latent components representing the real geochemical 
signal or a noise inherent in the measurement method are found as a 
linear combination of xs and the interpretation of the result is therefore 
similar to interpretation of scores and loadings resulting from PCA. The 
latent components are independent of prior linear transformations, 
which makes the methodology especially appealing in conjunction with 
the olr coordinates present in compositional data analysis, this is 

detailed for example by Muehlmann et al. (2021) and Nordhausen et al. 
(2021). The basic BSS method is the Second-Order Blind Identification 
(SOBI) method (Belouchrani et al., 1997; Miettinen et al., 2016), which 
finds latent components maximizing the second-order serial depen
dence. Its robust version eSAM-SOBI, working with robust estimates of 
location and auto-covariance matrix (Ilmonen et al., 2015), will be used 
in our application. Finally, the unmixing matrix will be back- 
transformed to the clr space. The analysis is carried out in R 4.1.0 (R 
Core Team, 2021) with the help of the packages JADE (Miettinen et al., 
2017), robCompositions (Templ et al., 2011) and robustbase (Maechler 
et al., 2021). 

4. Results 

4.1. Grain size, water content and magnetic susceptibility 

Majority of the sediments from the NO2 core (Fig. 3) are composed of 
unimodally distributed silt (~83 to ~90 %) with minor admixture of 
clay (~5 to ~9 %) and very fine- to fine sand (~2 to ~12 %). Median 
grain size varies from ~17 to ~30 μm. These background sediments 
alternate with ~4 to ~9 cm thick sandy beds composed of very fine- to 
coarse sand (~21 to ~66 %), silt (~29 to ~74 %) and clay (~4 %) with 
median grain size varying from ~32 to ~85 μm, and unimodal or pol
ymodal distribution. The HRI-4 core is composed of very uniform silty 
sediment with ~9 to ~20 wt% of clay fraction and very little admixture 
of very fine sand (up to 0.5 wt%), and no sandy beds. 

The sample weights in the NOS-2 core varied from ~13 to ~35 g of 
wet sediment, and from ~5 to ~22 g of dry sediment. The calculated 
water content varies from ~25 to ~61 wt% (Fig. 3). Generally, the water 
content decreases from the top to the bottom of the core. The silty 
background sediments have higher water content from ~40 to ~55 wt% 
while the sandy beds have lower water content, typically from ~25 to 
~45 wt% (Supplementary material, Table S1). 

Mass-specific MS values vary from ~2.0 to ~5.6 × 10− 6 m3kg− 1. The 
MS distribution in the HRI-4 core is relatively uniform with a change 
from ~4 to ~3 × 10− 6 m3kg− 1 at about 70 cm depth. The MS distri
bution in the NOS-2 core is also relatively uniform with the exception of 
a prominent peak at 21 cm depth (Fig. 3). 

4.2. Element geochemistry of raw data 

The ICP-MS element concentrations and XRF data from cores scans 
and powdered samples are shown in Tables S2, and S3, respectively 
(Supplementary material). The XRF core scan data show systematically 
lower concentrations than the XRF powder data. The Al concentrations 
vary between ~0.26 and ~ 1.6 wt% in the core scans, and between 
~1.62 and ~4.82 wt% in the powder data. The other elements show 
similar difference (Figs. 4, 5). The average concentrations of XRF scan 
data from the HRI-4 core reach about 16 to 41 % of their powder-sample 
counterparts. 

The XRF powder concentrations of Al and Rb, which are frequently 
considered lithogenic, grain-size sensitive elements, show statistically 
significant correlation (logarithmic regression) with the grain-size data 
(concentration of clay fraction). However, for XRF core scan data, no 
correlation or much less significant correlation was found (Fig. 4). 
Several elements (K, Rb, and Ti) show good covariance with the litho
genic Al in both the XRF core scan and XRF powder analyses. Their 
correlation coefficients (R2) vary from ~0.3 to ~1.0 but usually they are 
higher than 0.8 (Fig. 5). On the other hand, Ca and P show negative 
correlation with Al in the powder data, but generally, no correlation in 
the core scans (Fig. 5). Arsenic, zinc, copper and lead show weaker 
correlation with Al; their correlation coefficients vary between ~0.2 and 
~0.7. The lower concentrations and higher correlations with Al in the 
XRF scan data are likely controlled by the presence and dilution effect, 
respectively, of pore water and organic matter in the sediments. Organic 
matter was not analysed in the studied cores, but it is considered low. 
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Another core from the Nosice reservoir located about 1000 m S of the 
NOS-2 core contained 1.9 wt% on average (from 1.2 to 2.5 wt%, n = 27) 
of total organic carbon (TOC) (Ondřej Bábek, unpublished data). 

Concentrations of the same elements from XRF core scan and powder 
data show a poor match; linear regression coefficients (R2) of four 

elements, Ca, As, Zr, and Rb, vary from 0.30 (Ca) to 0.81 (Zr) (Fig. 6). 
Lower correlation coefficients were found for Al, Si, P, K, Ti, Fe, Mn, Cu, 
Zn, Sr, and Pb. Conformable with the above-mentioned observations, 
vertical distribution of elements generally shows a little match between 
XRF core scan- and powder data (Fig. 7). In general, the powder data (Al, 

Fig. 3. Grain-size and mass-specific magnetic susceptibility (MS) data for NOS-2 and HRI-4 core; note distribution of less porous, sandy event layers (event beds) on 
the background of silty sediments with higher water content (porosity) in the NOS-2 core. 

Fig. 4. Bivariate plots of XRF concentrations of Al and Rb (raw data) vs. grain size (concentration of clay fraction). Note very good (logarithmic) correlation of 
powder XRF data, and lack of correlation of core scan data. 
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Ca, Zn, Fig. 7, but also K, Ti, Fe, Cu, Rb, and Pb) show higher variability 
due to changing grain size and water content than the core scan data in 
both cores. While for example, Al, K, Ti, Fe, and Rb have higher 

concentrations in the silty layers, Ca and P have higher concentrations in 
the sandy layers. The powder data in the uniform silty-clayey sediments 
of the HRI-4 core are markedly uniform, with relatively high Al and K 

Fig. 5. Patterns of covariance of selected elements with Al in XRF core scan data (blue dots) and XRF powder data (orange dots) in the HRI-4 and NOS-2 cores. (For 
interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.) 

Fig. 6. Bivariate plots and linear-regression correlation coefficients of EDXRF of powdered samples (horizontal axes) with EDXRF core scans (vertical axes) in 
selected elements from the NOS-2 and HRI-4 cores. Data are represented as concentration units (ppm, blank circles) and their clr-transformed counterparts 
(full circles). 
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concentrations and relatively low Ca concentrations. The core scan data 
are also variable but their variability does not coincide with the changes 
in grain size in both cores and the water content in the NOS-2 core 
(Fig. 7). 

4.3. Log-ratio transformation of geochemical data 

Centred log-ratio (clr) transformation of the same elements from the 
core scan and powder data resulted in higher correlations (R2 from 0.33 
to 0.88) in eleven elements: Al(clr), P(clr), K)clr), Ca(clr), Mn(clr), Fe 
(clr), Cu(clr), As(clr), Sr(clr), Zr(clr), and Pb(clr). Correlation of Ca(clr), 
Mn(clr), Cu(clr), Sr(clr), and Zr(clr) exhibit R2 values higher than 0.5. 

The clr coordinate representation partly reduces the variability due 
to lithology of the powder data, and reduces the difference between the 
powder and core-scan data (Figs. 4, 6). The median clr concentrations of 
core-scan and powder data are 3.04 and 3.63 for Al, 2.23 and 2.38 for K, 
3.97 and 4.2 for Ca, and -4.59 and -4.48 for As, respectively. Although 
the clr values are much more similar for core-scan and powder data, the 
resulting shapes of the depth distribution curves are poorly comparable 
in none of the elements except for calcium (Fig. 7) and partly for K, Ti, 
Zr, and Mn. In case of Ca, the clr coefficients are a suitable data repre
sentation for calibration of XRF core–scan data. 

4.4. Robust BSS results 

Following the methodology described in Section 3.2, the XRF powder 
data were pre-processed with robust PCA based on the MCD estimate of 
location and covariance. The proportion of observations used for the 
covariance matrix estimation was set to 0.8, which represents a 
reasonable compromise between stability and usability of the whole 
algorithm. We run the eSAM-SOBI algorithm on the first eight robust 
principal components representing 99 % of total variability, which 

resulted in finding of eight latent components (ICs). The lag parameter 
was set to five and therefore the measurements in the range of 5 cm were 
considered as mutually influential. The latent components are shown in 
Fig. 8. The orange dots represent the latent components (IC) for powder 
XRF data found by the algorithm, while the blue dots show the XRF core 
scan measurements expressed in the same latent variables. 

The IC1, and IC3 – IC5 latent components of XRF powder data are 
uniform and most of them are independent on the grain size and porosity 
(Fig. 8). The IC2 shows variation, which coincides with the grain-size 
changes and the associated pore water variations. The IC4 reveals a 
trend towards higher values in the top 25 cm of the NOS-2 core. The 
latent components of XRF core-scan data (IC1, IC3, and IC5 to IC8) are 
highly variable but their variation is not related to the lithological 
boundaries. The IC3 with IC5 and IC1 with IC8 show similar depth 
distributions. The correlation between IC scores for powder and core- 
scan data is high for IC4 (r = 0.786), lower but significant for IC2 
(0.465) and IC7 (0.383) and low or even negative for IC1 (− 0.286), IC3 
(0.075), IC5 (− 0.01), IC6 (0.282) and IC8 (− 0.045). The former three 
ICs may therefore carry information on real physical or chemical signals 
while the later ones are likely affected by the method of measurement. 
The vertical distribution of IC2 and IC4 shows a high degree of similarity 
between the XRF powder and core scan data. In contrast, the IC1, IC3, 
IC5, and IC8 show large-scale differences, while the IC6 and IC7 contain 
parts that are similar and parts that are highly dissimilar. The later three 
components clearly show that particularly the concentrations between 
60 and 90 cm depth are influenced by the method of measurement. The 
structure of the latent components is explained by their respective clr 
loadings, which help to identify the main elemental sources for each IC 
(Table 1). 

Fig. 7. Effects of clr coordinate representation on vertical distribution of selected elements in the NOS-2 core for XRF core scan data (blue dots) and XRF powder data 
(orange dots). (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.) 
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5. Discussion 

5.1. Interpretation of raw data: lithogenic sources of geochemical 
variation 

Element compositions of the HRI-4 and NOS-2 cores differ. The main 
cause of the geochemical difference is the contrasting grain size, which 
is demonstrated by the significant correlation between the Al and Rb 
concentrations in XRF powder data and the proportion of the clay 
fractions (Fig. 4). 

The Al-normalized XRF powder data (Fig. 5), which reduce the ef
fects of different grain-size in the both cores (cf. Sageman and Lyons, 
2003; Bábek et al., 2015), indicate that sediments in the NOS-2 core are 
enriched in Si, and Zr while the Hričov reservoir is enriched in Ca, P, Rb 
and As. Silicon and zirconium are typically lithogenic elements bound to 
coarse-grained (silt-and sand-sized) grains, whereas Ca and P are largely 
bound to authigenic carbonate rocks (Sageman and Lyons, 2003; Ross 
and Bustin, 2009; Bábek et al., 2016). 

This compositional variability is presumably due to different litho
genic sources in their upstream catchments. Catchments of tributaries 
located upstream of the Hričov reservoir drain crystalline rocks and 
Mesozoic carbonates of the Central Carpathians (Varínka R.), Palae
ogene deep-marine siliciclastics of the Flysch Zone of Outer Western 
Carpathians (Kysuca River), and Neogene unconsolidated siliciclastics of 
intramontane basins (Turiec R.). In contrast, tributaries located down
stream of the Hričov and upstream of the Nosice reservoir, drain pre
dominantly the Palaeogene deep-water siliciclastics of the Outer and 
Central Western Carpathians (Štiavnik River, Papradnianka R., Mar
ikovský potok R., Domanižanka R.). The element geochemistry suggests 
that reservoirs provide barriers to downstream sediment dispersal as 
suggested by previous authors (Vörösmarty et al., 2003; Arnaud et al., 
2019; Vauclin et al., 2019). 

Magnetic susceptibility has been demonstrated to correlate with 
grain size, industrial contamination by fly ashes, and enrichment in 
selected heavy metals in fluvial settings by several authors (Jordanova 
et al., 2006; Bábek et al., 2011; Faměra et al., 2013). However, the 
magnetic susceptibility in our dataset shows little correlation with the 
grain size changes, raw XRF data, clr of XRF data, and the latent com
ponents. Consequently, it cannot be used as independent variable to 
assess the applicability of the clr and the robust BSS algorithms in our 
dataset. 

5.2. Interpretation of clr coefficients 

Centred log-ratio coefficients significantly reduce the difference be
tween the core-scan and powdered EDXRF readings (Fig. 7) and thus 
justify previous attempts to calibrate the core-scanning data using log- 
ratio techniques (Weltje and Tjallingii, 2008). A good correlation (R2 

> 0.5) between clr of the core-scans and powdered samples was 
observed for Ca, Mn, Cu, Sr, and Zr (two cores, n = 189) and partly also 
for P, K and Pb in the NOS-2 core. All elements in the powdered samples, 
with exception of Si, As, Sr and Zr, show high variability in concentra
tions consistent with the lithology changes across the NOS-2 core 
(Figs. 3, 6). This means that the layers with different grain size and 
porosity also have different mineral composition. Surprisingly, although 
these parameters are known to strongly affect the results of the XRF 
core-scans (Croudace et al., 2006; MacLachlan et al., 2015) they are 
preferentially picked up by XRF of the powdered samples and not by the 
core scans in our data set. 

5.3. Geochemical interpretation of the latent components 

The IC2 and IC4 latent components show statistical correlation be
tween the core scan and powdered XRF data. We assume that this sim
ilarity reflects a common control on both the cores scan and powdered 
data and thus they are not largely affected by the method of measure
ment. Loadings of latent components by element clr, found by eSAM- 
SOBI are shown in Table 1. The loadings explain the elemental contri
butions in the latent components and thus they can be used in 
geochemical interpretation. 

The vertical distribution of the IC 2 scores is consistent with the grain 
size and porosity changes thus indicating that the IC2 primarily reflects 
the sediment lithology. Maximum positive loadings of IC2 correspond to 
Zr(clr) and Mn(clr) while negative loadings correspond to Cu(clr) and Zn 
(clr) (Table 1), therefore the log-ratio between these two pairs of ele
ments seems to be the main building block of this component. Moreover, 
the vertical distributions of Si/Al and Zr/Al element ratios (Fig. 9), 
which are used as grain-size proxies (Vijver et al., 2008; Bábek et al., 
2015), show high degree of similarity with the IC2 on the powder XRF 
data. Zirconium is a refractory element, which is typically enriched in 
silt- and sand-sized sediments and thus is grain-size sensitive (Morton 
and Hallsworth, 1999; Novák et al., 2017). On the other hand, Mn as a 
redox-sensitive element is vertically mobilized in recurrent cycles of 
reduction / dissolution and oxidation / precipitation in layers repre
senting redox boundaries (Davison, 1993; Staubwasser et al., 2006). 
Redox boundaries may develop at lithological boundaries between 

Fig. 8. Selected latent components (IC) found by the robust BSS algorithm applied to the NOS-2 XRF core-scan data (blue dots) and powder XRF data (orange dots). 
(For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.) 
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more- and less-porous sediments being affected by groundwater flow 
and oxygen saturation. The IC2 reflects geochemical changes associated 
with grain size and hereto related development of redox barriers facil
itating precipitation of redox-sensitive elements. 

The IC4 component markedly increases in the topmost, about 25 cm 
thick sediment layer of the NOS-2 core, which is consistent with the rise 
in Ca/Al and P/Al ratios and enrichment factors of As (Fig. 8). In 
contrast to the element ratios, enrichment factors (EF) and centred log- 
ratios the IC4 completely filters out the effects of grain size. Maximum 
positive loadings of IC4 correspond to P(clr) and Zn(clr) (Table 1). In the 
topmost five centimetres, the IC4 peak overlaps with a peak in IC7, and 
elevated values of Zn and Cu (Fig. 8). These two elements can be derived 
from anthropogenic sources as indicated by their EF values (XRF powder 
data) ranging between 5 and 10. Elements correlating with the IC2 and 
IC4, Ca, P, Cu, and Zn are usually associated with increased organic 
productivity in lacustrine and marine environments and partly (Cu and 
Zn) with reducing conditions in water column of near the sediment–
water interface (Sageman and Lyons, 2003; Dean, 2007; Tribovillard 
et al., 2006; Ettler et al., 2017). We assume the IC4 to reflect increased 
organic input into the sediments, which was presumably associated with 
eutrophication and accumulation of anthropogenic Cu and Zn. 

The vector of element concentrations is analysed as a whole 
throughout the BSS algorithm. Consequently, complex relations be
tween elements, typical for data of a compositional nature, are therefore 
preserved and taken into account. Although the presented methodology 
focuses on eSAM-SOBI, an algorithm for time-dependent data with 
possible presence of outliers, the family of BSS methods also contains 
algorithms for iid or space-dependent data. These methods therefore 
represent a flexible framework for restoring hidden structures from 
geochemical measurements. The time-series approach of the eSAM-SOBI 
seems to be suitable for identification of stratigraphic trends in sediment 
geochemistry although it can have certain disadvantages. For example, 
identification of thin event-beds with contrasting composition (e.g., ash 
layers) may be limited, or strongly affected by the sampling interval, 
using the eSAM-SOBI. However, the time-series statistics of core-scan 
data may represent a complementary method to the multivariate log- 
ratio calibration, which is independent on the stratigraphic position in 
a core. 

6. Conclusions 

The studied sediment cores penetrated layers of clayey silt and silty 
sands with highly variable grain size and variable water content (40 to 
61 wt% in silts; ~25 to ~45 wt% in sands), both of them supposedly 
affecting the results of XRF core scanning. Sediments in the Nosice 
reservoir are enriched in Si and Zr and depleted in Ca, P, Rb, and As, as 
compared to their Hričov reservoir counterparts. Their compositional 
contrast is presumably due to different geology in catchments of up
stream tributaries of the Váh River, which suggests that reservoirs act as 
important barriers to downstream sediment dispersal. 

The XRF core scan data show systematically lower element concen
trations, on average only 16 to 41 % of their XRF powder counterparts. 
Several elements (K, Rb, and Ti) show relatively strong relationship to Al 
both in the XRF core scan- and powder analyses. This demonstrates the 
effect of changing contents of aluminosilicates (clay minerals) as a 
function of changing grain size. This grain-size effect is stronger (higher 
R2) in the powder data than in the core scans, which is surprising 
because grain size is particularly known to affect the results of the XRF 
core-scans strongly. 

As expected, the element concentrations in XRF cores scans and 
powder data are poorly correlatable. Centred log-ratio (clr) coefficients 
improved for reinterpreted data (in terms of relative dominance of ele
ments) the correlations (R2 from 0.33 to 0.88, n = 179) in Al, P, K, Ca, 
Mn, Fe, Cu, As, Sr, Zr, and Pb. In addition, the clr coefficients signifi
cantly reduce the absolute difference between the XRF core-scan and 
powder data, which justifies previous attempts to calibrate the core- Ta
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scanning data using log-ratio techniques. Geochemical core scanning 
using hand-held XRF device is a method, which allows reasonable 
interpretation of primary geogenic signals in soft sediments in terres
trial, e.g., fluvial environments (RQ 1). 

Application of the eSAM-SOBI algorithm, a time-series statistical 
technique, yielded eight latent components (IC1 to IC8) representing 99 
% of total variability. The scores of IC4, IC2, and IC7 of the XRF powder- 
and core scan data show significant statistical correlation and similar 
depth distribution, which reflects a common control on the data and the 
fact that these latent components are not largely affected by the method 
of measurement. Their geochemical interpretation is based on the IC 
loadings by element clr, and stratigraphic correlation with the sediment 
grain size and water content. The IC2 corresponds to high Zr(clr) load
ings and it primarily reflects the compositional contrast between the 
sandy and silty layers. The IC4 and IC7 components correspond to high P 
(clr), Ca(clr), and Zn(clr) loadings while they are not affected by grain 
size. These latent components presumably reflect increased organic 
input, eutrophication, and accumulation of anthropogenic elements. 
Being capable of picking up the effects of grain size and anthropogenic 
enrichment, the robust BSS approach represents a promising time-series 
statistical method to separate signal from noise. The BSS method allows 
to process large datasets in environmental geochemistry, which can be 

obtained by XRF-CS without the need of prior calibration to the mea
surements resulting from the conventional methods (RQ 2). 

Supplementary data to this article can be found online at https://doi. 
org/10.1016/j.gexplo.2022.107106. 
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Fǐserová, E., Hron, K., 2011. On the Interpretation of Orthonormal Coordinates for 
Compositional Data. Math. Geosci. 43, 455–468. 

Gadd, P., Gobi, K., Sammut, J., Saintilan, N., Crawford, J., Mazumder, D., 2018. Itrax 
micro X-ray fluorescence (μXRF) for soft biological tissues. MethodsX 5, 1267–1271. 
https://doi.org/10.1016/j.mex.2018.10.001. ISSN 2215–0161.  

Gregory, B.R.B., Patterson, R.T., Reinhardt, E.G., Galloway, J.M., Roe, H.M., 2019. An 
evaluation of methodologies for calibrating Itrax X-ray fluorescence counts with ICP- 
MS concentration data for discrete sediment samples. Chem. Geol. 521, 12–27. 

Grosbois, C., Meybeck, M., Lestel, L., Lefevre, I., Moatar, F., 2012. Severe and contrasted 
polymetallic contamination patterns (1900–2009) in the Loire River sediments 
(France). Sci. Tot. Env. 435, 290–305. 

Henares, S., Donselaar, M.E., Bloemsma, M.R., Tjallingii, R., De Wijn, B., Weltje, G.J., 
2019. Quantitative integration of sedimentological core descriptions and 
petrophysical data using high-resolution XRF scans. Mar. Pet. Geol. 110, 450–462. 

Hennekam, R., Sweere, T., Tjallingii, R., de Lange, G.J., Reichart, G.J., 2019. Trace metal 
analysis of sediment cores using a novel X-ray fluorescence core scanning method. 
Quatern. Int. 514, 55–67. 

Hsiung, K.H., Kanamatsu, T., Ikehara, K., Usami, K., Horng, C.S., Ohkouchi, N., 
Ogawa, N.O., Saito, S., Murayama, M., 2021. X-ray fluorescence core scanning, 
magnetic signatures, and organic geochemistry analyses of Ryukyu Trench 
sediments: turbidites and hemipelagites. Prog. Earth Planet. Sci. 8, 2. https://doi. 
org/10.1186/s40645-020-00396-2. 

Hubert, M., Rousseeuw, P.J., Verdonck, T., 2012. A deterministic algorithm for robust 
location and scatter. J. Comput. Graph. Stat. 21, 618–637. 

Ilmonen, P., Nordhausen, K., Oja, H., Theis, F., 2015. An affine equivariant robust 
second-order BSS method. In: Vincent, E., Yeredor, A., Koldovský, Z., Tichavský, P. 
(Eds.), Latent variable analysis and signal separation: 12th international conference 
LVA/ICA 2015. Springer, pp. 328–335. 

Jenkins, R., 1999. X-Ray Fluorescence Spectroscopy, Second edition. John Wiley & Sons, 
New Jersey.  

Jordanova, D., Jordanova, N., Hoffmann, V., 2006. Magnetic mineralogy and grain-size 
dependence of hysteresis parameters of single spherules from industrial waste 
products. Phys. Earth Planet. Interiors 154, 255–265. 

Kelloway, S., Ward, C., Marjo, C., Wainwright, I., Cohen, D., 2014. Calibration for ED- 
XRF profiling of coal cores for the Itrax Core Scanner. Powder Diffract. 29, 28–34. 
https://doi.org/10.1017/S088571561400089X. 

Laceby, J.P., Evrard, O., Smith, H.G., Blake, W.H., Olley, J.M., Minella, J.P.G., Owens, P. 
N., 2017. The challenges and opportunities of addressing particle size effects in 
sediment source fingerprinting: a review. Earth-Sci. Rev. 169, 85–103. 
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A B S T R A C T   

Cell-wise outliers are outliers in single entries of a compositional data matrix, and they can lead to a certain bias 
in the statistical analysis. Traditional row-wise robust methods downweight outlying observations for the esti
mation, independent of how many or which cells of an observation are contaminated. Cell-wise robustness still 
makes use of the information contained in non-contaminated cells. Here, cell-wise robustness is used for the 
estimation of the variation and the covariance matrix. For higher dimensional data also a regularized estimator is 
introduced. The advantages of the cell-wise robust estimators are demonstrated in simulation experiments and in 
a geochemistry application in the context of clustering and principal component analysis.   

1. Introduction 

The field of compositional data analysis (CoDA) has received a lot of 
attention after the publication of the book (Aitchison, 1986) of John 
Aitchison in 1986. The approach followed there is often called log-ratio 
methodology, as the building blocks are pairwise log-ratios between the 
variables (compositional parts). If D denotes the number of parts, then 
there are D(D − 1)/2 (relevant) pairwise log-ratios for the analysis, thus 
each part is involved in D − 1 different log-ratios. These pairwise log- 
ratios are usually not used separately as new variables within a multi
variate statistical analysis, but they are appropriately aggregated, e.g. to 
form a coordinate system with D − 1 coordinates (Filzmoser et al., 
2018). This, however, creates difficulties if an observation has outliers 
only in single parts, since their effect in the coordinate representation 
will very much depend on the type of aggregation, as well as on the parts 
which are contaminated. 

Outliers in single variables of traditional non-compositional data are 
called cell-wise outliers. If an observation contains cell-wise outliers, the 
remaining non-contaminated cells usually still contain valuable infor
mation for the analysis. This can be very different for compositional 
data. Contamination in single parts of a composition can be caused by 
atypical values in this part, or it can result from an improper imputation 
of zeros or missing values. When forming pairwise log-ratios with 
contaminated cells, also the resulting log-ratio pairs can be outlying, and 
the same is true for other types of aggregation with contaminated parts. 

Robust multivariate statistical methods commonly downweight 
complete observations if they are deviating, independent of how many 
cells (variables) of such observations are contaminated. Since observa
tions are usually arranged in the rows of a data matrix, this procedure is 
often called row-wise robustness (Maronna et al., 2019). Especially for a 
growing number of variables, this would lead to a severe loss of valuable 
information if only few cells of an observation are deviating. Therefore, 
methods have been developed to identify and downweight deviating 
cells rather than only outlying rows, and this is called cell-wise robust
ness (Rousseeuw and Van Den Bossche, 2018). 

Row-wise robustness is well established in the context of CoDA 
(Filzmoser et al., 2018). Since many multivariate methods are based on 
an estimated covariance matrix, a robust version can be obtained by 
expressing the composition in coordinates, and performing robust 
covariance estimation with any of the proposed methods (Maronna 
et al., 2019, p 195–224), for example with the widely used MCD (min
imum covariance determinant) estimator (Rousseeuw, 1985; Rousseeuw 
and Van Driessen, 1999). Since a complete row is downweighted (or 
not), it does not matter which parts are contaminated, and which form of 
coordinate representation is used. 

It is not straightforward to implement cell-wise robustness for the 
CoDA case, especially after the compositions are expressed in co
ordinates. Depending on the parts which are contaminated, as well as on 
the coordinate representation used, it might be hardly possible to trace 
back which compositional parts caused cell-wise outliers, detected in the 
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space of the coordinates. It is much more straightforward to investigate 
pairwise log-ratios in order to identify those parts which caused the 
outlyingness. Several attempts in this direction have already been done, 
e.g. in Štefelová et al. (2021) and Walach et al. (2020) in the context of 
regression and outlier detection. 

In this paper we focus on cell-wise robustness, but limited to the 
problem of robust covariance estimation. Nevertheless, a robustly esti
mated covariance matrix opens the door to many multivariate methods, 
and in the application part we will focus on cell-wise robust principal 
components. The main idea is to estimate the elements of the variation 
matrix robustly, and these elements contain the estimated variances of 
pairwise log-ratios (Aitchison, 1986). Afterwards, we make use of the 
well-known relationship between the variation matrix and the compo
sitional covariance matrix (Aitchison, 1986). 

The paper is organized as follows. Section 2 recalls some of the CoDA 
concepts which are needed to introduce the cell-wise robust covariance 
estimators in Section 3. Simulation studies in Section 4 reveal robustness 
properties of the new proposals, and a comparison of the methods based 
on geochemical data is provided in Section 5. The final Section 6 
concludes. 

2. Some CoDA concepts 

Denote by ℝD
+ the space of D dimensional strictly positive real values. 

In the classical approach of CoDA the D-part simplex is of central 
importance: it is defined as the space S

D
=

{
x = (x1,…, xD)

Τ
∈ ℝD

+ |ΣD
i=1xi = 1

}
. Considering also a composition 

y = (y1,…, yD)
Τ , the D-part simplex is equipped with the Aitchison inner 

product 

〈x, y〉A :=
1

2D
Σ
D

i,j=1
ln
(

xi

xj

)

ln
(

yi

xj

)

and the so-called perturbation x ⊕ y := 1
ΣD

j=1xjyj
(x1y1,⋯, xDyD)

Τ and pow

ering α ⊙ x := 1
ΣD

j=1xα
j

(
xα

1,⋯, xα
D
)Τ operation, for any α ∈ ℝ, see Pawlow

sky-Glahn and Egozcue (2001) and Billheimer et al. (2001). With these 
definitions it can be shown that 

(
S

D
, 〈⋅, ⋅〉A ,⊕,⊙

)
is a Hilbert space 

with neutral element 1
D(1,…,1)Τ

∈ ℝD
+ and norm ‖x‖A :=

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
〈x, x〉A

√
, see 

Pawlowsky-Glahn et al. (2015), p.23–30. Of central importance in CoDA 
is the clr (centered log-ratio)-map 

clr : S
D→ℝD, clr(x) :=

⎛

⎜
⎝ln

⎛

⎜
⎝

x1
̅̅̅̅̅̅̅̅̅̅̅̅̅∏D

j=1xj
D
√

⎞

⎟
⎠ ,…, ln

⎛

⎜
⎝

xD
̅̅̅̅̅̅̅̅̅̅̅̅̅∏D

j=1xj
D
√

⎞

⎟
⎠

⎞

⎟
⎠

Τ

. (1) 

It is well known that the clr-map is distance preserving on S D, see 
Pawlowsky-Glahn et al. (2015), p 35. Additionally, the clr-map pos
sesses the following properties, 

clr(x ⊕ y) = clr(x)+ clr(y) (2)  

clr(α ⊙ x) = αclr(x) (3)  

〈x, y〉A = 〈clr(x) , clr(y) 〉2 (4)  

with 〈⋅, ⋅〉2 denoting the standard inner product in ℝD, and α ∈ ℝ 
(Pawlowsky-Glahn et al., 2015, p 35). A drawback of the clr-map is that 
it is not bijective onto ℝD and its components are constrained to sum to 
zero. The clr-map can also be written as a linear map of the coordinate- 
wise log-transformed variables of x, i.e. clr(x) = LA ln(x), where LA is 
the so-called centering matrix 

LA :=
1
D

⎛

⎜
⎜
⎝

D − 1 − 1 − 1
− 1 ⋱ ⋱ ⋮
⋮ ⋱ ⋱ − 1
− 1 − 1 D − 1

⎞

⎟
⎟
⎠

which will play a role in the next section. Alternatively, the so-called ilr 
(isometric log-ratio)-map (Egozcue et al., 2003) is often considered as it 
preserves properties (2)–(4) and is bijective. It is defined as 

ilrV : S
D→ℝD− 1, ilrV(x) := VΤ clr(x) , (5)  

where V ∈ ℝD×(D− 1) is any matrix with orthogonal columns that span the 

D − 1 dimensional subspace 
{

z ∈ ℝD|ΣD
j=1zj = 0

}
⊂ℝD. The centering 

matrix has the following important properties that also connect it to any 
admissible V as just described, 

LA = LΤ
A , LA 1 = 0, LA = VVΤ ,

where 1 is a vector of ones. 
There are multiple ways to characterize the dependence structure 

between different compositional parts of x in CoDA depending on the 
transformation used. Given two different random vectors u, v, then the 
covariance matrix is given as Cov(u, v) := E((u − E(u) )(v − E(v) )Τ

), 
where E denotes the expectation. Then we write in the following Σclr :=

Cov(clr(x) , clr(x) ) for the covariance matrix of clr(x), Σln := Cov(ln 
(x) , ln(x) ) for the covariance matrix of ln(x) and ΣilrV :=

Cov(ilrV(x) , ilrV(x) ) for the covariance matrix of ilrV(x), for any fixed V. 
Additionally, we write T ∈ ℝD×D for the variation matrix which is 

defined entry-wise for any i, j = 1,…,D as Tij = Cov
(

ln
(

xi
xj

)
, ln

(
xi
xj

))
=

Var
(

ln
(

xi
xj

))
. Thus, the entries of the variation matrix are the variances 

of all pairwise log-ratios. Values near zero represent proportionality of 
the respective parts and consequently also their close relationship. 

As noted in Aitchison (1986), there are the following relations be
tween the covariance matrix Σclr and the variation matrix T, 

T = 1σ2Τ + σ21Τ − 2Σclr, (6)  

Σclr = −
1
2

LA TLA , (7)  

where σ2 = diag
(
Σclr) denotes the vector of the diagonal elements of Σclr. 

These relationships will be very helpful for cell-wise robustness, as they 
link associations between pairs of compositional parts with covariances. 

3. Cell-wise robust covariance estimation 

Denote by x1,…, xN ∈ S
D a sample of N independent observations 

which are arranged as rows in the data matrix X ∈ ℝN×D. The classical 

sample covariance matrix estimate of Σclr is given as Σ̂
clr

=

1
N− 1ΣN

n=1
(
clr(xn) − μ̂clr )( clr(xn) − μ̂clr )Τ , where μ̂clr

:= 1
NΣN

n=1clr(xn). It is 
a well-known fact that any contaminated data point xn can have a huge 
effect on the classical sample covariance estimate of Σclr (Maronna et al., 
2019, p 196–198). The same holds true if only a single entry of xn, say 
the k-th entry, is contaminated. A part of a composition is understood as 
contaminated, when it has an unusually high (or low) absolute value and 
which therefore distorts the whole relative structure of the respective 
composition. As we can write any l-th entry of clr(xn) also in terms of 
pairwise log-ratios 

clr(xn)l = ln

⎛

⎜
⎝

xnl
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅∏D

j=1xnj
D
√

⎞

⎟
⎠ =

1
D

(

ln
xnl

xn1
+…+ ln

xnl

xnk
+…+ ln

xnl

xnD

)

,

we can see that a contamination in xnk propagates to clr(xn)l, for any 
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l ∈ {1,…,D}, which in consequence also can have an impact on μ̂clr, see 
also Mert et al. (2016). Something similar also holds for the ilr-map. 
Therefore, if a row of X contains only a single cell that displays 
outlying behavior, taking the clr- or ilr-map of this row can lead to a 
whole outlying vector. The goal is to find a covariance estimator which 
protects against outlying cells in compositional data. 

The main idea to achieve cell-wise robustness is thus to restrict the 
influence of cell-wise outliers at the log-ratio level. The relationship (7) 
is of particular interest as it permits to estimate Σclr in terms of the 
variation matrix, which consists solely of the variances at the log-ratio 
level. To construct a robust estimator of Σclr, or equivalently ΣilrV , we 
suggest to replace each entry of the variation matrix T, tij =

Var
(

ln
(

xi
xj

))
, by a robust counterpart. This simplifies things not only 

because we focus on pairwise log-ratios, but also because robust vari
ance estimation is a simpler task compared to robust covariance 
estimation. 

Several robust estimators of the variance have been proposed in the 
literature. A highly robust and efficient estimator of scale (standard 
deviation) is the Qn estimator (Rousseeuw and Croux, 1993), which is 
essentially defined as the first quartile of the absolute pairwise differ
ences. To be more precise, for a vector z = (z1,…, zN)

Τ , the Qn estimator 
of scale is defined as 

ρ(z) = ρn=1,…,N(zn) = 2.219⋅
{⃒
⃒zi − zj|;i < j

}

(k), (8)  

where k =

(
h
2

)

≈

(
N
2

)/

4 and h = �N / 2� + 1, and (k) is the k-th 

value of the sorted absolute pairwise differences (in ascending order) 
(Rousseeuw and Croux, 1993). A further advantage of this estimator is 
that it does not require a (robust) location estimation. These properties 
make the Qn estimator preferable over other robust scale estimators, 
such as the more well-known median absolute deviation (MAD). 

3.1. The cell-wise robust Qn covariance estimator 

We will use the Qn estimator for the elements of the variation matrix 

to obtain tρ
ij = ρn=1,…,N

(
ln
(

xni
xnj

))2
. We denote the resulting robust vari

ation matrix by T̂ρ := tρ
ij. To construct a valid estimate of Σclr we then 

transform T̂ρ according to Eq. (7). This estimate should however fulfill 
the following three properties that Σclr has.  

• Σclr is a positive semi-definite matrix.  
• Σclr has an eigenvector 1 to the zero eigenvalue, i.e. Σclr1 = 0.  
• Σclr is invariant under multiplication with LA , thus Σclr = LA ΣclrLA . 

Note that the second point is a direct consequence of the third point, 
and the third point directly follows from the idempotency of LA and the 
representation of the clr-map through the latter. Therefore, to construct 
a positive semi-definite estimator we propose to take the nearest positive 
semidefinite matrix to − 1

2LA T̂ρLA and adjust the median quantile. All 
together we perform the following steps:  

1. Estimate the elements tρ
ij of T̂ρ by tρ

ij = ρn=1,…,N

(
ln
(

xni
xnj

))2
, where i ∕= j 

(otherwise, the entries are zero).  

2. Project T̂ρ on the appropriate subspace by Σ̂
clr
0 := − 1

2LA T̂ρLA .  

3. Find the nearest positive semi-definite matrix (p.s.d) Σ̂
clr
1 by solving 

minΣ̂clr
1 isp.s.d

⃦
⃦Σ̂

clr
0 − Σ̂

clr
1
⃦
⃦

F, where ‖⋅‖F denotes the Frobenius norm. 

Note that also other measures could be considered that take into 
account the symmetry of the matrix.  

4. The final estimator is Σ̂
clr

= cΣ̂
clr
1 where c is chosen such that the 

median of the squared Mahalanobis distances is equal to the quantile 
0.5 of the χ2 distribution with degrees of freedom equal to the rank of 

Σ̂
clr
1 . This alignment allows to use the quantile 0.975 of this χ2 dis

tribution as outlier cutoff value for the squared Mahalanobis dis
tances (Maronna et al., 2019, p 206). 

For these steps to lead to an admissible estimate of Σ̂
clr 

we need to 

check that the three properties as described above hold. Clearly Σ̂
clr
1 is 

positive semi-definite by definition and so we only need to check the 

latter two properties. As LA 1 = 0 holds, we can follow directly Σ̂
clr
0 1 = 0. 

Step 3. does not affect the eigenvectors, as the solution to the nearest 
positive semi-definite matrix problem is equal to a zero thresholding of 

the eigenvalues, see Higham (1988). Therefore, Σ̂
clr
1 1 = 0 holds, and 

consequently the same is true for Σ̂
clr

. The third property directly follows 

from the second one by LA Σ̂
clr

LA =
(
I − 1

D11Τ)Σ̂
clr(

I − 1
D11Τ) = Σ̂

clr
−

1
DΣ̂

clr
11Τ − 1

D11Τ Σ̂
clr 

+ 1
D211Τ Σ̂

clr
11Τ = Σ̂

clr
. 

In the following, we will refer to Σ̂
clr 

as the cell-wise robust Qn 
estimator, abbreviated simply as “Qn”. 

3.2. The cell-wise robust regularized Qn covariance estimator 

In the case where N ≤ D, it is known in the non-compositional data 
setting, that non-robust as well as robust covariance estimates display an 
increased estimation error, and that estimates can be approved upon by 
adding a shrinkage term, often in form of a unit matrix, see Ledoit and 
Wolf (2004); Chen et al. (2011) and Hubert et al. (2018). Note, however, 
that also other shrinkage matrices can be used. Inspired by these ideas 
we also propose a shrinkage version. We first perform steps 1. to 3. as 

described above obtaining Σ̂
clr
1 . Instead of continuing to step 4., we now 

define Σ̂
clr
2 := (1 − α)Σ̂clr

1 + αLA , where α is a fixed chosen constant, see 

below. Lastly, we obtain the final estimator as Σ̂
clr

:= cΣ̂
clr
2 , where c is 

chosen such that the median of the squared Mahalanobis distances is 
equal to the quantile 0.5 of the χ2 distribution with degrees of freedom 

equal to the rank of Σ̂
clr
2 . Note that equivalently we could also compute 

instead step 1. to 2., replace Σ̂
clr
0 by a shrunk version (1 − α)Σ̂

clr
1 + αI and 

then continue with step 3. to 4., with (1 − α)Σ̂
clr
1 + αI instead of Σ̂

clr
1 . The 

motivation for adding LA instead of the unit matrix is that the latter does 
not fulfill the properties of an admissible covariance estimator. LA 

however trivially does. One can also argue that LA can be considered the 
compositional pendant to the unit matrix. This can easily be seen from 
the fact that if a compositional variable x is standard Gaussian distrib
uted, ilrV(x) ∼ N (0,I), then the covariance of ln(x) is given by VΤ V =

LA as ilrV(x)Τ ilrV(x) = ln(x)VVΤ ln(x) and VVΤ = (VVΤ )
+, where + is the 

Moore-Penrose generalized inverse. This shrinkage step introduces an 
additional tuning parameter α. In the non-compositional literature, 
optimal choices of α are well-known. For an unbiased estimate Σ̂ of Σ, 
the optimal choice of α such that the expected Frobenius distance be

tween Σ and (1 − α)Σ̂ + αΓ, i.e. E
(
‖Σ − ((1 − α)Σ̂ + αΓ ) ‖

2
F

)
, is mini

mized, with Γ being a shrinkage target matrix, is given by 

α =
ΣD

i,j=1

(
Var

(
Σ̂ij

)
− Cov

(
Γij , Σ̂ij

))

ΣD
i,j=1E

((
Γij − Σ̂ij

)2
) ,

see Schäfer and Strimmer (2005), where subscripts ij denote the corre
sponding matrix entries. Taking Γ = LA we can drop Cov

(
Γij, Σ̂ij

)
due to 
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Γ having constant expectation. With this choice of Γ and taking Σ̂ = Σ̂
clr
1 

(here, for simplicity, Σ̂
clr
1 denotes the estimator in terms of random 

variables), the expectation in the denominator becomes 

ΣD
i,j=1E

((
Γij −

(
Σ̂

clr
1
)

ij

)2
)

= Σi∕=jE

((
− 1

D −
(

Σ̂
clr
1
)

ij

)2
)

+

ΣD
i=1E

(((
1 − 1

D
)
−
(

Σ̂
clr
1
)

ii

)2
)

, leading to 

α =
ΣD

i,j=1Var
((

Σ̂
clr
1

)

ij

)

ΣΣi∕=jE

(((
Σ̂

clr
1

)

ij +
1
D

)2
)

+ ΣD
i=1E

(((
Σ̂

clr
1

)

ii +
1
D − 1

)2
).

Recently, also in the non-robust compositional setting, such 
shrinkage estimators have been proposed (Jin et al., 2022). As an esti

mate of α requires knowledge of the variance of terms involving Σ̂
clr
1 , and 

as these might be error-prone due to cell-wise outliers in the data, we 
propose to replace the variance and expectation by robust counterparts, 
and to estimate α by 

α=
ΣD

i,j=1

(
ρk=1,…,K

((
Σ̂

clr,k
1

)

ij

))2

Σi∕=jmedk=1,⋯,K

(((
Σ̂

clr,k
1

)

ij+
1
D

)2
)

+ΣD
i=1medk=1,⋯,K

(((
Σ̂

clr,k
1

)

ii+
1
D − 1

)2
),

where med denotes the median, and Σ̂
clr,k
1 is the k-th estimate, for 

k ∈ {1,…,K}, and K is the number of bootstrap samples of size N (with 
replacement), see Wilcox (2010) and Efron and Tibshirani (1994), p 
87–108. More precisely, we sample with replacement N times full ob
servations, not cell-wise, from the observed samples x1,…, xN and 

calculate Σ̂
clr
1 by the proposed algorithm, which we denote instead by 

Σ̂
clr,k
1 , where k denotes the number of bootstrap samples we draw; in our 

computations we set K = 500. 
We will refer to the resulting estimator as the cell-wise robust 

regularized Qn estimator, abbreviated simply as “Qnr”. 

4. Simulation study 

In this section we conduct a simulation study to compare the per
formance of the proposed estimators in comparison with other existing 
non-robust and row-wise robust versions. For different dimensions D ∈

{25,50} and different numbers of samples N = Dk with 
k ∈ {0.2,0.4,0.6, 0.8, 1,1.5, 2,3, 4}, we simulate a random covariance 
matrix Σclr and a mean vector μclr ∈ ℝD from a standard Gaussian dis
tribution. More precisely, we generate a D − 1 dimensional correlation 
matrix Σ as in Agostinelli et al. (2015), with code adapted from the R 
cellWise package (Raymaekers, 2022), and turn it into an admissible 
covariance matrix in clr coordinates by Σclr = VΣVΤ , where V is the 
same matrix as for an ilr coordinate function. Note that our setup differs 
in that we include an additional step to turn these into admissible 
covariance matrices in clr coordinates. Following this, we generate an 
N × D data matrix X such that the log-transformation of each row xn ∈

S
D is singular normally distributed ln(xn) ∼ N

(
μclr,Σclr). To corrupt the 

data, two different setups are used, which we denote in the following by 
“row-wise” and “zero” corruption.  

• Row-wise corruption: A given percentage of observations is 
randomly selected and replaced by observations that are sampled as 

Fig. 1. Results of the simulation study in terms of the mean relative Frobenius error. The classical estimate based on the clr representation (clr) and row-wise robust 
estimate (MCD) are compared with two newly proposed cell-wise robust estimates (Qn and Qnr). The column blocks correspond to different levels of corruption and 
the horizontal axis is given by the value of k = N/D, with D being number of compositional parts. 
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above, but from another randomly generated covariance matrix, and 
a different mean sampled from a standard Gaussian distribution.  

• Zero corruption: We randomly select a certain percentage of the 
columns of the data matrix X and set for each selected column all 
entries below the quantile 0.25 to zero. Finally, in accordance with 
the common CoDA practice, we replace the zeros by 0.5 times the 
smallest non-zero entry of the corresponding values of the column. 

Thus, with row-wise corruption we would expect that the new esti
mators show similar performance as a row-wise robust estimator. The 
setting with zero corruption mimics a typical scenario observed with 
geochemical data, where a proportion of samples falls below a detection 
limit for specific variables. Here we should see the benefits of a cell-wise 
robust method. 

Each simulation is repeated 500 times, and we will report averages 
over these replications. To evaluate the performance of the methods we 
use mean values of two different error measures between an estimated 

Σclr and the true Σ̂
clr

. These measures are  

• Relative Frobenius error: ‖Σ̂
clr
− Σclr‖F

‖Σclr‖F  

• Angle error between eigenvalues: 1 − â
Τ

a̅̅̅̅̅̅̅
â

Τ
â

√ ̅̅̅̅̅̅
aΤ a

√
, 

where â resp. a are the vectors of eigenvalues of Σ̂
clr 

resp. Σclr. Big values 
of the relative Frobenius error indicate difficulties in the estimation of 
the elements of the covariance matrix. The angle error between the ei
genvalues is in the interval [0,1], and a big value means that the shape of 

the covariance matrix is not appropriately estimated. From this point of 
view, the two measures complement each other to a certain extent. 

Figs. 1 and 2 compare the considered estimators in terms of mean 
relative Frobenius error and mean angle error between eigenvalues, 
respectively. The top panels refer to row-wise corruption, and the bot
tom panels to zero corruption. In the panels from left to right we increase 
the amount of contamination. The horizontal axes show the ratio k =

N/D, and thus in the left part we have a higher-dimensional low-sample 
size situation, in the right part “classical” tall data matrices with N > D. 
Note that some repetitions (less than 1 %) of the simulation resulted in 
extremely high values of the relative Frobenius error for the Qn esti
mator, which can particularly happen in the setting with zeros, leading 
to degenerate solutions for robust scale estimation. These failures were 
removed from the following considerations. Based on the respective 
plots, the performance of the estimators differs between scenarios with 
and without contamination. When no contamination is present (left 
column) and D ≤ N, the classical estimate, denoted in the plots as clr, 
performs well. Moreover, the mean values of both errors considered are 
similar to errors obtained for the Qn and Qnr estimators. Slightly worse 
but still comparable values of the mean angle error are obtained for the 
MCD estimate. Even in the case of no contamination, but for D > N, we 
can already see an advantage of Qn and Qnr over clr; in this case, the 
MCD does not give a solution since it is ill-defined for such a situation. 

When contamination increases, the classical estimate is naturally 
distorted by the presence of outliers. For both corruption types, this 
effect gets more serious with increasing number of variables D and, on 
the contrary, is quite stable with respect to the N to D ratio. The per
formance of the other considered estimators depends on the corruption 
type. The use of the MCD estimator is appropriate for the case of row- 
wise contamination. The upper panel of Fig. 2 clearly shows that 

Fig. 2. Results of the simulation study in terms of the mean angle error between eigenvalues. The classical estimate based on the clr representation (clr) and row-wise 
robust estimate (MCD) are compared with two newly proposed cell-wise robust estimates (Qn and Qnr). The column blocks correspond to different levels of cor
ruption and the horizontal axis is given by the value of k = N/D, with D being number of compositional parts. 
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particularly with higher percentage of outlying rows, the MCD estimator 
results in the lowest mean angle error between eigenvalues (if N is 
sufficiently large). On the other hand, for a lower percentage of the 
outlying rows, both the Qn estimator and its regularized version Qnr 
give comparable results as MCD, but these two estimators are also able 
to cope with settings where D is close or even bigger than N. 

The lower panels of Figs. 1 and 2 mimic the scenario of cell-wise 
outliers, where downweighting of the whole observations may yield 
too much information loss. The MCD estimator therefore results in a 
very high error, which is in term of the mean relative Frobenius distance 
even worse than the one of the classical estimate. The Qn estimator 
copes with the cell-wise outliers significantly better. This estimator 
brings valuable results for both high- and low-dimensional settings and 
its performance enhances with increasing number of observations. The 
Qn estimate can be refined with its regularized version Qnr, which, 
particularly under the high-dimensional setting, results in a very low 
error rate. For all levels of corruption considered and the N to D ratio 
above 0.5, the performance of the Qnr estimator is comparable to the 
situation where there is no corruption in the data. 

5. Application to a dataset from geochemistry 

The performance of the proposed covariance estimators will be 
demonstrated on a dataset which originates from the large-scale 
geochemical mapping project GEMAS. This dataset, which is freely 
available in the R package robCompositions (Templ et al., 2011), con
sists of the concentration of chemical elements, measured at 2108 lo
cations in most countries of Europe, see Reimann et al. (2014) for 
details. Here we consider elements measured by XRF (as total element 
concentrations), and they should provide a close link to the lithology. 
Elements with more than 3 % of values below the detection limit were 
excluded, and thus we considered the 18 elements Al, Ba, Ca, Cr, Fe, K, 

Mg, Mn, Na, Nb, P, Si, Sr, Ti, V, Y, Zn, and Zr. Our goal here is to compare 
different versions of estimating the variation matrix and the corre
sponding covariance matrix, and their effect on Q-mode clustering and 
on principal component analysis (PCA). All computations were done in 
the software environment R (R Core Team, 2023). 

It is unknown if this dataset contains outliers (row-wise or cell-wise) 
or not. However, according to the results from the simulations we might 
not have to expect a huge difference between the row-wise and cell-wise 
robust covariance estimations. 

5.1. Estimates of covariance and variation matrices 

As a first step, we compare the estimated covariance and variation 
matrices:  

• Classical: Σclr is estimated by the sample covariance matrix of the clr- 
transformed data. The estimated variation matrix is obtained by the 
relationship given in Eq. (6).  

• Row-wise robust: The data are first expressed in (any) ilr coordinates. 
Then the MCD estimator is used to obtain a row-wise robust 
covariance estimate, which is then transformed to the clr represen
tation. The row-wise robust variation matrix is again obtained 
through Eq. (6).  

• Cell-wise robust: The cell-wise robust variation and covariance 
matrices are computed as explained in Section 3. 

Note that here we do not compare with a robust covariance based on 
shrinkage, as introduced in Section 3, because the estimated value of α is 
essentially zero, implying that no shrinkage would be done, and the 
number of observations is big enough in comparison to the number of 
measured elements. 

The resulting variation and covariance matrices are visualized as 

Fig. 3. Variation matrices scaled by the maximum of the entries over all three methods.  

Fig. 4. Clr covariance matrices estimated by the different methods.  
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heatmaps in Figs. 3 and 4. Note that the elements have been reordered 
by the order given from the cell-wise robust dendrogram for the Q-mode 
clustering, see Section 5.2, which might simplify the comparison. The 
estimated variation matrices, visualized in Fig. 3 with a common 
normalized scale, reveal that Ca is to some extent different from most of 
the other elements, and to a lesser extent also Mg and Cr. 

The most obvious difference in the covariances in Fig. 4 is the 
negative relationship between clr representations of Ca and Na in the 

classical version, while the robust estimates indicate a positive covari
ance. This phenomenon is explained visually in Fig. 5. The upper left 
panel shows the clr-transformed variables Ca and Na, and the red color 
refers to observations which are identified as outliers with the row-wise 
robust MCD estimator. Indeed, the two variables show a negative trend 
if the outliers are included, and a positive if they are downweighted. The 
upper right panel shows the color information at the sample locations in 
the map. As an example, a row-wise robust analysis would downweight 

Fig. 5. Top left: clr-transformed Ca versus 
Na, with row-wise outliers in red; classical 
covariance is negative, robust one is posi
tive. Top right: row-wise outliers in red in 
the map. Bottom left: log-ratio Ca/Na versus 
index, with extremes indicated by values 
outside median plus/minus 2 times Qn, with 
color as above. Bottom right: extremes 
detected according to value of the Ca to Na 
log-ratio in red. (For interpretation of the 
references to color in this figure legend, the 
reader is referred to the web version of this 
article.)   

Fig. 6. Dendrograms resulting from the Q-mode clustering, based on the classical (left), row-wise robust (middle) and cell-wise robust (right) estimate of the 
variation matrix. 
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almost all samples from Spain. The bottom plots try to show the dif
ferences to a cell-wise treatment. The lower left panel shows the log- 
ratio Ca versus Na, for which the Qn estimator is used. The horizontal 
lines indicate median (dashed), and median ± 2 times the Qn estimator 
of this log-ratio (dot-dashed). Thus, values outside the solid lines are 
“extremes” of this log-ratio. The color information is the same as before, 
and thus we can see that row-wise outliers are not only found in the 
extremes but in the entire range. The map at the bottom right has as 
color information the extremes in red and “normal” values of the log- 
ratio in blue, and it clearly differs from the coloring in the map above. 
Here, Ca-rich sediments, e.g. in the eastern and southern part of Spain 
are highlighted and thus downweighted in a cell-wise robust analysis. 
The cell-wise robust method thus tries to incorporate information of the 
trend visible in the data majority, but acts pairwise, and thus in
corporates also other relevant information of a particular log-ratio. 

5.2. Q-mode clustering 

Q-mode clustering generally performs a grouping of the variables. In 
the CoDA context, the basis for Q-mode clustering is the estimated 
variation matrix, see Fig. 3, and usually Ward’s hierarchical clustering is 

used (Filzmoser et al., 2018, p 113). The results are presented as den
drograms in Fig. 6. As already seen in Fig. 3, Ca makes the most 
important difference in the three versions: while Ca joins as a single 
element at the very last stage for the classical and the row-wise version, 
it is in a cluster with Na and Sr in the cell-wise version. From a 
geochemical point of view, this cluster is meaningful, and we will 
discuss these and other relationships in more detail for the PCA results. 

5.3. Principal component analysis 

The estimated covariance matrix is the basis for computing the 
principal components. Accordingly, differences identified in Fig. 4 are 
also supposed to be visible in the different versions of PCA (classical, 
row-wise and cell-wise robust). The corresponding results are shown as 
biplots in Fig. 7, and the PCA scores are plotted in the maps in Figs. 8–10. 
The results of the row-wise robust version can also be compared to the 
results in Reimann et al. (2014), where almost the same elements have 
been used for row-wise robust PCA. 

When comparing the different versions of PCA, we can immediately 
see a bigger difference from classical PCA to the robust counterparts, 
which obviously is based on the effect of outliers on the covariance 

Fig. 7. Biplot of the PCA results based on the classical (left), row-wise robust (middle) and cell-wise robust (right) estimates of the clr covariance matrix.  
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estimation. Differences between row-wise and cell-wise robust PCA are 
not so clearly pronounced, but the element Ca plays a key role: in 
contrast to the row-wise robust version, the element Ca is practically not 
affecting PC2 and PC3 in the cell-wise robust version. Ca is related to 
calcareous rocks, which are very diverse as a parent material in the form 
of chalk, limestone, dolomite, or marble. Thus, having a component 
which is not involving Ca might be of advantage to better distinguish the 
parent material. 

Focusing now on the results of the cell-wise robust PCA version, we 
can conclude:  

• PC1 has positive loadings for Ca, Sr, Na, Mg, which characterize 
calcareous rocks (e.g. in eastern and southern Spain, south France, 
the Apennines in Italy), ophiolites (e.g. in Greece and Cyprus), 
greenstones and the crystalline less weathered rocks in Scandinavia. 
Negative contributions from Zr and Si relate to parent materials as 

Fig. 8. Scores of PC1 based on the classical (left), row-wise robust (middle) and cell-wise robust (right) estimates of the clr covariance matrix. Map tiles by Stamen 
Design, under CC BY 3.0. Data by OpenStreetMap, under ODbL. 

Fig. 9. Scores of PC2 based on the classical (left), row-wise robust (middle) and cell-wise robust (right) estimates of the clr covariance matrix. Map tiles by Stamen 
Design, under CC BY 3.0. Data by OpenStreetMap, under ODbL. 
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coarse grained, sandy soil, and soil developed on granite, typically in 
central and southern Europe.  

• PC2 has positive loadings for Na, Sr, Zr, Si, Ba, K, Sr, which are 
indicative of felsic lithologies. Negative loadings are for Mg, Cr, V, 
Fe, Zn, Mn, which indicate mafic bedrocks. Overall, this component 
shows a separation into northern and southern Europe, following the 
boundary of the last glaciation.  

• PC3 is unique, with high loadings for P, Zn and Mn. This might be 
related to climatic conditions (north-western parts of Spain, western 
part of UK, south-west of Scandinavia), where wet and cold climate 
favor the build-up of organic material. Negative loadings are for Ca, 
Cr, Zr, Ti, indicative of ophiolite (e.g. Greece, Balkan States, Cyprus), 
but also limestone (southern/eastern Spain). 

6. Summary and conclusions 

In the field of robust statistics, research in cell-wise robustness, i.e., 
robustness with respect to outliers in single cells of a data matrix, 
received a lot of attention in the last years. This started with an inves
tigation on error propagation of outliers in single cells (Alqallaf et al., 
2009), where it has been demonstrated that the effect becomes worse 
especially if the number of variables increases. Even a small proportion 
of contaminated cells could then result in a high proportion of rows 
containing outliers (i.e. outlying cells), which could cause breakdown of 
traditional row-wise robust methods (Rousseeuw and Van Den Bossche, 
2018; Agostinelli et al., 2015). 

Cell-wise outliers play also an important role in CoDA, and 
depending on the specific log-ratio transformation they may also prop
agate to the entire row (observation) (Mert et al., 2016). The goal is to 
avoid this form of propagation, and to still make use of the non- 
contaminated cells (log-ratios) in a statistical analysis. 

The focus here was on cell-wise robust covariance estimation by 
robustly estimating the elements of the variation matrix and by making 
use of the well-known relationship between both matrices. Robust 
estimation of the variation matrix is straightforward, by simply applying 
robust variance estimation to all elements of this matrix. What is not so 
straightforward is to obtain a covariance estimator which (a) fulfills the 
properties of a clr covariance matrix and (b) has reasonable robustness 

properties. We proposed two estimators which are appropriate in the 
sense of (a), both based on the highly robust and efficient Qn scale 
estimator. One proposed estimator has an additional regularization, 
which has advantages especially if the ratio of the number of observa
tions to the number of variables gets small (smaller than 1). Simulations 
(Section 4) have shown that even without contamination, the estimators 
are comparable to the classical clr sample covariance estimator, or even 
preferable if the dimension gets larger than the sample size. In case of 
contamination, they are clearly preferable over the classical estimator, 
but in many cases also preferable over a row-wise robust estimator. 
Particularly if the dimension is close to or even bigger than the sample 
size, the regularized cell-wise version shows excellent properties, and it 
achieves good results in cases where the row-wise estimator even cannot 
be computed. The simulation settings with zero corruption might be of 
special interest to applications, where detection limit problems occur, 
and it is surprising how well the regularized Qn estimator performs in 
this situation. 

A covariance estimate is the basis for many multivariate methods, 
such as PCA, and in CoDA also the variation matrix estimate is very 
useful, e.g. for Q-mode clustering. Both methods have been demon
strated at a geochemistry dataset, based on classical and robust versions 
of the estimates. Generally speaking, the principle of robustness is to fit 
the model to the data majority, and thus to downweight observations 
which deviate from this majority trend (Maronna et al., 2019, p 
195–224). While in row-wise robustness the downweighting is done for 
complete observations, cell-wise methods here in the variation matrix 
context only downweight deviating values of particular pairwise log- 
ratios, and thus they incorporate all “useful” information of the obser
vations from pairwise log-ratios. 

One of the proposed estimators of the variation matrix was a 
shrinkage estimator. Note that the same type of estimator could also be 
defined in a non-robust manner. The resulting estimator could then 
serve as a classical counterpart in situations where the dimension ex
ceeds the number of observations. This use-case is of increasing 
importance in areas where more and more variables are measured, e.g. 
in bioinformatics (Gloor et al., 2017). In our future research we will 
investigate this case in more detail, also in combination with sparsity 
constraints. 

Fig. 10. Scores of PC3 based on the classical (left), row-wise robust (middle) and cell-wise robust (right) estimates of the clr covariance matrix. Map tiles by Stamen 
Design, under CC BY 3.0. Data by OpenStreetMap, under ODbL. 
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ABSTRACT
A data table arranged according to two factors can often be con-
sidered a compositional table. An example is the number of unem-
ployed people, split according to gender and age classes. Analyzed
as compositions, the relevant information consists of ratios between
different cells of such a table. This is particularly useful when analyz-
ing several compositional tables jointly, where the absolute numbers
are in very different ranges, e.g. if unemployment data are consid-
ered from different countries. Within the framework of the logratio
methodology, compositional tables can be decomposed into inde-
pendent and interactive parts, and orthonormal coordinates can be
assigned to these parts. However, these coordinates usually require
some prior knowledge about the data, and they are not easy to
handle for exploring the relationships between the given factors.
Here we propose a special choice of coordinates with direct rela-
tion to centered logratio (clr) coefficients, which are particularly use-
ful for an interpretation in terms of the original cells of the tables.
With these coordinates, robust principal component analysis (rPCA)
is performed for dimension reduction, allowing to investigate rela-
tionships between the factors. The link between orthonormal coor-
dinates and clr coefficients enables to apply rPCA, which would
otherwise suffer from the singularity of clr coefficients.

ARTICLE HISTORY
Received 13 November 2018
Accepted 21 January 2020

KEYWORDS
Compositional data;
compositional table; robust
principal component
analysis; independence
table; interaction table; pivot
coordinates

1. Introduction

Many practical data sets (e.g. in economics [12,13], biology [5,19], or sociology [8,32])
consist of observations which contain inherently relative information about the distribu-
tion according to two factors (i.e. two randomvariables in case of distributional data). From
a mathematical perspective, this leads to a two-factorial extension of vector compositional
data [1,35] carrying information about a relationship between and within these (row and
column) factors. In [8], it was shown that such a structure, called a compositional table x,

x =

⎛
⎜⎝
x11 · · · x1J
...

. . .
...

xI1 · · · xIJ

⎞
⎟⎠ , xij > 0, i = 1, . . . , I, j = 1, . . . , J, (1)

CONTACT J. de Sousa juliedesousa@protonmail.com
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can be decomposed into its independent and interactive parts where their separate anal-
ysis can be advantageous for further interpretation concerning both factors and their
relationships. Similar as compositional data, compositional tables are driven by the Aitchi-
son geometry [33] which inhibits a direct application of multivariate statistical tools.
Instead, an appropriate real coordinate representation, which enables a decomposition into
independent and interactive parts, needs to be established with respect to the Aitchison
geometry [13].

A frequent primary task in multivariate statistics is to reduce the dimensionality of the
data at hand, done using principal component analysis (PCA). As stated above, in case of
compositional data, and consequently also compositional tables, this needs to be done in
a proper coordinate representation that maps the Aitchison geometry of compositions to
a standard Euclidean geometry [33]. To eliminate the influence of outlying observations
in PCA, in [16] it was proposed to estimate the covariance matrix for robust PCA by the
Minimum Covariance Determinant (MCD) estimator [25]. Since centered logratio (clr)
coefficients [1], that aggregate relative information on single compositional parts, lead to
singularity and are not appropriate for most robust methods including theMCD estimator,
loadings and scores of PCA need to be computed from isometric logratio (ilr) coordinates
[10] of the compositional data and then transformed back to clr coefficients for a better
interpretation of the resulting compositional biplot.

Accordingly, the aimof this paper is to generalize the previous considerations on dimen-
sion reduction of vector compositional data and to propose a robust approach to principal
component analysis of compositional tables.While it is obvious that thework can be started
from [13,16], it is on the other hand not immediate to see if there is a possibility to iden-
tify relationship between clr coefficients and ilr coordinates as it is done in the case of
vector compositions. The first issue here is posed by the dimensionality of compositional
tables which is much lower than the number of clr coefficients, and the second obstacle
is formed by the decomposition where not all choices of coordinates allow for a satis-
factory interpretation of both the original and the decomposed tables at the same time
(i.e. providing also a way to capture the relationships between them which is necessarily
contributing to a better insight into the structure of the tables). It will be shown that the
so-called pivot coordinates present a favorable choice of ilr coordinates in line with the pre-
vious thoughts and that they can keep a good interpretability when properly linked to clr
coefficients.

In Sections 2 and 3, the logratio methodology of vector compositional data and
their dimension reduction using principal component analysis, respectively, are briefly
reviewed. Compositional tables and their interpretable processing using robust PCA are
introduced in Section 4. The newmethodology is illustrated in Sections 5 and 6 on real data
sets from OECD Statistics using the statistical software R, namely the robCompositions
package.Data from several different countries containing unemployment informationwith
gender distribution and age structure are processed as a set of 2 × 4 compositional tables.
Therefore, a robust compositional biplot is a possible tool to analyze the distribution of
unemployment rates in these countries as well as gender and age differences. Data from
the area of education, carrying relative information about fields of study and the resulting
degree in given countries, are approached as larger 3 × 8 compositional tables, and results
for men and women are compared.
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2. Logratio methodology of compositional data

In many applications, the relative structure of the observations is more interesting than
the absolute values of their components. For example, when considering numbers of stu-
dents attending bachelor, master and doctoral studies at different universities, the ratios
among these three groups might be more relevant for a statistical analysis than just the
empirical values, which might not be comparable because of different total student num-
bers. In other words, the actual total number of students (sufficiently high so that the
impact of a measurement error with small sample sizes can be neglected) might be con-
sidered as not informative for the purpose of the analysis. An important point connected
to this is the invariance to the change of scale. Suppose that the student numbers are mul-
tiplied by a scalar which does not essentially change the information hidden in the data.
That means, both the original and e.g. percentage representations carry the same informa-
tion. Of course, the challenge is then to process such kind of information in a statistically
coherent way.Moreover, if only e.g. undergraduate student numbers were to enter the anal-
ysis, the analysis could be misleading if not conducted carefully to assure results coherent
with the findings emerging from the entire composition. Therefore, to work with quantita-
tively described contributions on a given whole in a concise andmeaningful manner, some
concepts need to be introduced first.

A positive (row) vector x = (x1, x2, . . . , xD) is defined to be a D-part composition if it
carries relative information, i.e. the ratios between the components are informative [1,35].
Any compositional vectors with equal number of parts are considered to be representatives
of the same equivalence class if one vector is obtained from another by a positive scalar
multiplication [35]. Accordingly, equivalence classes of compositional data are represented
without loss of information in a D-part simplex,

SD =
{
x = (x1, . . . , xD)|xi > 0, i = 1, . . . ,D,

D∑
i=1

xi = κ

}
(2)

for any κ > 0. The choice of κ (being 1 for proportions and 100 for percentages) is irrel-
evant for the analysis and can also vary throughout the compositional data set. Formally,
the closure operation

C(x) =
(

κ · x1∑D
i=1 xi

,
κ · x2∑D
i=1 xi

, . . . ,
κ · xn∑D
i=1 xi

)
(3)

can be applied to rescale the data to a given constant sum (κ) representation. Accordingly,
theD-part simplex is a sample space of (representatives of equivalence classes of) composi-
tions. As an interesting consequence of the constant sum representation, possibly outlying
observations from the main data cloud are characterized by aberrant ratios rather than by
significantly deviating absolute values of components [17].

As mentioned above, relevant information in data with compositional nature is con-
tained only in ratios. Consequently, results of statistical processing should not depend on
the sum κ of compositional parts and instead of Euclidean distances, relative differences
are used to express distances between observations. This principle called scale invariance
is the first of three basic compositional principles [35]. Often the original data contain
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some non-informative part(s) in the compositional vector that are not of interest. Hence,
we do not expect any change of results concerning the respective subcomposition when
these parts are removed from the data. Subcompositional coherence is a principle stating
that results obtained from a d-part subcomposition, d<D, are not in contradiction with
results obtained by an analysis of the original D-part composition. Finally, permutation
invariance states that the results are independent from a chosen order of parts within the
composition, an expectable assumption for any reasonable statistical processing.

The above principles and the relative scale of compositional data should be captured
by a meaningful geometric structure, preferably following the properties of the Euclidean
vector space. This is provided by the Aitchison geometry [10]. Operations of perturbation
and power transformation, being analogous to a sum of two vectors and a multiplication of
a vector by a scalar in the real Euclidean geometry, are defined as

x ⊕ y = (x1y1, . . . , xDyD), α � x = (xα
1 , . . . , x

α
D), (4)

where x and y are D-part compositions, and α is a real constant. Accordingly, opera-
tions of perturbation and power transformation form a (D − 1)-di mensional vector space
(SD,⊕,�) [35].

To obtain Euclidean vector space structure, the Aitchison inner product, norm and
distance are defined for D-part compositions x and y as

〈
x, y
〉
A = 1

2D

D∑
i=1

D∑
j=1

ln
xi
xj

ln
yi
yj
, ‖x‖A =

√
〈x, x〉A,

dA(x, y) = ∥∥x � y
∥∥
A , (5)

respectively, where x � y = x ⊕ [(−1) � y].
Given the introduced specifics of compositional data endowedwith theAitchison geom-

etry, standard multivariate statistical methods cannot be applied directly on raw data. It is
advisable to employ the working on coordinates principle; that is to represent the composi-
tional data in real coordinates before starting with a statistical analysis [26,34]. There are
two types of isometric coordinate representations with respect to the Aitchison geometry.
Centered logratio coefficients [1] are defined as

clr(x) =
(
ln

x1
g(x)

, ln
x2
g(x)

, . . . , ln
xD
g(x)

)
, (6)

where g(x) stands for the geometrical mean of the whole composition. Each clr coefficient
aggregates all pairwise logratios with a given compositional part, thus enabling for a simple
andmeaningful interpretation in terms of dominance of that part with respect to the other
parts on average. Consequently, clr coefficients are useful for a graphical interpretation of
compositional data including compositional biplots as a result of a dimension reduction
using PCA [2]. On the other hand, clr coefficients sum up to zero which leads to a singu-
lar covariance matrix, being inappropriate for processing using common robust statistical
methods [16,17].
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Fortunately, isometric logratio coordinates z ∈ RD−1 representing orthonormal coordi-
nates with respect to the Aitchison geometry can be derived as

z = ilr(x) = (〈
x, e1

〉
A ,
〈
x, e2

〉
A , . . . ,

〈
x, eD−1〉

A
)
, (7)

whereD-part compositions ei = C(ei1, e
i
2, . . . , e

i
D), i = 1, . . . ,D − 1, form an orthonormal

basis on the simplex.
Obviously, the interpretation of ilr coordinates might be more tricky than in the case

of clr coefficients as there are infinitely many possibilities of constructing ilr coordinates
depending on the choice of basis vectors ei, i = 1, . . . ,D − 1. Sequential binary partition-
ing (SBP) of compositional parts is one possibility for providing a meaningful choice of
ei for the practitioner which is corresponding to the prior knowledge about compositions
and resulting in coordinates called balances [9]. Moreover, there is a linear transformation
between ilr coordinates and clr coefficients, done through a D × (D − 1) matrix V of clr
representations of the ilr basis vectors,

clr(x) = Vz = [clr(e1)T, clr(e2)T, . . . , clr(eD−1)
T] · ilr(x). (8)

Recently, pivot coordinates [18,20]

z(l)i =
√

D − i
D − i + 1

ln
x(l)
i

D−i
√∏D

j=i+1 x
(l)
j

(9)

were introduced as a special case of ilr coordinates. They are appropriate especially
in situations where no prior knowledge about how to perform SBP is available, e.g.
in [3,4,7,23]. Here, x(l)

i refers to the i-th part of the re-ordered composition (xl, x1, . . . ,
xl−1, xl+1, . . . , xD) which can be rewritten as (x(l)

1 , x(l)
2 , . . . , x(l)

l , x(l)
l+1, . . . , x

(l)
D ). In each of

theD coordinate systems, a permutation of compositional parts needs to be performed, so
that the l-th part of x (l = 1, . . . ,D) stands at the first position. Accordingly, the first pivot
coordinate in each system, z(l)

1 , then clearly explains all relative information about part xl
and, additionally, it is proportional to the respective clr coefficient

clr(x(l)
l ) =

√
D

D − 1
z(l)
1 . (10)

Expression (8) holds also for pivot coordinates which is particularly useful in the context
of this paper.

3. Robust principal component analysis for compositional data

When dealing with large-scale data sets, dimension reduction is often of primary interest.
PCA is one of the widely used methods for this purpose also in a compositional approach,
converting possibly correlated original variables from the data at hand into a smaller set of
linearly uncorrelated variables called principal components (PCs). Additionally, the first
component accounts for the largest variance of the given data, the second one for a max-
imum of the remaining variance, etc., under the constraint of being orthogonal to all the
previous principal components [22].
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The covariance matrix C estimated from a real data matrix X can be spectrally decom-
posed into

C = GLGT, (11)

whereG is a matrix of eigenvectors and L represents a diagonal matrix of eigenvalues of C.
It is then possible to define the PCA transformation as

X∗ = (X − 1tT)G, (12)

where t is the location estimator and 1 is a vector of ones with length n. The columns of the
matrix X∗, the coordinates of the principal components, are called scores and the columns
of G, containing the respective basis vectors, are called loadings. Typically, only the first
few principal components are considered for further analysis. Taking into account only
two PCs, a graphical outcome called biplot can depict both loadings as arrows and scores
as points in one plot, where associations can be revealed.

It is common to take t as the arithmetic mean and C as the sample covariance matrix,
however, both are very sensitive to outlying observations. Robust alternatives can be
obtained by using the Minimum Covariance Determinant (MCD) estimators of location
and covariance [25]. However, this approach inquires working in ilr coordinates to obtain
full rank data in order to get theMCD estimate of the covariance matrix and the respective
matrix of eigenvectors G. In addition, ilr coordinates ensure subcompositional coherence
and enable to keep affine equivariance of the results to the change of basis.

Accordingly, robust principal component analysis of compositional data based on the
MCD estimator requires ilr coordinates zi as an input, and the scores z∗

i are given by

z∗
i = GT(zi − t). (13)

Once PCA is performed, the loadings can be transformed back to clr coefficients as

Gclr = VG,

accounting for compositional biplot construction withmeaningful interpretation, whereas
the scores remain identical and only a column of zeros is added to the end. Clr coeffi-
cients are also worth as such for their simple construction as an amalgamation of pairwise
logratios of a given part. Due to the zero-sum constraint of clr coefficients, their covari-
ance structure is distorted, thus the interpretation of the biplot in terms of the correlation
between coefficients (through angles between arrows) might be misleading. Instead, the
focus is on links between vertices of arrows as they stand for a proportionality between the
original compositional parts [2]. On the other hand, due to the link with pivot coordinates,
the single clr variables (or the respective loadings) can be used to identify observationswith
a high dominance of the respective parts in a compositional vector [24].

4. Compositional tables

Compositional tables describe quantitatively relative contributions to a given whole that is
distributed according to two (row and column) factors.Mathematically, this leads to a two-
factorial extension of vector compositional data, carrying information about a relationship
between these factors. A compositional table (1) thus can be represented, e.g. either as a
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contingency table (with sufficiently high numbers of counts in the cells) or as a table of
the same order with ML estimates of the respective probabilities – due to scale invariance,
the relative information (contained in the ratios between the cells) is the same in both
cases [8,11]. Hence, the concept of compositional tables (1) covers both the discrete case
of contingency tables and its continuous counterpart (e.g. input–output tables, see [12]).
Nevertheless, in the compositional context, a concrete table represents usually just one real-
ization in a sample from amultivariate continuous distribution. Due to the decision to treat
the data from such a distribution compositionally, the possible order of the factor categories
(e.g. age levels) is ignored, making this a relevant subject for future research.

Since compositional tables form a direct extension of vector compositional data, all the
principles and operations introduced in Section 2 apply, up to some minor modifications
due to the two-factorial structure of the tables.

Accordingly, the closure operation

C(x) =

⎛
⎜⎜⎜⎜⎜⎝

κx11∑
i,j xij

· · · κx1J∑
i,j xij

...
. . .

...
κxI1∑
i,j xij

· · · κxIJ∑
i,j xij

⎞
⎟⎟⎟⎟⎟⎠ (14)

is used to represent a compositional table x in an IJ-part simplex S IJ of vectorized tables
vec(x) = (x11, . . . , xI1, . . . , xIJ). Perturbation x ⊕ y, powering α � x, and the Aitchison
inner product 〈x, y〉A of two tables x, y and a real number α can be defined analogously
[8,11]:

x ⊕ y =

⎛
⎜⎝
x11y11 · · · x1Jy1J

...
. . .

...
xI1yI1 · · · xIJyIJ

⎞
⎟⎠ , α � x =

⎛
⎜⎝
xα
11 · · · xα

1J
...

. . .
...

xα
I1 · · · xα

IJ

⎞
⎟⎠ ,

〈
x, y
〉
A = 1

2IJ

∑
i,j

∑
k,l

ln
xij
xkl

ln
yij
ykl

. (15)

It is straightforward to derive that the dimension of the simplex S IJ is IJ−1, corresponding
to the dimensionality of (I × J)-compositional tables.

Permutation invariance and subcompositional coherence are valid with respect to the
two factors of the compositional tables, allowing to permute and discard entire rows or
columns only.

To analyze compositional tables, it is beneficial to work also with the so-called indepen-
dence and interaction tables. These can be obtained through an orthogonal decomposition
[8]

x = xind ⊕ xint. (16)

Here, the independence table is constructed to extract all the relative information about
row and column factors under the assumption that the original compositional table is a
product of its row and column geometric marginals, and the interaction table contains
information about the relationships between the row and column factors. Therefore, in
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case of actual independence in the data at hand (in the above sense), all the entries of the
interaction table are the same, since there is no remaining information left in the data after
the decomposition; the interaction table thus forms a neutral element with respect to the
Aitchison geometry of compositional tables. Otherwise, the interactive part describes the
nature of the deviation from an independent situation. Needless to say, analyzing each of
these new tables separately allows for a deeper insight into the original data.

It turns out that the introduced decomposition can be easily derived from row and col-
umn projections of the compositional table onto marginal subspaces (for further details,
see [8]),

row⊥(x) =
⎛
⎝g(x11, . . . , x1J) · · · g(x11, . . . , x1J)

· · · · · · · · ·
g(xI1, . . . , xIJ) · · · g(xI1, . . . , xIJ)

⎞
⎠ , (17)

col⊥(x) =

⎛
⎜⎜⎜⎝
g(x11, . . . , xI1)

... g(x1J , . . . , xIJ)
...

...
...

g(x11, . . . , xI1)
... g(x1J , . . . , xIJ)

⎞
⎟⎟⎟⎠ , (18)

where g(.) denotes the geometric mean of the cells in the argument and ⊥ stands for
orthogonality of the projections.

Recalling the case of independence in probability tables, it is instant to get the inde-
pendence table simply by perturbing both these projections, xind = row⊥(x) ⊕ col⊥(x).
From (16), it follows that the interaction table is just a decomposition remainder in xint =
x � xind. For practical calculations, the following formulas are used to obtain the single
entries of these tables

xindij =
( I∏
k=1

J∏
l=1

xkjxil

)1/IJ

∝
( I∏
k=1

xkj

)1/I ( J∏
l=1

xil

)1/J

,

xintij =
( I∏
k=1

J∏
l=1

xij
xkjxil

)1/IJ

. (19)

It is crucial to realize that the dimensions of xind and xint lower to I + J−2 for the inde-
pendence tables, which follows immediately from the dimensions of the row and column
projections being, respectively, I−1 and J−1, and to (I − 1)(J − 1) for the interaction
tables, which is easily obtained from the orthogonality of the decomposition.

As stated in the previous sections, a coordinate representation which respects the sam-
ple space dimensionality is needed to perform robust PCAof compositional data. In case of
compositional tables (and particularly their decomposed parts), a generalization of balance
coordinates needs to consider two SBPs according to each factor [14]. Even for moder-
ate numbers of rows and columns, the interpretation of this coordinate representation
gets rather complex without a deeper expert knowledge. Therefore, only a two-factorial
alternative to pivot coordinates is usually used in practice [13,14]. Interestingly, the coor-
dinates of the entire compositional table can be divided into two groups according to the
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dimensionality of the independence and interaction tables, respectively. This becomes the
main advantage also when using pivot coordinates for robust PCA since it allows for a
comparison of the results from the whole table and its decomposed parts.

Generally, there are three types of pivot coordinates corresponding to the row, column
and ‘odds ratio’ partitioning of the compositional table [13]. The first two types together
form a coordinate representation of the independence table, the third one is used for the
interaction table. Altogether, they form a coordinate representation of the original com-
positional table. In case of row and column types of coordinates, the entire first row or
column, respectively, is taken as the pivot element and separated from the rest. In the next
step, this pivot is not considered anymore and the following row or column is taken as the
new pivot element, and so on, until the following I + J−2 coordinates are obtained,

zri =
√

(I − i)J
1 + I − i

ln
g(xi•)

[g(xi+1•), . . . , g(xI•)]1/(I−i) , i = 1, . . . , I − 1, (20)

zcj =
√

I(J − j)
1 + J − j

ln
g(x•j)

[g(x•j+1), . . . , g(x•J)]1/(J−j) , j = 1, . . . , J − 1, (21)

where g(xi•) and g(x•j) stand for the geometric mean of the i-th row and j-th column,
respectively.

The process of obtaining the remaining (I − 1)(J − 1) coordinates is based on a division
of the original compositional table into four blocks, say upper left A, upper right B, lower
left C and lower right D, where A contains always just one (pivot) cell indexed by rs. The
odds ratio interpretation should be now easily seen from the following formula, where the
elements of blocks A and D are in the numerator, and the elements of blocks B a C in the
denominator of the logratio;

zORrs =
√

1
(I − r)(J − s)(I − r + 1)(J − s + 1)

ln
I∏

i=r+1

J∏
j=s+1

xijxrs
xisxrj

. (22)

To obtain all coordinates of the odds ratio type in a proper order corresponding to the
zr and zc coordinates, the position of the pivot cell is moving firstly by rows with fixed
first column, r = 1, . . . , I − 1, then by columns with fixed last row, s = 1, . . . , J − 1, and
afterward the row position is always leveled back down by one and the column position
moves again from 1 to J−1 for the given row until all sizes of the r × s table are covered.

For the sake of completeness, permutations of the entire rows or columns following
the same principle as stated in Section 2 could be performed. Hereby for all combina-
tions of rows and columns, different coordinate systems consisting of zr(k)i , zc(l)j and zOR(kl)

rs ,
where (kl), k = 1, . . . , I, l = 1, . . . , J, defines row and column permuted to the pivot posi-
tion within the whole table, would be gained [13]. Following (10), also the first coordinates
of the three types fromeach system can then be expressed as proportional (up to a constant)
to respective clr coefficients,

clr(xind)kl =
√
I − 1
IJ

zr(k)1 +
√
J − 1
IJ

zc(l)1 , (23)
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clr(xint)kl =
√

(I − 1)(J − 1)
IJ

zOR(kl)
11 , (24)

which is an important fact for the interpretation of the analysis. The resulting clr coef-
ficients, computed originally from the elements of the independence and interaction
tables,

clr(xind)ij = ln
xindij

g(xind•• )
, clr(xint)ij = ln

xintij

g(xint•• )
, (25)

can thus be expressed also in terms of cells of the input compositional table as

clr(xind)ij = ln
g(xi•)g(x•j)
g(x••)2

, clr(xint)ij = ln
xijg(x••)

g(xi•)g(x•j)
, (26)

where g(xi•), g(x•j) and g(x••) stand for the geometric mean of the i-th row, the j-th col-
umnand thewhole compositional table (and its independent and interactive counterparts),
respectively. As a consequence, each clr(xind)ij expresses a dominance of a given combina-
tion of factor values in case of independence. This dominance is then either amplified or
weakened according to the interaction table which depends on whether the interaction is
shifted in a positive or a negative direction. The interaction table refers also to sources of
departures from independence, nevertheless, the information obtained only fromclr(xint)ij
does not provide a complete picture about the dominance of the respective cell to all other
averaged cells.

Furthermore, note that each coordinate clr(xind)ij is formed by the sum of clr coef-
ficients of the respective row and column marginals, 1/J

∑
j clr(xind)ij = ln gi•/g•• and

1/I
∑

i clr(xind)ij = ln g•j/g••, which amount to zero. Thus, there are only I + J−2 linearly
independent clr coefficients, reflecting the dimensionality of the sample space of indepen-
dence tables again. A similar feature holds also for clr coefficients of interaction tables that
sum up to zero across each row or column. Consequently, in the case of an interaction
table, the number of linearly independent clr coefficients reduces to (I − 1)(J − 1). Since
this dependency makes it impossible to use the clr coefficients for the robust PCA of inde-
pendence and interaction tables, the strategy to perform robust PCA for compositional
tables is the same as in case of vector compositional data: PCA loadings and scores are
computed in ilr coordinates and then back-transformed using relation (8) to the clr space,
where the loadings can be interpreted in terms of dominance of single cells. Here, clr coef-
ficients of basis vectors for rows er, columns ec and interactions eOR, forming the columns
of the matrix V , are defined as follows,

clr(er) =

⎧⎪⎪⎨
⎪⎪⎩

√
I−i

(I−i+1)J for the elements in pivot row i,

−
√

1
(I−i+1)J(I−i) for the elements in rows i + 1, . . . , I,

0 otherwise,

(27)

clr(ec) =

⎧⎪⎪⎨
⎪⎪⎩

√
J−j

(J−j+1)I for the elements in pivot column j,

−
√

1
(I−i+1)J(I−i) for the elements in columns j + 1, . . . , J,

0 otherwise,

(28)
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and

clr(eOR) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

√
1

rs(r−1)(s−1) for the elements on positions i = r + 1, . . . , I,

j = s + 1, . . . , J√
(r−1)(s−1)

rs for the pivot elements rs

−
√

r−1
rs(s−1) for the elements in pivot row r,

j = s + 1, . . . , J,

−
√

s−1
rs(r−1) for the elements in pivot column s,

i = r + 1, . . . , I,
0 otherwise,

(29)

reinterpreting the expressions from [13]. As a result of (8), row-wise clr coefficients of the
whole table are obtained for the IJ−1 columns of the matrix V . Alternatively, if the matrix
V has just I + J−2 columns formed by clr coefficients of basis vectors corresponding to
the ilr representation of the independence table (20), (21), its respective clr coefficients
are derived (and similarly for the interaction table with its coordinates (22)). Finally, the
transformed loadings and scores can be used to construct a biplot in order to reveal the
multivariate structure of the sample of compositional tables and relations between both
factors.

5. Unemployment data analysis

In the following, the methodological results are applied to two real-world data sets from
the field of economy in order to illustrate the main features and possible limitations of
the approach. However, it is important to acknowledge here the potential of the proposed
methodology also across other research areas since compositional tables (eventually in
form of their count counterparts, i.e. contingency tables) occur in many applications and
sciences. For example, in environmental management, the presence of two-factor compo-
sitional data was recognized already by Aitchison [1] where areal compositions given by
simplified 2 × 2 tables of vegetation (thick and thin) and animals (dense, sparse) abun-
dance in different regions were provided as an example of compositional data with more
complex structures. From rather up-to-date environmental management problems, analy-
ses of e.g. 5 × 4 tables of material resources [30] given by the extraction type (domestic
extraction, import, export, direct material input, and domestic material consumption)
and group of the resources (biomass, fossil energy carriers, non-metallic minerals, and
metals); 2 × 7 tables of protected areas [31] characterized by the domain of biodiver-
sity (terrestrial or marine) and designation of the protected area (e.g. nature reserve,
wilderness, protected landscape, etc.); or 34 × 4 tables of carbon emissions embodied in
trade [29] diversified by sector (e.g. agriculture, mining, food products, etc.) and mea-
sure (imported, exported, consumption-based and production-based emissions), available
always for the vast majority of OECDmember states, could be mentioned as more relevant
representatives.

The first analyzed data set, theUnemployed data set, is coming again fromOECDStatis-
tics and contains aggregated data frommore than 150million unemployed people from 42
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Table 1. Unemployed people in thousands partitioned according to their gender and age groups [27].

Australia Austria Belgium Canada

Age Men Women Men Women Men Women Men Women

15–24 129 111 29 25 53 43 250 178
25–39 90 85 40 35 86 83 241 192
40–54 66 68 36 27 65 52 242 188
55+ 37 19 7 3 13 11 121 75

different countries in 2010 [27]. It is analyzed using the statistical software environment
R [36].

The data contain the numbers of unemployed people together with their gender and
age category for the following countries: Australia, Austria, Belgium, Canada, Chile, Czech
Republic, Denmark, Estonia, Finland, France, Germany, Greece,Hungary, Iceland, Ireland,
Israel, Italy, Japan, Korea, Mexico, Netherlands, New Zealand, Norway, Poland, Portugal,
Slovakia, Slovenia, Spain, Sweden, Switzerland, Turkey, United Kingdom, United States,
Colombia, Costa Rica, Latvia, Lithuania, China, India, Indonesia, Russian Federation and
South Africa. An example of (transposed) raw data from the first four countries is shown
in Table 1. The numbers in the tables are basically counts of unemployed people according
to two factors. As the population size varies among the countries, the interest here is not in
the absolute values of the counts in the single countries, but rather the relative structure of
unemployment. Particularly, ratios ofmen andwomen and ratios among age groups 15–24,
25–39, 40–54 and 55+, as well as proportionality among countries will be analyzed. Since
outliers can be anticipated due to completely different economics, education levels, gender
balance and also traditions of the listed countries, the analysis will be carried out in a robust
manner.

All compositional tables in this example have two rows and four columns, i.e. gender
is the row factor and age structure is the column factor. The sample space of tables thus
has dimension 7 out of which independence tables account for a dimension of 4 with pivot
coordinates zr1, z

c
1, z

c
2 and z

c
3, while the remaining coordinates zOR11 , zOR12 and zOR13 correspond

to the interaction tables with a dimension of 3.
To point out the differences between the classical and robust PCA, both are performed

and compared through the resulting covariance compositional biplots. Recall that classical
PCA can directly be applied on clr coefficients. Nevertheless, since for this data set robust
PCAmay be more relevant because of potential outlying tables, ilr coordinates are used in
both cases, and the results are transformed to clr for the biplot construction. This can only
result in a different rotation of the classical biplot, however, it obviously does not alter the
results.

In order to perform PCA in ilr coordinates, the standard function princomp in R can
be used, where the parameter covmat is set to covMcd (MCD estimator of covariance)
in case of robust PCA. Thereafter, loadings need to be transformed to clr coefficients as
described in Section 2 using the matrix V with columns defined by (27) – (29) for the
entire compositional table, and by (27) and (28), or by (29) for its independent and inter-
active part, respectively. The resulting classical biplots are depicted on the right-hand side
of Figure 1, while the robust PCA output is on the left.
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Figure 1. Robust (left column) and classical (right column) covariance biplots of the Unemployment
compositional (upper row), independence (middle row) and interaction tables (lower row).
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Assessing Figure 1, it can be noticed that in all three cases, robust PCA performs bet-
ter in terms of explained variability by the first two principal components. As mentioned
above, some outliers might be present in the data, and even from the classical biplot of the
whole compositional tables (upper right corner of Figure 1), at least two outlying tables
(Turkey-TUR and South Africa-ZAF) could be expected, and thus the robust approach
should provide more meaningful results. However, an outlier detection is performed addi-
tionally in order to confirm these expectations. In the R package robCompositions [37],
there is a function outCoDa defined for this purpose, based on robust Mahalanobis dis-
tances computed from ilr transformed data [15]. Using the pivot coordinates and applying
the 0.975 quantile of the chi-squared distribution as the common cut-off value, 15 out of all
42 countries are identified as outlying observations, clearly supporting the choice of robust
analysis. Note that similarly, 10 observations from the set of independence tables and six
from the interaction tables were detected as potential outliers.

Additionally, from the same part of the figure, it is easy to identify from the direction of
the arrows which countries tend to have relatively higher unemployment among younger
people and which ones have a rather higher rate in the opposite situation. Although no
clear compact clusters are visible, it seems that most European countries together with
the USA and Canada tend to have more likely problems with employing older people, say
40+, while for Central and South America together with China, India, and Indonesia the
unemployment depending on age structure has rather opposite tendencies. In the latter
case, this generalized finding corresponds to the values of the youth unemployment rate
(i.e. YUR = (unemployedbetween15and24years)/(allunemployed)) in different countries
reported by the United Nations in 2011 [38]. Nevertheless, there are still big differences
between European countries, even more apparent in the robust analysis. Moreover, also
some gender differences can be observed, except for the youngest generation. The structure
in the classical biplot (upper right plot) is similar but driven by the identified outlying
observations.

The left plot in the middle part of Figure 1 shows the ‘ideal’ situation in case the rela-
tionships between gender and age factors would be filtered out. While the positions of
the countries are not apparently changed compared to the previously discussed covariance
biplot (upper right corner), the general relationships between the factors are remarkably
illustrative. In case of independence, nearly gender equity would be achieved, while on
the contrary, relationships among the age levels would be disproportionally weaker. Also,
a bigger difference between results provided by robust and classical PCA is present here.
One can easily understand how the classical approach does not handle outliers and how
those can affect the output; the biplot on the right side is quite far away from picturing the
same ideal situation.

As demonstrated, the independence table captures the hypothetical balanced state with
each clr interpreted in terms of dominance of a given combination of factors in case of
independence. However, this dominance is then either amplified, or weakened according
to the interaction table; in terms of clr coefficients, it depends onwhether the logratio dom-
inance is shifted in a positive, or in a negative direction. Note that information obtained
from the interaction table only does not provide a complete picture about the dominance
of single cells in the table. For example, in the lower left biplot (robust biplot of interac-
tion tables), Costa Rica (CRI) is placed towards the loading ‘male 55+’, but this does not
necessarily lead to a conclusion that unemployment in this group is higher in general in
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this country; it simply marks the cell whose dominance causes imbalance for Costa Rica,
although the actual proportion of unemployment for this age group can be lower than its
average dominance. Therefore, the conclusion about the higher dominance of unemployed
men in the oldest group than expected in the hypothetical case of independence can be
stated only after looking at the biplot of the independence tables. For the compositional
tables with dimension 2 × J (or alternatively I × 2), this feature is nicely illustrated by the
depicted loadings themselves, placed along a line corresponding to increasing dominance
of one factor value at the expense of the latter value of the same factor. The opposite rela-
tion between the respective clr coefficients is clearly visible from both the biplots and the
form of clr(xint)ij in (26): as it was already discussed in Section 4, clr coefficients of the
interaction table sum up to zero across each row and column which results in the identity
clr(xint)1j = −clr(xint)2j, holding for each j when I = 2 (and similarly for J = 2). While
in case of higher data dimension the property is no longer visible in the graphs, in this
example it can be seen that the two possible values of the gender factor lead to precisely
contradictory loadings for any chosen value of the age factor. Thus they might only carry
the information about the origin of the dominance shift, but no longer about the direction
of the shift for which the difference from the independence table has to be consulted.

6. Education data analysis

It was illustrated in the previous example how outliers can affect results of classical PCA.
Especially the gender equity achieved in the robust biplot of the independence tables
would not be present in the classical one. Hence, in this second example, only robust
analysis outputs are discussed. The data set contains information about more than seven
million female and nearly six million male students, divided according to eight differ-
ent fields of study, being Education, Humanities and arts, Social sciences, business and
law, Science, mathematics and computing, Engineering, manufacturing and construction,
Agriculture and veterinary, Health and welfare, and Services [28]. The information about
the achieved degree (bachelor, master, and doctoral, respectively) is recorded as well for
about 30 different countries.

Compositional tables are analyzed for both genders separately in order to allow for a
comparison of possible differences between them later on. Biplots as graphical PCA out-
comes of the whole compositional table as well as independence and interaction tables
are collected in Figure 2. Due to a larger dimensionality of compositional tables than in
previous case (3 × 8), the biplots contain three times more variables and an objective
interpretation becomes more difficult. An additional aspect is that since it is necessary
to go many dimensions down to achieve the PCA projection using the first two princi-
pal components, it is expected to obtain more approximative picture of the multivariate
data structure in the biplot. However, for data of similar or even bigger size, the proposed
methods still offer an extremely useful rank-two approximation capturing the relationships
between both factors. The performance of robust PCA is still good enough (at least 54.08%)
for this concrete case in terms of cumulative variability explained by the first two principal
components.

Despite the previous interpretational doubts, it can be seen that the effect of the chosen
final degree is possibly stronger than the effect of the study field since the loadings tend
to create a quite clear division of bachelors, masters, and doctors for most of the biplots.
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Figure 2. Robust covariancebiplots of the Education compositional (upper row), independence (middle
row) and interaction tables (lower row) for men (left column) and women (right column), respectively.
Studyfields aremarked as follows: 1 = Education, 2 =Humanities and arts, 3 = Social sciences, business
and law, 4 = Science, mathematics and computing, 5 = Engineering, manufacturing and construction,
6 = Agriculture and veterinary, 7 = Health and Welfare, and 8 = Services.
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This property is more obvious for men while for women the difference between bache-
lors and masters is partially wiped out, maybe also due to a less compact data structure.
Finally, employing the outCoDa function [15,37] again, some outliers for the data set
of the whole compositional tables are detected: Austria, Norway and Spain for men, and
United Kingdom, Turkey and United States for women.

From the second row of the figures, some overall idea about the hypothetical state of
independence between degree and study field factors might be obtained. A stronger effect
of the chosen degree and a weaker effect of the study field would still be apparent for men,
and one new feature could be observed: there would be a strong relationship between Edu-
cation and Humanities and arts study fields for each degree. For women, e.g. a similarity of
educational systems in Sweden, Finland, Belgium and Switzerland is reflected. Also, in the
case of independence, higher occurrence of outliers would be present for both men and
women.

When looking at the biplot for the interaction tables for women (lower right figure),
two of the mentioned countries are shifted away from the fields of study that would dom-
inate if independence was achieved, being especially Agriculture and veterinary, Science,
mathematics and computing, and Services. These countries are Sweden andBelgium,while
Finland would correspond approximately to the independence between the factors, and
Switzerland actually accounts for even stronger dominance of those fields (particularly
master and doctoral studies in Services). For both men and women, it could be stated that
the actual relationships between the factors are quite distant from the relative dominance
given in the independence state. Stronger patterns concerning both factors are generally
observed for men.

7. Conclusions

Vector compositional data, or their generalization to compositional tables, are charac-
terized by their relative scale and scale invariance properties captured by the Aitchison
geometry. Accordingly, a representation of the compositional tables isometrically in clr
coefficients or ilr coordinates is essential for the further statistical analysis using popular
multivariate methods. Compositional tables can be decomposed onto their independence
and interaction parts; a statistical analysis of both is recommended to get insight into
the ideal situation when relationships between factors are filtered away, as well as into
interactions between factors forming the compositional table.

As most real-world data sets contain outlying observations, robust methods requiring
an orthonormal coordinate representation have been considered. To reduce the dimen-
sion of data at hand, a robust PCA using the MCD estimator can be applied to pivot
coordinates of compositional, independence and interaction tables (but also any other ilr
coordinates which respect the decomposition of compositional tables could be used). The
necessity of respecting dimensionality of independence and interaction tables forms the
main difference to (vector) compositional data where such feature does not occur. In case
of pivot coordinates, it is also possible to find a simple relationship between them and the
respective clr coefficients as well as to enhance interpretation of the latter variables. It is
precisely this specific choice of orthonormal coordinates where coordinates of indepen-
dence and interaction tables form together coordinates of the entire compositional tables
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(with the additional benefit of linkage to clr coefficients constructed in the same man-
ner) which prepare a solid ground for their further generalization in the sense of various
weighting techniques. An analogous approach is already being used for vector compo-
sitional data [20] where the paper [24] provides a way for their respective PCA analysis
by constructing biplots from the first pivot coordinates resulting from different (mutually
orthogonal) sets of (weighted) coordinates.

Here, loadings obtained in (ordinary) pivot coordinates for the robust PCA are trans-
formed back to clr coefficients where they are used for the construction of biplots and
their meaningful analysis. In case of (2 × J) table dimensions, an additional feature can
be observed in the graphical output of interaction tables, which can be traced back to
the interpretation of the clr coefficients. As a next step, three factors of a compositional
cube (I × J × K) could be analyzed by robust PCA and appropriate 3D graphical tools
employed. Consequently, the educational data sets for men and women could be merged
into a single data set and approached accordingly. This work could be perhaps started from
a recent idea of the robust Parafac model for three-way compositional data as a generaliza-
tion of the PCA, proposed in [6], combined with a robust approach to PCA as presented
in [21]. The case of compositional cubes and also its further extension to generallyN factors
belong to primary research interests of the authors.
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approaches for rounded zeros, and statistical models for essential zeros. We

further highlight the theoretical and practical consequences of applying con-
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valued count data within the classical log-ratio framework, comparing their
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Our results show that reconstruction accuracy alone does not always reflect

233

https://doi.org/10.1016/j.chemolab.2026.105821
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zero-handling strategies and clarifies their appropriate scope of application.

It also identifies methodological gaps that motivate future developments for

high-dimensional compositional count data.
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1. Introduction

Recent advances in modern sampling and classification techniques, 
such as high-throughput sequencing (HTS) [1–3], which allow rapid 
and large-scale generation of DNA or RNA sequence data [4], have 
greatly advanced microbiome research. The data obtained through 
these techniques typically consist of thousands to millions of sequenc-
ing reads per sample, representing multiple taxa within a microbial 
community. In large-scale studies, the total number of reads can reach 
hundreds of millions across all samples [5]. These read count tables, 
which quantify the number of sequences assigned to microbial taxa 
or genes, form the basis for downstream analyses linking microbial 
composition to host phenotypes, environmental factors, and clinical 
outcomes.

The sequencing approaches enable partitioning of HTS data into 
biologically meaningful units. In practical analyses, microbiome data 
are often represented as operational taxonomic units (OTUs) or am-
plicon sequence variants (ASVs). These relative count data exhibit 
unique statistical characteristics that pose significant analytical chal-
lenges. First, sequencing data are compositional because sequencing 
instruments generate a fixed number of reads per sample. As these reads 
are distributed among all observed sequences, only relative rather than 
absolute information is preserved [4]. This feature makes standard sta-
tistical methods inappropriate when applied directly to raw sequencing 
data without suitable normalization or transformation.

To address the relative nature of compositional data, Aitchison 
[6] introduced a comprehensive log-ratio framework that focuses on 
ratios between components rather than their absolute values (see Sec-
tion 2). However, when applied to microbiome count data, several 
additional challenges arise. The most fundamental is the prevalence 
of zeros or near-zero values resulting from either limited sequencing 
depth or the true absence of taxa. Extreme sparsity is common in 
microbiome sequencing data and may approach 90% [4] in some 
datasets. As a result, log-ratio transformations (see Table  1) cannot 
be applied directly, even though they are fundamental for mapping 
simplex-constrained data into Euclidean space for conventional statis-
tical analyses. Beyond zero inflation, the discrete and lattice-valued 
nature of count data violates the continuity assumptions underlying the 
log-ratio framework, introducing quantization effects that can strongly 
affect small values and distort analytical results [7,8]. These challenges 
are further compounded by the high dimensionality of microbiome 
datasets as the number of taxa or features can easily exceed thousands 
even for a modest number of samples. In addition, technical variation 

and differences in sequencing depth introduce additional sources of 
variability and can complicate statistical inference.

This review combines a synthesis of zero-handling strategies with 
a theoretical and empirical examination of challenges specific to com-
positional count data. Section 2 provides a brief introduction to the 
foundations of compositional data analysis (CoDA) and the role of 
log-ratio transformations. The main review is in Section 3. We first 
review types of zeros, their underlying mechanisms, and the princi-
ples guiding appropriate treatment (Section 3.1). We then summarize 
zero-replacement approaches for handling rounded zeros (Section 3.2), 
followed by modeling frameworks for essential zeros that preserve the 
interpretation of true absences (Section 3.3). Section 3.4 reviews zero-
tolerant transformations that enable direct analysis in the presence of 
zeros. An overview of the review structure is provided in Fig.  1.

Given the characteristics of our motivating datasets, Section 3.5 is 
dedicated to the specific challenges posed by discrete count composi-
tional data. We review current approaches developed for discrete com-
positions, including imputation methods and probabilistic models such 
as Dirichlet–multinomial and zero-inflated formulations and discuss the 
theoretical implications of applying classical CoDA to lattice-valued 
count data . Section 4 presents a comparative evaluation of existing 
imputation methods using real high-dimensional count-based datasets. 
Lubbe et al. [9] similarly utilized real microbiome compositional data 
to compare a range of zero-replacement techniques. Their benchmark 
focused on methodological comparison and adopted a common detec-
tion limit of one across datasets, rather than focusing on the mismatch 
between discrete sequencing counts and continuity assumptions. To 
assess imputation methods under conditions typical of non-continuous 
sequencing data, we use the fully observed Rabbit dataset [10]. Artifi-
cial zeros are introduced under controlled conditions, enabling direct 
comparison. In addition to evaluating reconstruction accuracy and 
covariance preservation, we further compare the completed data using 
downstream analyses, including PCA and clustering, to examine how 
reconstruction quality relates to practical analytical performance. We 
also investigate the numerical behavior of standard log-ratio metrics 
on discrete count data and evaluate whether simple integer map-
ping procedures can improve numerical stability.  This critical review 
offers three primary contributions: First, we establish a structured, 
mechanism-based taxonomy that categorizes scattered zero-handling 
approaches and clarifies their appropriate application based on spe-
cific zero types. Second, we clarify the structural mismatch between 
continuous CoDA theory and discrete counts, outlining why lattice-
valued sequencing data require distinct statistical considerations. Third, 
through comparative evaluations on high-dimensional count datasets, 
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Table 1
Summary of standard log-ratio transformations in CoDA.
 Transformation Mathematical formula Analytical properties & Limitations  
 Additive Log-Ratio (ALR) ALR𝑗 (𝐱) =

(
ln 𝑥1

𝑥𝑗
,… , ln 𝑥𝐷

𝑥𝑗

)′ for 𝑖 ≠ 𝑗 Simple and interpretable if a stable reference part 𝑥𝑗
is selected; not isometric and sensitive to 
permutations.

 

 Centered Log-Ratio (CLR) CLR(𝐱) =
(
ln 𝑥1

𝑔(𝐱) ,… , ln 𝑥𝐷
𝑔(𝐱)

)′ where 𝑔(𝐱) = 𝐷
√∏𝐷

𝑖=1 𝑥𝑖 Symmetric, unique, and strictly isometric; variables 
sum to zero, leading to a singular covariance matrix. 

 

 Isometric Log-Ratio (ILR) ILR(𝐱) = 𝐻 ′ CLR(𝐱) where 𝐻 is an orthonormal matrix Strictly preserves distances and resolves collinearity 
with 𝐷 − 1 independent variables; coordinates are less 
straightforward to interpret.

 

Fig. 1. Diagram outlining the structure of Section 3. This review covers the classification of zeros, the methods for handling zeros arising from different underlying 
mechanisms, zero-tolerant transformations, and a dedicated discussion of issues specific to discrete compositional count data. The diagram also indicates the 
corresponding section numbers associated with each component of the review.

we examine the numerical behavior of continuous imputation methods 
under the classical log-ratio framework and evaluate whether integer 
post-processing can improve numerical stability and downstream an-
alytical performance. Collectively, these insights expose the clear gap 
between existing continuous approaches and count-based requirements, 
laying a stable foundation for future developments that jointly respect 
compositional constraints, zero inflation, and the lattice nature of 
sequencing data.

2. Compositional Data Analysis (CoDA)

Compositional data, or compositions, are vectors of non-negative 
values that describe the contribution of 𝐷 parts constrained by a 
constant sum, typically 1 (for proportions) or 100 (for percentages). 
For a 𝐷-part composition 𝐱 = (𝑥1,… , 𝑥𝐷)′ lies in a (𝐷 − 1)-dimensional 
simplex space 𝐷:

𝐷 =

{
𝐱 = (𝑥1,… , 𝑥𝐷)′

|||| 𝑥𝑖 > 0,
𝐷∑
𝑖=1

𝑥𝑖 = 𝐶

}
.

When 𝐷 = 3, a composition resides in the continuous and infinitely 
dense simplex 3, which is geometrically represented as a triangular 
plane containing arbitrarily many intermediate points. Due to the 
constant-sum constraint, conventional statistical methods assuming Eu-
clidean geometry are inappropriate because they overlook the interde-
pendence among parts, often leading to spurious correlations. Aitchison 
[6] established the foundation of Aitchison geometry, defining the core 
principles (i.e., scale invariance, permutation invariance, and subcom-
positional coherence) of CoDA. To perform standard statistical analysis, 
standard log-ratio transformations are employed to map data from the 
constrained simplex space to an unconstrained Euclidean space, as 
detailed in Table  1.

2.1. Log-ratio framework and its limitations

In practice, the requirement in the traditional definition that compo-
sitional parts must add up to a fixed constant sum 𝐶 introduces several 
challenges. First, the presence of zeros is problematic: missing or un-
measured components may violate the sum constraint, and rounding 
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errors can cause deviations from the prescribed total. Second, although 
many real-world datasets exhibit a compositional character, their total 
sum often depends on sample-specific technical factors rather than 
meaningful biological quantities. For example, in microbiome data, the 
total read count of each sample is determined largely by sequencing 
depth, which reflects technical variation. As emphasized by Gloor et al. 
[4], sequencing count tables are compositional, but their total read 
counts have no biological interpretation and therefore cannot be used 
to compare samples on an absolute scale. Meanwhile, CoDA requires 
scale invariance. Under this principle, multiplying a composition 𝐱 by 
any positive constant 𝑐 > 0 leaves all ratios 𝑥𝑖∕𝑥𝑗 unchanged. Therefore, 
𝐱 and 𝑐𝐱 contain the same relative information. However, this property 
implicitly relies on the continuous nature of the simplex. When the 
data consist of discrete lattice-valued counts, scaling generally produces 
non-integer values that must be mapped back onto the lattice. This 
process introduces quantization effects and may distort the original 
ratios. We return to this issue in detail in Section 3.5.3.

Because individual components are interdependent under the
constant-sum constraint, CoDA focuses on analyzing ratios rather than 
absolute magnitudes. Filzmoser et al. [11] emphasized that composi-
tional data describe relative information among components and that 
proportions represent only one possible expression of this information 
rather than its defining characteristic. As summarized in Table  1, 
all standard log-ratio transformations require strictly positive com-
ponents. Consequently, classical CoDA faces two major challenges in 
sequencing count data: the presence of zeros and the discrete nature 
of lattice-valued observations, which are discussed in the following 
sections.

3. Review of methods dealing with zeros in CoDA

Before reviewing methods for handling zeros in compositional data, 
we first categorize zeros into two main types, with the overall structure 
summarized in Fig.  1. These zero-handling approaches can be grouped 
into three major lines: (i) imputing the missing parts to obtain a full 
data matrix (Section 3.2); (ii) constructing statistical models that ex-
plicitly account for the meaning and mechanisms of zeros (Section 3.3); 
and (iii) developing zero-tolerant transformations (Section 3.4).

3.1. Classification and interpretation of zero values

Distinguishing the nature of zero values is a prerequisite for select-
ing appropriate handling strategies in compositional data analysis. The 
first major category is rounded zeros, which arise when a true positive 
value falls below the detection limit of a measurement procedure and 
is therefore recorded as zero [12]. Such zeros may result from technical 
constraints (e.g., low sequencing depth, instrument sensitivity) or from 
limited observation windows, during which a present component is 
not detected [13]. For example, in household budget surveys, some 
families may report zero spending on alcohol because no expenditure 
occurred during the short recording period, even though they do con-
sume alcohol occasionally. These zeros do not reflect true absence but 
rather under-detection, sampling limitation, or rounding effects [14]. 
From a CoDA perspective, rounded zeros are interpreted as latent small 
positive values and are therefore typically handled by zero-replacement 
(imputation) methods, which estimate small positive values before 
log-ratio transformations can be applied (Section 3.2).

A fundamentally different category is essential zeros (also called 
structural zeros) [6]. These represent the true absence of a component 
due to structural, biological, or chemical constraints. Unlike rounded 
zeros, they reflect genuine compositional information rather than mea-
surement limitations. In the context of CoDA, the presence of essential 
zeros has profound implications. Since all information in compositions 
resides in ratios [15], a component with an essential zero does not 
contribute relative information to the composition. An observation con-
taining an essential zero lies on the boundary of the simplex, reducing 

its effective dimensionality [16]. Consequently, replacing essential ze-
ros with small positive values would artificially introduce information 
where none exists, potentially leading to misleading inference. They 
therefore require explicit statistical modeling, such as mixture models, 
latent variable approaches, or zero-adjusted distributions (Section 3.3), 
rather than zero replacement.

Next, we connect the classification of zeros in CoDA with missing-
data mechanisms. From a statistical perspective, missingness is typi-
cally described by how it depends on the observed and unobserved 
parts of the data. Consider complete data 𝐗 = (𝐗obs,𝐗mis), where 𝐗obs
contains the observed values and 𝐗mis the unobserved ones. Missingness 
is said to be Missing Completely At Random (MCAR) when the chance 
that an entry is missing does not depend on either 𝐗obs or 𝐗mis. A 
weaker and more realistic assumption is Missing At Random (MAR), in 
which missingness may depend on the observed values 𝐗obs but not on 
the unobserved part 𝐗mis. From a practical standpoint, structural zeros 
can often be handled in analogy to MAR-type mechanisms, although 
their substantive interpretation differs substantially [17].

When the probability that an entry is missing depends on the 
unobserved values 𝐗mis, the data fall under Missing Not At Random 
(MNAR). MNAR mechanisms are the most challenging to address be-
cause they require explicit knowledge of why the values are missing. 
In compositional data analysis, rounded zeros are therefore commonly 
regarded as MNAR because their occurrence depends on underlying 
unobserved values below the detection limit (DL). They can be viewed 
as left-censored observations with a known threshold and are typi-
cally handled using zero-replacement methods designed for censored 
compositional data [17].

3.2. Imputation methods of rounded zeros

General-purpose imputation methods, such as random forest
(missForest) [18], predictive mean matching (mice) [19], and 𝑘-
nearest neighbor imputation (VIM) [20], are generally not suitable 
for rounded zeros in compositional data. Unlike conventional missing 
values, rounded zeros represent left-censored observations and must 
be handled while preserving the relative structure of the composition. 
Comparative studies have shown that conventional imputation methods 
often perform poorly under these constraints [21].

The following sections review specialized zero-replacement methods 
developed for rounded zeros, which explicitly account for DLs while 
preserving the compositional structure of the data.

3.2.1. Multiplicative replacement
The multiplicative replacement approach handles rounded zeros by 

replacing each zero with a small positive value 𝛿𝑖𝑗 and proportionally 
rescaling the remaining non-zero components to preserve closure [22]. 
Formally, the replacement is defined by 

𝑟𝑖𝑗 =
⎧
⎪⎨⎪⎩

𝛿𝑖𝑗 , if 𝑥𝑖𝑗 = 0,
𝑥𝑖𝑗

(
1 −

∑
𝑘 ∶ 𝑥𝑖𝑘=0

𝛿𝑖𝑘
𝐶𝑖

)
, if 𝑥𝑖𝑗 > 0,

(1)

where 𝑥𝑖𝑗 denotes the original composition, and 𝑟𝑖𝑗 the corresponding 
value after replacement in sample 𝑖 and component 𝑗. The term 𝛿𝑖𝑗 is 
the small positive value inserted in place of the zero, and 𝐶𝑖 =

∑𝐷
𝑗=1 𝑥𝑖𝑗

denotes the original sample total, ensuring that 𝐫𝑖 ∈ 𝐷.
Several multiplicative replacement strategies, differing in the choice 

of the imputed value 𝛿𝑖𝑗 , are implemented in the R package zCompo-
sitions [23], as summarized in Table  2.

Although multiplicative replacement guarantees positive values be-
low the corresponding DLs, the subsequent closure adjustment may be-
come numerically unstable when samples contain many censored com-
ponents or extremely small observations. In such cases, proportional 
rescaling may occasionally generate negative reconstructed values. This 
limitation was noted by Palarea-Albaladejo et al. [24].
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Table 2
Summary of multiplicative replacement strategies in the R package zCompositions.
 Function Imputation strategy (𝛿𝑖𝑗 ) Advantages Limitations  
 multRepl() Constant fraction of DLs: 

𝛿𝑖𝑗 = 0.65DL𝑗 .
Simple and 
computationally efficient.

May distort covariance when 
many zeros are present. 

 

 multLN() Truncated lognormal 
distribution: 𝛿𝑖𝑗 ∼ LogNormal.

Accounts for skewness and 
covariance.

Relies on lognormal 
assumptions. 

 

 multKM() Non-parametric Kaplan–Meier 
estimator with smoothing 
splines (KMSS).

No distributional 
assumptions.

Computationally more 
demanding.

 

Table 3
Regression-based EM methods for rounded-zero imputation.
 Method Regression strategy Software implementation  
 Modified EM-ALR ALR + least-squares regression lrEM()  
 Robust EM ILR + robust (MM) regression imputeBDLs(,method="lmrob") 
 PLS-EM ILR + PLS regression imputeBDLs(,method="pls")  

3.2.2. Censored regression with Expectation–Maximization (EM) algorithms
The second class of methods comprises parametric approaches based 

on the Expectation–Maximization (EM) algorithm. The modified EM-
ALR algorithm, first proposed by Palarea-Albaladejo et al. [25] and 
Palarea-Albaladejo and Martín-Fernández [12] and later extended by 
Hron et al. [26], assumes that ALR-transformed compositions follow a 
multivariate normal distribution and imputes rounded zeros through 
censored regression. Let 𝐗imp denote the compositional data matrix 
after replacing zeros with initial or previously imputed values, and 
let 𝐙ALR = ALR(𝐗imp) denote its ALR-transformed counterpart. For 
each censored component, a regression model is constructed using the 
remaining log-ratio coordinates as predictors,
𝐳ALR,𝑗 = 𝐙′

ALR,−𝑗𝜷 + 𝜀.

During each EM iteration, censored values are updated by their 
conditional expectations under a truncated normal distribution while 
explicitly incorporating the corresponding DL, after which the im-
puted log-ratio coordinates are transformed back to the simplex. Com-
pared with multiplicative replacement, the EM framework better pre-
serves covariance structure while explicitly accounting for censoring. 
Building on this framework, Martín-Fernández et al. [27] replaced 
least-squares regression with an affine-equivariant MM estimator and 
adopted the ILR transformation to improve robustness against outliers 
and extremely small values. Subsequently, Templ et al. [28] replaced 
the regression step with partial least squares (PLS) regression to ac-
commodate high-dimensional settings (𝑝 ≫ 𝑛). The same study further 
proposed selecting predictors using the variation matrix to exploit 
strong proportional relationships before fitting the PLS model. The 
principal regression-based methods evaluated in this review are sum-
marized in Table  3. The original EM-ALR algorithm is implemented in 
the zCompositions package through the lrEM() function, whereas 
the robust and PLS variants are available in the robCompositions
package through the imputeBDLs() function. 

Subsequent developments further extended this framework. Chen 
et al. [29] incorporated Q-mode clustering prior to PLS regression 
to partition components into subcompositions, improving computa-
tional efficiency while preserving local dependence structures. Indepen-
dently, Hijazi [30] proposed a Dirichlet-based beta regression frame-
work as an alternative parametric approach for rounded-zero impu-
tation. Overall, EM-based methods provide a flexible framework for 
censored regression while relying on parametric assumptions.

3.2.3. ALR-Data augmentation (ALR-DA)
The ALR-DA algorithm is a Bayesian data augmentation (DA)

method [31] based on the truncated ALN model. Similar to the ALR-
EM algorithm (Section 3.2.2), nondetects are imputed in the ALR space 
under detection-limit constraints. However, instead of deterministic 
maximum-likelihood updates, ALR-DA employs Markov Chain Monte 

Carlo (MCMC) sampling to jointly update the nondetects and model 
parameters. At the 𝑙th iteration, the missing values are sampled as 

𝑧̂(𝑙)ALR,𝑖𝑗 ∼ TruncNormal𝑗
(
𝐳(𝑙)′ALR,𝑖,−𝑗 𝜷̂

(𝑙)
𝑗 , 𝜎̂2(𝑙)𝑗 , 𝑧ALR,𝑖𝑗 < DL𝑖𝑗

)
. (2)

Unlike ALR-EM, ALR-DA propagates imputation uncertainty
through posterior sampling, making it particularly suitable for small 
datasets and allowing prior information to be incorporated naturally 
within the Bayesian framework [23]. The method is implemented in 
the lrda() function of the zCompositions package [23]. The 
same implementation also supports multiple imputation (MI) based on 
MCMC sampling, while bootstrap resampling has been proposed as a 
computationally efficient alternative for variance estimation when MI 
becomes less practical [24].

3.2.4. Log-ratio singular value decomposition (lrSVD)
Palarea-Albaladejo et al. [32] proposed the lrSVD algorithm, a 

method designed for imputing missing values in compositional data. 
Its core idea is to extract the dominant underlying structure through 
low-rank matrix approximation in log-ratio space. Specifically, the al-
gorithm employs singular value decomposition (SVD) to find a low-rank 
matrix 𝐑 that best approximates the original data matrix 𝐗 (which con-
tains zeros or missing values) in the least-squares sense by minimizing 
the Frobenius norm: 
min ‖𝐗 − 𝐑‖2𝐹 subject to rank(𝐑) ≤ 𝑠, (3)

where 𝑠 denotes the target rank, i.e., the number of dominant latent 
components retained in the approximation.

For rounded zeros or general missing values, lrSVD first applies 
multiplicative replacement to obtain an initial complete matrix and 
transforms the data into ILR coordinates. It then iteratively estimates 
a constrained low-rank approximation while preserving the observed 
values. By specifying suitable lower and upper bounds, the method can 
simultaneously accommodate rounded zeros, general missing values, 
and mixed missingness scenarios. Operating in ILR coordinates pre-
serves important compositional properties, including scale invariance 
and subcompositional coherence.

The lrSVD algorithm is implemented in the R package zCom-
positions via the function lrSVD(). However, as an SVD-based 
approach, lrSVD is sensitive to outliers and the choice of starting values.

3.2.5. EM-based artificial neural network methods (ANN)
The method proposed by Templ [21] integrates an artificial neu-

ral network (ANN) into an iterative EM framework for rounded-zero 
imputation. The main idea is to exploit the network’s ability to learn 
complex, non-linear dependencies among compositional parts, while 
ensuring that the imputed values remain strictly below the DL. The 
algorithm is initialized using a 𝑘-nearest-neighbor approach based on 
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Aitchison distances and robust means [26]. The subsequent E–M up-
dates are then carried out in the ILR coordinate system, preserving 
the compositional structure of the data. Unlike parametric regression-
based imputation schemes discussed before, the ANN component does 
not require explicit distributional assumptions. Instead, it automatically 
learns complex dependence structures among variables through non-
linear hidden layers. A drawback of this approach is its substantial 
computational cost and its sensitivity to outliers, which can limit 
robustness in practice.

3.3. Direct modeling techniques in essential zeros

A simple approach to handle essential zeros is amalgamation [6], 
which merges components containing essential zeros with related
nonzero parts. For example, in household budget data, ‘‘alcohol’’ and 
‘‘tobacco’’ may be combined into a single category. However, this 
comes at a cost: amalgamation sacrifices information about the orig-
inal parts and is nonlinear in the simplex, limiting interpretability 
[11]. Since essential zeros carry meaningful structural information, 
they are typically modeled directly rather than replaced. Accord-
ingly, several statistical approaches have been proposed, including 
mixture-based logistic-normal models, latent Gaussian formulations, 
and Dirichlet-based approaches.

Aitchison and Kay [15] proposed a mixture extension of the logis-
tic normal distribution. Compositional data are partitioned according 
to their zero patterns, and each group is modeled separately. This 
approach is particularly suited for continuous or percentage data in 
which zeros represent true absences. Building on this idea, Stewart 
and Field [33] introduced a multiplicative logistic normal mixture 
model that separately models zero components and defines conditional 
distributions for the nonzero parts. When a component is nonzero, its 
log-ratio is assumed to follow a (potentially skewed) logistic normal 
distribution, increasing flexibility compared to symmetric models. This 
framework performs well in regression settings and reduces bias intro-
duced by zeros; however, it cannot fully capture covariance among all 
compositional components, leaving some dependence structures only 
partially modeled. Bear and Billheimer [16] further extended this class 
of models by projecting compositions into lower-dimensional subspaces 
according to zero patterns and fitting additive logistic normal mixtures 
with shared location and dispersion parameters across groups. While 
computationally convenient, this approach does not guarantee subcom-
positional coherence when zeros are present and assumes identical 
mean–covariance structures across patterns, which may not hold in 
heterogeneous datasets. Overall, mixture-based models for essential 
zeros follow a common principle: separating ‘‘zero’’ and ‘‘non-zero’’ 
cases, then modeling the positive components via (extensions of) the 
logistic normal distribution rather than replacing zeros, thus preserving 
their structural meaning.

The second class of modeling strategies treats zeros as latent vari-
ables within a latent Gaussian framework. These methods assume a 
Gaussian distribution in real space and then map it onto the sim-
plex through an appropriate transformation. Butler and Glasbey [34] 
introduced Euclidean projections onto the simplex, modeling point 
probabilities on the boundaries through a latent multivariate normal 
distribution to accommodate zeros. However, their method is restricted 
to low-dimensional cases and does not preserve subcompositional ra-
tios. Building on this idea, Tsagris [35] proposed an alternative projec-
tion approach for modeling structural zeros based on the multivariate 
normal distribution, but the zero-censored version they described only 
allows for one zero per compositional vector, making it effective only 
when the zero structure is relatively simple. In the context of land-use 
data, Leininger et al. [36] introduced a power-scaling transformation 
that maps compositions into a latent Gaussian space while allowing 
a local point mass at zero. Spatial dependence is then incorporated 
through a hierarchical power model, making the approach suitable 
for higher-dimensional spatial compositional data. A key limitation of 

this approach, however, is that it requires at least one component 
to remain strictly positive across the spatial domain; otherwise, the 
transformation is not well-defined.

The third class is based on the Dirichlet distribution. Tsagris and 
Stewart [37] proposed a two-layer model called Zero-Adjusted Dirich-
let Regression (ZADR). In this approach, observations are grouped 
according to their zero patterns, and the non-zero components are 
modeled using truncated Dirichlet distributions. Dirichlet regression, 
especially ZADR, provides a natural framework for modeling essential 
zeros but assumes that all zero patterns share the same parameter set. 
Its flexibility is further limited by negative correlations and geomet-
ric expressiveness. Compared to other methods, it is more practical, 
although not theoretically the most flexible. Tang et al. [38] proposed a 
new stochastic representation and developed the Dirichlet Composition 
Distribution (DCD) as a generalization of the Dirichlet distribution. The 
DCD separates the modeling of the probability of zero components from 
the magnitude of nonzero components, effectively handling essential 
zeros in compositional data. A limitation of the model is that regression 
modeling with high-dimensional covariates remains challenging and 
needs further study.

All of the above modeling approaches assume that compositional 
data are continuous and measured on a real scale. However,
sequencing-based microbiome data are fundamentally different: they 
consist of discrete counts that lie on a lattice rather than a continuum. 
These discrete and sparse characteristics require specialized treatment 
beyond continuous CoDA models. Methods developed specifically for 
count-based compositional data are reviewed in detail in Section 3.5.

3.4. Transformations allowing zeros

In addition to the log-ratio transformations that are incompatible 
with zeros (see Table  1), several alternative transformation approaches 
have been developed that can directly accommodate compositional 
data containing zero values.

3.4.1. Power-based transformations for compositional data
In compositional data analysis, two traditional approaches are com-

monly contrasted. One is the Log-Ratio Analysis (LRA), such as CLR
and ILR, rooted in Aitchison’s geometry [6,11]. The other is to treat the 
components as ordinary Euclidean variables, namely Raw Data Analysis 
(RDA). While RDA ignores the compositional constraint, it remains 
simple and widely used; LRA, by contrast, aligns with the CoDA axioms 
but cannot be applied directly when zeros are present.

To address this issue, Tsagris et al. [39] proposed the 𝛼-
transformation based on a Box–Cox type power transformation. It 
unifies RDA and LRA within a parametric framework by providing a 
continuum between Euclidean treatments and log-ratio geometry. This 
offers a practical compromise for zero-inflated and high-dimensional 
sparse compositions while relaxing some of the strict axioms of Aitchi-
son geometry. The transformation consists of two steps. The first applies 
the 𝛼-power transformation to the compositional vector 𝐱 followed by 
a closure operation: 

𝑢𝛼(𝐱) =
⎛
⎜⎜⎝

𝑥𝛼1∑𝐷
𝑗=1 𝑥

𝛼
𝑗

,… ,
𝑥𝛼𝐷∑𝐷
𝑗=1 𝑥

𝛼
𝑗

⎞
⎟⎟⎠
, 0 ≤ 𝛼 ≤ 1. (4)

The second step linearly maps the closed composition into a (𝐷−1)-
dimensional Euclidean subspace orthogonal to the unit vector. The 
𝛼-transformation therefore includes RDA and LRA as two limiting cases. 
When 𝛼 = 1, 𝑢𝛼(𝐱) reduces to a linear scaling of the original compo-
nents, corresponding to RDA. As 𝛼 → 0, the transformation converges 
to ln (𝑥𝑖∕𝑔(𝐱)

)
, where 𝑔(𝐱) =

(∏𝐷
𝑗=1 𝑥𝑗

)1∕𝐷
 is the geometric mean of 

the composition, corresponding to the CLR∕ILR transformation and 
thus to LRA. Intermediate values (0 < 𝛼 < 1) provide a family of 
geometries between these two extremes. Tsagris et al. [40] applied the 
𝛼-transformation in discriminant analysis and showed that it is more 
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robust than the direct log-ratio transformation in the presence of zeros 
or near-zero-boundary data. Dong et al. [41] further introduced the 
𝛼-transformation into the Lee Carter-CoDA (LC-CoDA) framework for 
mortality prediction, addressing the limitation that log-ratio analysis 
cannot be directly applied to zero counts. The 𝛼-transformation has 
shown good robustness and tunability in supervised learning tasks, 
including classification and prediction.

On the other hand, Greenacre [42] proposed the ChiPower trans-
formation, based on a Box–Cox power transformation combined with 
𝜒2 standardization. Like the 𝛼-transformation, ChiPower belongs to the 
family of power transformations but additionally incorporates a 𝜒2

standardization based on column means after the closed power trans-
formation. In [42], the ChiPower transformation was shown to be par-
ticularly effective for unsupervised analyses, including correspondence 
analysis.

However, both transformations achieve this flexibility by relaxing 
some of the principles of classical CoDA, including subcompositional 
coherence. Their performance also depends on the choice of the trans-
formation parameter, which is typically selected in a data-driven man-
ner (e.g., likelihood optimization or cross-validation) according to the 
downstream analytical task.

3.4.2. Hyperspherical (directional) transformations for compositional data
Scealy and Welsh [43] and Schwob et al. [44] proposed square-root 

transformations that map compositional data onto a (𝐷−1)-dimensional 
hypersphere, where they can be modeled using directional distributions 
such as the Kent distribution [43] or the elliptically symmetric angu-
lar Gaussian (ESAG) distribution [44]. These directional distributions 
allow both positive and negative correlations between components, 
overcoming a key limitation of the Dirichlet model, which cannot 
directly represent positive correlations. However, the square-root trans-
formation does not preserve Aitchison geometry because it fails to 
maintain subcompositional ratios. Moreover, components close to zero 
create boundary problems for directional models (e.g., the Kent distri-
bution), which may assign non-negligible probability mass outside the 
positive orthant [44].

3.5. Count zeros

In the following sections, we focus on methods for handling discrete 
compositional data. Among these, sequencing-derived count data intro-
duced in Section 1 — including mRNA transcript counts, operational 
taxonomic unit (OTU) counts, and amplicon sequence variant (ASV) 
counts — represent typical examples of discrete compositional data.

Before proceeding, it is important to note that integer-valued count 
data naturally reside on a mathematical structure known as a lat-
tice [7]. A 𝐷-dimensional natural-number lattice N𝐷 consists of all 
points of the form (𝑥1,… , 𝑥𝐷) with 𝑥𝑖 ∈ N, forming a discrete grid 
shown in the left panel of Fig.  2 rather than a continuous space.

In contrast, classical CoDA theory assumes that compositions are 
defined in a continuous and strictly positive real space. All possible 
compositions with 𝐷 parts form the (𝐷 − 1)-dimensional simplex 𝐷

introduced in Section 2, which is a continuous and infinitely dense 
domain shown in the right panel of Fig.  2, where any two compositions 
can be connected by infinitely many intermediate points. This idealized 
representation provides the mathematical foundation for log-ratio op-
erations, distance measures, and other analytical tools in CoDA. After 
closure, count compositions can be viewed as lattice points embedded 
within 𝐷 rather than arbitrary points in the simplex. They therefore 
occupy only a discrete subset of the simplex, whose resolution depends 
on the sequencing depth. This mismatch between the discrete lattice 
and the continuous simplex underlies the quantization effects and 
numerical instabilities discussed in the following sections. The relation-
ship between the two representations is illustrated schematically in Fig. 
2; further discussion is provided by Lovell et al. [7].

As noted earlier, zeros in discrete compositional count data can 
also be broadly divided into two categories. Zeros caused by insuf-
ficient sequencing depth are typically addressed through imputation, 
whereas genuinely absent components are handled using model-based 
approaches. The following sections briefly review these two strategies 
and their applications.

3.5.1. Probabilistic models for zero-inflated count compositional data
The Dirichlet–multinomial (DM) distribution provides a principled 

framework for modeling compositional count data due to its inherent 
ability to respect the simplex constraint. However, this model suffers 
from two key limitations: (1) its inability to handle zero-inflated data, 
and (2) its restriction to capturing only negative correlations between 
components. Modern high-throughput sequencing produces microbial 
abundance data that are both high-dimensional and extremely sparse. 
This has motivated extensions of the DM model that explicitly account 
for excess zeros and more general correlation structures. A common 
feature of these extensions is the adoption of a zero-inflated framework, 
in which zeros are modeled through a two-component mixture consist-
ing of a point mass at zero and a count distribution for the non-zero 
observations. The associated latent indicators distinguish structural ze-
ros from rounded zeros, allowing the two types of zeros to be modeled 
separately.

Tang and Chen [45] introduced the zero-inflated generalized
Dirichlet–multinomial model by modifying the Beta stick-breaking 
representation of the generalized Dirichlet distribution. Zero infla-
tion is incorporated through zero-inflated Beta variables, enabling 
more flexible correlation structures than the classical DM. Parameter 
estimation is performed via an EM algorithm. A limitation of the 
approach, however, is that it does not naturally extend to multivari-
ate regression settings. Zeng et al. [46] proposed the Zero-Inflated 
Probabilistic PCA Logistic-Normal Multinomial (ZIPPCA–LNM) model, 
which combines a low-rank logistic-normal multinomial formulation 
with an explicit zero-inflation component. This approach captures 
complex covariance patterns through a low-rank latent structure while 
leveraging the flexibility of the logistic-normal distribution. An it-
erative procedure integrating empirical Bayes estimation and varia-
tional approximation enables scalable computation in high-dimensional 
settings. More recently, Koslovsky [47] introduced a Bayesian zero-
inflated Dirichlet–multinomial (ZIDM) regression model that integrates 
zero inflation, compositional constraints, and variable selection in 
high dimensions. Zero inflation is modeled via a gamma reparam-
eterization, while sparsity-inducing priors and a dimension-adaptive 
Metropolis–Hastings sampler improve inference stability and compu-
tational efficiency. Taken together, these developments reflect three 
broad directions in zero-inflated DM modeling: extending distribu-
tional flexibility, enriching dependence structures, and integrating zero 
inflation into high-dimensional regression frameworks. Despite this 
progress, challenges remain in scalability, interpretability of latent zero 
mechanisms, and jointly modeling zero inflation, overdispersion, and 
complex correlation patterns in large-scale microbiome count data.

Beyond the DM framework, Jiang et al. [48] proposed a Bayesian 
zero-inflated negative binomial (ZINB) regression model with spike-
and-slab priors for differential abundance analysis. However, because 
the model does not incorporate compositional constraints or link co-
variates to the zero-inflation mechanism, its estimates may not ade-
quately account for compositional effects when applied to composi-
tional count data.

In addition to the parametric methods mentioned above, Ren et al. 
[49] proposed a more flexible nonparametric approach in model con-
struction that does not require pre-setting a fixed number of parame-
ters. This allows the model complexity to adaptively adjust based on the 
characteristics of the data, enabling it to capture complex patterns and 
inherent sparsity. The method employs a truncated dependent Dirichlet 
process (DDP) prior, which more naturally reflects the correlations 
between components and the sparsity in the data. Later, Ren et al. 
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Fig. 2. Integer lattice N2 (left) and the continuous 3-part simplex 3 (right). Left panel: Shows all 11×11 = 121 possible integer pairs (𝑥, 𝑦) where 𝑥, 𝑦 ∈ {0,… , 10}. 
Right panel: Displays 𝑁 = 1000 simulated compositions generated from a symmetric Dirichlet distribution Dir(1, 1, 1), projected onto the 2-simplex. Count data 
from HTS technology are realized on a discrete lattice, whereas classical CoDA assumes that compositions lie in a continuous simplex that is infinitely dense.

[50] extended this approach to mixed-effects regression models to 
accommodate the needs of longitudinal data analysis. However, the 
method does not explicitly model zero-inflation indicators, preventing 
it from distinguishing between different types of zeros. Additionally, 
it is designed for small to medium-sized covariate spaces, relying on 
model comparison techniques for model selection.

Some additional modeling strategies are also worth noting. Fernan-
des et al. [1] proposed, within a Bayesian framework, an ANOVA-
like analytical approach called ANOVA-Like Differential Expression 
(ALDEx). This method combines the Dirichlet–multinomial model with 
ILR transformation to perform variability assessment and differential 
expression analysis on sparse compositional data. The method focuses 
on estimating the species proportions 𝑝𝑖 from the observed counts 𝑛𝑖
by combining a multinomial likelihood with a Dirichlet prior (with 
hyperparameter set to 0.5) to obtain the posterior distribution of 𝑝𝑖. 
This ensures that even when the observed count for a species is zero, 
its estimated proportion will not be exactly zero, thus mitigating biases 
caused by sparsity. Subsequently, the proportions 𝑝𝑖 are transformed us-
ing the ILR transformation into linearly independent variables, enabling 
statistical analysis and variability exploration in Euclidean space. Fi-
nally, Bacon-Shone [8] proposed an approach based on the Poisson–log 
normal distribution, applicable when essential zeros appear in discrete 
compositions of count data.

3.5.2. Bayesian–multiplicative imputation methods
Martín-Fernández et al. [51] and Daunis-i Estadella et al. [52] 

proposed Bayesian–multiplicative (BM) imputation methods specifi-
cally for compositional count data. Like the multiplicative replacement 
approach described in Section 3.2.1, BM preserves the ratios between 
non-zero components through multiplicative adjustment. However, in-
stead of specifying the replacement value 𝛿𝑖𝑗 heuristically, BM estimates 
it from a Bayesian posterior distribution. The method is implemented 
in the zCompositions package through the function cmult().

Let 𝐩 = (𝑝1,… , 𝑝𝑘) denote the observed proportions with total count 
𝑁 . A Dirichlet prior, Dir(𝑠𝐭), is specified, where 𝑠 is the prior strength 
and 𝐭 = (𝑡1,… , 𝑡𝑘) is the prior center satisfying 𝑡𝑗 > 0 and ∑𝑗 𝑡𝑗 = 1. 
Bayesian updating yields the posterior mean E(𝜃𝑗 ∣ 𝐩) = (𝑝𝑗 + 𝑠𝑡𝑗 )∕(𝑁 +
𝑠) which provides the replacement values used in the multiplicative 
adjustment. Table  4 summarizes commonly used Dirichlet priors and 
their corresponding posterior means.

Table 4
Dirichlet priors and Bayesian posterior estimators.
 Prior s Posterior mean 
 Haldane 0 𝑝𝑗

𝑁
 

 Perks 1 𝑝𝑗+1∕𝑘
𝑁+𝑘∕2

 
 Jeffreys 𝑘

2
𝑝𝑗+1∕2
𝑁+𝑘∕2

 
 Bayes–Laplace 𝑘 𝑝𝑗+1

𝑁+𝑘
 

Accordingly, BM replaces the heuristic quantity 𝛿𝑖𝑗 in Eq. (1) with 
the corresponding Bayesian posterior estimate, yielding

𝑝∗𝑗 =
⎧⎪⎨⎪⎩

𝑠𝑡𝑗
𝑁 + 𝑠

, if 𝑝𝑗 = 0,

𝑝𝑗
(
1 − 𝑠

𝑁 + 𝑠
∑

𝑝𝑘=0 𝑡𝑘
)
, if 𝑝𝑗 > 0.

Because the posterior estimator depends on the sample size 𝑁 , the 
method is not strictly scale invariant. Martín-Fernández et al. [51] 
addressed this limitation by introducing a scaled Dirichlet distribution 
[13].

3.5.3. Challenges of applying CoDA to discrete count data
Although a variety of probabilistic and Bayesian methods have been 

developed specifically for compositional count data, many downstream 
analyses of HTS data — including log-ratio transformations, ordination, 
clustering, and other CoDA-based procedures — continue to rely on the 
classical CoDA framework. The theoretical implications of applying this 
framework to discrete compositional count data are therefore reviewed 
below.

HTS data are characterized by a combination of biological and tech-
nical factors that distinguish them from the continuous compositions 
assumed by classical CoDA. First, zeros and low-abundance components 
are particularly prominent due to variability in sequence diversity and 
sampling depth across experimental conditions [7]. Second, although 
modern sequencing platforms can produce millions of nucleotide reads, 
the observed counts reflect not only the underlying biological composi-
tion but also substantial technical variation arising from differences in 
sequencing depth and sequencing efficiency across samples [53]. Third, 
component abundances within a sample typically span a very wide 
numerical range. Many low-abundance features are represented by only 
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Fig. 3. Comparison of compositional geometry across sequencing depths. We simulate a sample size of 500 three-part Dirichlet–multinomial compositions with 
parameters 𝛼 = (4, 2, 1) under sequencing depths {10, 100, 1000}. Left (Fig.  3(a)): shows the resulting compositional points after applying closure and distributes 
onto the simplex. Right (Fig.  3(b)): illustrates the corresponding two components of the CLR-transformed composition. Overall, increasing sequencing depth 
systematically transitions the compositional data representation from a highly discrete and sparse lattice approximation to a dense, continuous-like geometric 
structure, which progressively improves the fidelity and stability of log-ratio analysis.

a few counts or zeros, whereas a small number of highly abundant 
features may reach tens of thousands of counts, particularly in RNA-seq 
datasets [53]. Consequently, HTS count data exhibit substantial scale 
heterogeneity both within and between samples. Such discreteness and 
imbalance present important challenges for ratio-based CoDA. While 
CoDA emphasizes relative rather than absolute information between 
components, the coexistence of many near-zero values, true zeros, and 
a few extremely large counts can substantially distort log-ratio relation-
ships. Therefore, scaling is typically required before applying log-ratio 
analysis to make samples comparable and to reduce the influence of 
large differences in count magnitude. As noted by Zhang et al. [53], 
uneven sequencing depth prevents direct comparison between sam-
ples unless an appropriate scaling procedure is first applied. We now 
examine the consequences of applying the log-ratio-based analytical 
framework of CoDA to compositional count data that are inherently 
constrained to lattice points. 

First, the geometric consequences of applying CoDA to lattice-
valued count data arise from the closure operation. To account for 
differences in sequencing depth across samples, CoDA commonly ap-
plies the closure operation, which rescales each sample to a common 
total before subsequent analysis. Although closure effectively removes 
sample-specific differences in sequencing depth and preserves relative 
information, it does not alter the finite density of lattice points inherent 
to count compositions. Consequently, closure maps count vectors onto 
finite-density subsets of the simplex rather than the continuous simplex 
assumed by classical CoDA. Moreover, unlike continuous compositions, 
count vectors with different numerical scales possess different densities 
of lattice points. When counts are large, lattice points become much 
denser, and their projections onto the simplex closely approximate 
the behavior of continuous compositions. In contrast, when counts 
are small, the corresponding lattice points remain sparse, yielding 
coarse and uneven subsets of the simplex after closure and making the 
discreteness of the data particularly pronounced. This scale-dependent 
change in the density of lattice points is illustrated in Fig.  3 (left), 
where small-count compositions form visibly coarse subsets of the 
simplex, whereas larger-count compositions produce much denser point 
clouds. The corresponding CLR coordinates in Fig.  3 (right) further 
illustrate the increased discretization and sampling variability associ-
ated with low-count compositions. This low density of lattice points 
can contribute to quantization artifacts and numerical instability in 
downstream log-ratio analyses [7].

Second, beyond these geometric effects, the discrete nature of count 
data also has important statistical consequences for log-ratio analysis. 
The mathematical foundations of LRA are derived under the assumption 
of strictly positive continuous real numbers [6], whereas observed se-
quencing counts are discrete realizations generated through stochastic 

sampling processes such as multinomial or Poisson distributions [7]. 
Consequently, the uncertainty associated with low-count observations 
is directly propagated into log-ratio calculations. For example, within 
the same sample, two components with counts of 1 and 2 produce 
a log-ratio of log(2∕1) = 0.69, suggesting a twofold difference that is 
largely attributable to sampling variation rather than true biological 
differences. This illustrates a general property of count data: the in-
fluence of quantization error depends strongly on the magnitude of the 
counts [7]. When counts are small, log-ratios become highly sensitive to 
single-unit changes, substantially amplifying sampling noise. As counts 
increase, this sensitivity rapidly decreases and the log-ratio behavior 
approaches that of continuous data. Consequently, direct application 
of LRA to low-count compositional data may yield unstable estimates 
of proportional relationships and associated statistical quantities. The 
impact of these effects on the evaluation of imputation methods will be 
illustrated in the simulation study presented in Section 4.

The third important consequence arises from the core assumption 
of scale invariance in CoDA, namely that multiplying all components 
by a constant should not alter their relative structure. Discrete count 
data do not naturally satisfy this assumption because their smallest 
possible increment is 1. When counts are globally scaled down, many 
distinct compositions collapse onto the same lattice points, creating 
quantization artifacts analogous to reducing the resolution of an image 
[7]. This collapsing of distinct configurations leads to information loss 
and makes the scale invariance assumption of CoDA increasingly diffi-
cult to satisfy in practice. These effects are particularly pronounced for 
low-count data, where single-unit changes can substantially distort log-
ratios. Consequently, quantization error is amplified under low-count 
conditions, making log-ratio analysis increasingly sensitive to sampling 
variation [7]. To illustrate these effects, we follow an approach anal-
ogous to that of Lovell et al. [7]. Three-part Dirichlet–multinomial 
counts were generated with a sample size of 100, a sequencing depth 
of 1000, and 𝜶 = (6, 3, 1). The simulated counts were then subjected to 
progressively stronger global downscaling followed by ceiling quantiza-
tion, allowing us to visualize both the loss of compositional resolution 
and the resulting distortion of log-ratios. The simulated results in Fig. 
4(a) illustrate this effect: global downscaling followed by ceiling quanti-
zation causes originally distinct Dirichlet–multinomial compositions to 
merge onto a limited set of lattice locations, demonstrating substantial 
information loss. The legend reports the mean log-ratio log10(𝑥1∕𝑥2)
computed at each scale. As the scaling factor decreases, these mean 
log-ratios progressively drift away from the true underlying value of 
log10(2) ≈ 0.31, reaching values as low as 0.28, thereby quantify-
ing the increasing distortion induced by aggressive downscaling and 
discretization. Fig.  4(b) further shows that quantization induces non-
negligible shifts in sample-wise log-ratios. These deviations grow larger 

Chemometrics and Intelligent Laboratory Systems 277 (2026) 105821 

9 



W. Tang et al.

Fig. 4. Effect of global scaling and ceiling quantization on Dirichlet–multinomial count data. Simulations are conducted using 100 samples from a three-part 
Dirichlet–multinomial model with sequencing depth 1000 and 𝜶 = (6, 3, 1). (a): Scatterplots show the quantized lattice-valued pairs (𝑥1, 𝑥2) obtained after applying 
four global scaling factors 𝑠 ∈ {1, 0.1, 0.01, 0.001}. The dashed line indicates the reference proportionality 𝑥2 = 0.5𝑥1, which corresponds to the expected ratio 
𝐸[𝑥1∕𝑥2] = 2 under the generative model. Legend entries report the mean log-ratio log10(𝑥1∕𝑥2) computed at each scale. (b): Boxplots show the distribution of 
per-sample log-ratio shifts 𝛥 log10(𝑥1∕𝑥2) induced by ceiling quantization.

as the scaling factor decreases, confirming that low-count regimes 
are especially susceptible to quantization-driven distortion of relative 
information. The impact of these quantization effects on the evaluation 
of imputation methods will become evident in the simulation study 
presented in Section 4.

4. Comparison for imputation-based zero handling

4.1. Methodological context and evaluation scope

The theoretical discussion in Section 3.5.3 suggests that applying 
the classical log-ratio framework to discrete sequencing count data may 
introduce numerical and geometric discrepancies that are not apparent 
under the continuous assumptions of CoDA. These theoretical consid-
erations naturally raise the question of whether such discrepancies 
have measurable consequences in practical data analysis. The follow-
ing empirical study is designed to investigate this question through 
comparative experiments on representative zero-handling methods.

In the preceding sections, we introduced several strategies for han-
dling compositional datasets with zeros, such as zero-tolerant transfor-
mations and statistical models that explicitly account for zero inflation. 
However, these approaches are typically model-dependent. For exam-
ple, regression-based methods are constructed around specific response 
variables, whereas transformation-based approaches (e.g., the Box–Cox 
family) require selecting parameters within particular modeling frame-
works or optimization criteria. In many practical applications, however, 
the downstream analytical workflow is not known in advance. This 
motivates a separate investigation of matrix-based imputation methods, 
which aim to complete the data matrix without committing to a specific 
statistical model. The resulting completed data can then be used in 
a wide range of downstream analyses, including PCA, clustering, and 
regression.

To this end, we designed controlled experiments using both a real 
high-dimensional sequencing count dataset and simulated data gener-
ated from real microbial compositions. Rather than evaluating specific 
probabilistic models, we compared representative matrix-based impu-
tation methods operating within the classical log-ratio framework on 
high-dimensional sparse HTS count data. The completed datasets were 
evaluated from three complementary perspectives: reconstruction accu-
racy, preservation of covariance structure, and downstream analytical 

performance, providing a model-agnostic comparison of their practi-
cal behavior. The simulated datasets were constructed to match the 
characteristics of the real data, allowing the observed patterns to be in-
dependently verified. The corresponding simulation results, presented 
in Appendix  A, corroborate the findings obtained from the real-data 
analysis and strengthen the robustness of our conclusions. All code 
and materials used in this work are available at https://github.com/
tangwenq/Comparison-of-zero-handling-method-in-discrete-count.

4.2. The rabbit dataset

We evaluate the performance of different imputation strategies 
using the Rabbit dataset [10]. The dataset consists of 𝐷 = 3937
microbial genes measured across 𝑛 = 89 samples collected from two 
distinct laboratory environments. Crucially, this empirical dataset is 
fully observed and contains no zeros.

The Rabbit dataset exhibits several characteristics typical of high-
throughput sequencing data. These include high dimensionality, a wide 
dynamic range, and pronounced over-dispersion, all of which challenge 
traditional continuous imputation frameworks. As shown in Fig.  5(a), 
the log–log mean–variance relationship increases monotonically with 
the mean, indicating substantial over-dispersion. The heatmap in Fig. 
5(b), ordered by column means, further illustrates the broad numerical 
range of counts—stretching from single-digit values in low-abundance 
features to counts in the tens of thousands for highly abundant ones. 
For visual clarity, low-, medium-, and high-abundance categories in the 
heatmap are defined by tertiles of the column means.

4.3. Data recovery and assessment framework

In our comparison study, we designed two sets of experiments 
to systematically examine how both the proportion of zeros and the 
dimensionality of the data influence the performance of imputation 
methods. To evaluate the performance of each method, we use two 
commonly adopted metrics defined within the traditional log-ratio 
framework: the Average Difference in Covariance Structure (ADCS) and 
the Compositional Error Deviation (CED) [22,23,54]. These metrics 
quantify how well each method preserves the compositional structure 
and covariance relationships of the original data.

Chemometrics and Intelligent Laboratory Systems 277 (2026) 105821 

10 



W. Tang et al.

Fig. 5. (a) shows the log–log mean–variance relationship across species, illustrating the over-dispersion typical of count-based compositional data. (b) displays 
the distribution of counts across samples, highlighting the wide dynamic range and considerable inter-feature heterogeneity. Low-, medium-, and high-abundance 
categories were defined by tertiles of the column means.

Fig. 6. Trends of computational runtime under different settings. The left panel shows the change of mean runtime with increasing dimension (𝑚) at fixed 
missingness probability (𝑝 = 0.5), while the right panel illustrates the runtime variation with different missingness probabilities (𝑝) at a fixed dimension (𝑚 = 200).

The first experiment examines how imputation accuracy varies with 
increasing zero proportions under different dimensional settings. For 
each dimensionality level (𝑚 = 50, 500, 1000), we randomly sampled 𝑚
columns from the Rabbit dataset. Rounded zeros were then introduced 
by replacing all values below the column-specific quantile threshold 
𝑄𝑝(𝑥⋅𝑗 ) with zero, where 𝑝 denotes the selected quantile level. In 
our experiments, 𝑝 varied from 0.05 to 0.8. Zeros were inserted into 
every second column to produce controlled zero proportions. Each 
configuration was replicated 500 times.

The second experiment examines the effect of dimensionality by 
fixing the zero proportions at 𝑝 = 0.2 and 𝑝 = 0.5 and varying 
the number of selected columns from 𝑚 = 50 up to 𝑚 = 1400, 
with 500 replications performed for each setting. All imputed matrices 
were obtained using the methods summarized in Table  5. Because 
most imputation methods are formulated for continuous data, their 
outputs are continuous as well. To better adapt these methods to count-
valued compositional data and preserve the lattice structure inherent to 
sequencing counts, we additionally applied an upward rounding step to 
convert imputed values into integers. This additional step allows us to 

examine whether preserving the discrete nature of sequencing counts 
influences reconstruction accuracy and numerical stability.

To compute the assessment metrics under the log-ratio framework, 
let 𝐒 = [𝑠𝑖𝑗 ] denote the sample covariance matrix computed from 
the original data in ILR coordinates, and let 𝐒′ = [𝑠′𝑖𝑗 ] denote the 
corresponding covariance matrix computed after imputation. The ADCS 
evaluates the preservation of the covariance matrix and is defined as: 

ADCS = 1
𝐷 − 1

‖‖𝐒 − 𝐒′‖‖𝐹 , (5)

where 𝐷 − 1 is the dimensionality of the ILR-transformed space, and 
‖⋅‖𝐹  denotes the Frobenius norm. A value of ADCS = 0 indicates perfect 
preservation of the covariance structure.

Similarly, to compute the distortion in compositional geometry, let 
𝑛𝑀  be the number of compositions 𝐱𝑚 containing at least one artificially 
introduced zero, and 𝑀 the corresponding index set. Let 𝐱̃𝑚 denote the 
imputed version of 𝐱𝑚. Let 𝐗−𝑀  denote the subset of fully observed 
compositions obtained by removing all rows indexed by 𝑀 . The CED 
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Table 5
Overview of imputation methods for left-censored compositional data.
 Method (abbr.) Function Description  
 mult_repl multRepl() Multiplicative replacement using a fixed fraction (0.65) of 

the DL, i.e., 𝑄𝑝(𝑥⋅𝑗 ). 
 

 mult_lognorm multLN() Lognormal-based replacement using a truncated 
lognormal model below DL. 

 

 mult_KMSS multKM() Multiplicative replacement using a KMSS estimate below 
DL. 

 

 lr_da lrDA() Log-ratio data augmentation procedure using iterative 
simulation. 

 

 lr_em lrEM() EM-based parametric replacement using least-squares 
regression. 

 

 lr_SVD lrSVD() Low-rank log-ratio imputation using singular value 
decomposition. 

 

 GBM cmult() Bayesian multiplicative method based on a 
Dirichlet–multinomial formulation.

 

 lmrob imputeBDLs(..., method="lmrob") EM-based parametric replacement using robust MM 
regression. 

 

 PLS imputeBDLs(..., method="PLS") EM-based parametric replacement using pls regression.  
 dl_unif runif(0.1 * DL, DL) Random draws from a uniform distribution between 

0.1 ⋅𝐷𝐿 and 𝐷𝐿. 
 

 add1 – Fixed-value replacement where all zeros are set to 1.  

Fig. 7. Comparison of imputation methods in terms of CED (left) and ADCS (right) metrics under varying dimensionality (𝑚 = 50, 500, 1000) and missingness 
probabilities.

is defined as: 

CED = 1
𝑛𝑀

∑
𝑚∈𝑀

𝑑𝐴(𝐱𝑚, 𝐱̃𝑚)
max𝐱𝑖 , 𝐱𝑗∈𝐗−𝑀

𝑑𝐴(𝐱𝑖, 𝐱𝑗 )
, (6)

where 𝑑𝐴(⋅, ⋅) denotes the Aitchison distance defined between two 
compositions 𝐱 and 𝐲 as follows: 

𝑑𝐴(𝐱, 𝐲) =
[ 𝐷∑
𝑖=1

(
ln

𝑥𝑖
𝑔(𝐱)

− ln
𝑦𝑖
𝑔(𝐲)

)2
]1∕2

. (7)

The denominator in Eq. (6) normalizes the deviation by the maxi-
mum observed Aitchison distance between fully observed compositions 
in 𝐗. As a result, CED provides a relative measure of distortion that ac-
counts for the overall compositional variability of the dataset. The cri-
terion generalizes the measure proposed by Filzmoser et al. [11].  The 
computations were performed using the Puhti supercomputer provided 
by CSC – IT Center for Science, Finland.

4.4. Results of matrix recovery and metric accuracy

From a technical perspective, the results revealed considerable lim-
itations in several methods. For instance, lmrob did not produce valid 
outcomes in practice. The lr_da method was only applicable in low-
dimensional cases (e.g., 𝑚 = 50), and even under this setting, the 
invalid proportion of simulations increased sharply with the proportion 
of zeros — from 0.28 at 𝑝 = 0.05 up to 0.912 at 𝑝 = 0.8 — indicating 
limited practical applicability. Similarly, the mult_KMSS method also 
showed increasing failure rates with higher dimensionality: while the 
mean missing rate across all 𝑝 at fixed 𝑚 was only 0.056 for 𝑚 = 50, it 
rose to 0.59 for 𝑚 = 1000. Furthermore, PLS became computationally 
infeasible at 𝑚 = 1000, making it the most time-consuming method 
among those evaluated (Fig.  6).

Figs.  8 and 7 summarize the reconstruction performance of the 
different imputation methods using the CED and ADCS metrics. Fig. 
8 presents the mean metric values across varying dimensions and 
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Fig. 8. Comparison of imputation methods using the CED and ADCS metrics. (a) Mean metric values under varying dimensionality and missingness probabilities. 
(b) Comparison between Raw and Ceil preprocessing under fixed missingness probabilities across different dimensions.

missingness levels, whereas Fig.  7 shows the corresponding distribu-
tions over simulation replicates, providing a complementary view of 
the variability and stability of the different methods. In both figures, 
‘‘Raw’’ denotes the continuous imputed matrices, whereas ‘‘Ceil’’ de-
notes the corresponding results after applying the ceiling operation 
to map the imputed values to integers. Focusing on the general per-
formance trends of the continuous (raw) data, the methods displayed 
clear structural differences across dimensional and sparsity levels. The 
three multiplicative approaches (mult_repl, mult_lognorm, and
mult_KMSS) exhibited moderate and highly similar error growth as 
the zero proportion increased, showing poor performance in ADCS due 
to induced artificial correlations. Meanwhile, add1 and GBM consis-
tently maintained higher deviations across most settings, though their 
errors remained relatively stable at high sparsity levels. In contrast,
lr_SVD and dl_unif generally maintained the lowest reconstruction 
errors across different dimensions and missingness levels. As the di-
mensionality increased, several methods progressively failed to produce 
valid results for some simulation replicates, reflecting increasing com-
putational or numerical limitations under high-dimensional settings. 

Importantly, under this continuous raw evaluation framework, PLS
performed poorly across all tested dimensions. Specifically, at mod-
erate sparsity levels within each dimension, PLS (raw) generated 
exceptionally high CED and ADCS values.

Evaluating the upward rounding (ceiling) operation reveals clear 
differences between method types. As illustrated across the boxplots in 
Fig.  7 and the trend lines in Fig.  8, applying the ceiling operation gener-
ally provides a minor stability improvement or maintains stable errors 
for most imputation methods, such as the multiplicative approaches. 
However, the ceiling operation leads to a substantial performance 
improvement for the PLS method. 

Tables  6 and 7 quantify the instability observed for PLS using 
two summary measures: the proportion of replicates with a metric 
ratio exceeding five (Metricraw∕Metricceil > 5) and the corresponding 
median ratio. Three main patterns emerge. First, higher-dimensional 
settings were more prone to severe metric instability. For example, 
under relatively low sparsity (𝑝 = 0.2), the proportion of unstable ADCS 
replicates increased from 36.0% at 𝑀 = 50 to 90.8% at 𝑀 = 500, while 
the corresponding median inflation ratio increased from 1.13 to 18.55. 
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Table 6
Proportion of high-ratio replicates and median ratios for PLS across varying missingness levels (𝑝).
 𝑝 𝑀 = 50 𝑀 = 500

 CED ADCS CED ADCS

 Prop. Median Prop. Median Prop. Median Prop. Median 
 0.05 0.002 1.007 0.002 0.993 0.000 1.161 0.000 1.397  
 0.10 0.022 1.007 0.060 1.007 0.000 1.314 0.000 1.631  
 0.15 0.052 1.025 0.228 1.051 0.070 2.252 0.522 5.557  
 0.20 0.118 1.050 0.360 1.127 0.404 4.688 0.908 18.548  
 0.25 0.182 1.363 0.440 2.272 0.668 5.414 0.992 21.926  
 0.30 0.264 3.394 0.572 19.630 0.878 5.740 1.000 25.224  
 0.35 0.322 3.791 0.600 22.095 0.934 5.973 1.000 26.926  
 0.40 0.448 4.680 0.712 28.042 0.976 6.055 1.000 27.928  
 0.45 0.514 5.077 0.778 30.200 0.982 6.029 1.000 28.039  
 0.50 0.580 5.407 0.818 31.478 0.968 6.027 1.000 28.160  
 0.55 0.604 5.425 0.806 32.190 0.948 5.929 1.000 27.207  
 0.60 0.586 5.551 0.808 31.723 0.892 5.777 1.000 25.873  
 0.65 0.646 5.875 0.816 33.370 0.740 5.391 1.000 22.734  
 0.70 0.648 5.795 0.834 33.348 0.366 4.665 0.936 17.593  
 0.75 0.692 5.993 0.850 32.449 0.044 2.226 0.492 4.946  
 0.80 0.666 5.919 0.816 31.713 0.000 1.221 0.000 1.477  

Table 7
Proportion of high-ratio replicates and median ratios for PLS across varying dimensions (𝑀).
 𝑀 Fixed 𝑝 = 0.2 Fixed 𝑝 = 0.5

 CED ADCS CED ADCS

 Prop. Median Prop. Median Prop. Median Prop. Median 
 50 0.118 1.050 0.360 1.127 0.580 5.407 0.818 31.478  
 100 0.052 1.038 0.284 1.102 0.404 4.328 0.754 24.217  
 200 0.144 2.201 0.564 8.913 0.706 5.594 0.958 29.591  
 300 0.273 3.675 0.795 17.730 0.863 5.899 1.000 29.301  
 400 0.422 4.645 0.870 19.577 0.933 6.004 1.000 29.083  
 500 0.404 4.688 0.908 18.548 0.968 6.027 1.000 28.160  

Second, Table  6 shows that instability was mainly observed under 
moderate sparsity levels, roughly between 𝑝 = 0.3 and 𝑝 = 0.7. Table  7 
further clarifies this pattern by comparing 𝑝 = 0.2 and 𝑝 = 0.5. Under 
𝑝 = 0.2, CED remained relatively stable across dimensions, with the 
proportion of unstable replicates staying below 43% even at 𝑀 = 500. 
In contrast, under 𝑝 = 0.5, CED instability was already observed in 
58.0% of replicates at 𝑀 = 50 and increased to 96.8% at 𝑀 = 500. 
Similar trends were observed for ADCS. Finally, ADCS was consistently 
more sensitive than CED, exhibiting both higher proportions of unstable 
replicates and substantially larger inflation ratios. After applying the 
ceiling operation, these inflated errors were largely eliminated, making 
the performance of PLS comparable with that of most other methods.

To examine the specific imputation behavior leading to these metric 
outcomes, we checked a single representative replicate (rep = 1) 
under a moderate-dimensional setting (𝑚 = 200, 𝑝 = 0.2). Without 
loss of generality, six representative columns were selected from the 
low-, medium-, and high-abundance groups. Boxplots of all imputed 
values and true-versus-imputed scatter plots for PLS and lr_SVD are 
presented in Fig.  9. As shown in the scatter plots, most PLS imputations 
lie close to the reference line 𝑦 = 𝑥. This indicates that the majority of 
estimates remain close to their true values, despite the poorer overall 
reconstruction metrics. However, PLS generated extremely small con-
tinuous magnitudes across an entire column, with the variable mg820
clearly identifiable as the cause of this outlier pattern in this replicate. 
After applying the ceiling operation, these very small continuous values 
were converted into integers, leading to a substantial reduction in 
both CED and ADCS.This example illustrates one mechanism behind 
the metric degradation using a single replicate and six representative 
columns; similar outlier behavior may also occur in the remaining 
unshown columns or other repetitions. Additional examples illustrating 
how such rare small-value artifacts arise under other dimensionalities 
and zero proportions are included in Appendix  B.

In addition, due to the wide dynamic range of the rabbit dataset 
— spanning several orders of magnitude — the multiplicative meth-
ods (mult_repl, mult_lognorm, and mult_KMSS) occasionally 
produced rows (samples) containing all-negative imputed values.

4.5. Assessment of downstream PCA and clustering analysis

While the previous sections focused on reconstruction accuracy and 
covariance structure, these metrics do not necessarily reflect the quality 
of downstream analyses. We therefore further evaluated the imputed 
datasets from the perspective of low-dimensional structure recovery 
and clustering performance. The performance of methods was assessed 
by computing the Procrustes distance between the estimated PCA scores 
and the true PCA scores. Specifically, for each simulation replicate, 
the true complete matrix and the imputed matrices were first CLR-
transformed, and two-dimensional PCA scores were obtained from the 
first two principal components (𝑘 = 2). The Procrustes distance was 
then computed as the minimal squared difference between the esti-
mated and true PCA configurations after optimal rotation and reflection 
(sign changes), without scaling: 

𝑚2 =
𝑛∑
𝑖=1

𝑘∑
𝑟=1

(
𝑓𝑖𝑟,fitted − 𝑓𝑖𝑟,true

)2 , (8)

where 𝑓𝑖𝑟,true denotes the PCA score of sample 𝑖 on principal component 
𝑟 obtained from the complete data, and 𝑓𝑖𝑟,fitted denotes the correspond-
ing aligned PCA score after Procrustes transformation. Thus, 𝑚2 is the 
Procrustes residual sum of squares, with smaller values indicating bet-
ter recovery of the low-dimensional sample configuration. Based on the 
previous analyses, representative combinations of variable dimensions 
(𝑀 = 50, 100, 200, 300) and zero proportions (𝑝 = 0.2, 0.5, 0.8) were 
evaluated over 500 independent simulation replicates.

Fig.  10 presents the resulting PCA-Procrustes distances (𝑚2) across 
these scenarios. The three multiplicative approaches (mult_lognorm,
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Fig. 9. Local inspection of imputation behavior under 𝑚 = 200, 𝑝 = 0.2, and rep = 1. The left portion of the figure shows the distribution of imputed values across 
different imputation methods for six representative variables (two from each abundance level: low, medium, and high), with the corresponding number of PLS 
components (𝑛comp) annotated in each facet. The right portion displays scatter plots comparing true versus imputed values (with 𝑦 = 𝑥 as a reference line) for the
PLS and lr_SVD methods. While most PLS imputations closely follow the identity line, certain variables (e.g., mg820) show pronounced deviations, which in 
turn lead to inflated log-ratio-based error measures such as CED and ADCS in global evaluations.

Fig. 10. PCA-Procrustes distances (𝑚2) for different imputation methods across varying dimensions (𝑀) and zero proportions (𝑝).

mult_repl, and mult_KMSS) exhibit the worst performance, consis-
tently yielding the highest residual errors. In contrast to the previous 
mathematical metrics where PLS performed the worst under higher 
dimensions and sparsity, it handles low-dimensional recovery rela-
tively well here. Although its errors increase as the zero proportion 
grows across different dimensions, PLS maintains a generally good 

position compared to most other methods. Furthermore, the ceiling 
operation directly lowers the numerical error scores for several meth-
ods, including PLS. Among the remaining methods, although lr_SVD
and dl_unif previously dominated PLS across all raw mathematical 
metrics, they do not consistently outperform it here under expanding 
dimensions and higher missingness levels.
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Fig. 11. Representative PCA score plots of the original complete dataset and the corresponding raw imputed datasets for the 𝑀 = 400 feature subset under 
varying zero proportions (𝑝 = 0.2, 0.5, and 0.8). Samples are colored and shaped according to the true laboratory groups (Laboratory C: red circles; Laboratory 
SM: blue triangles).  (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

To further assess the downstream impact of imputation, we evalu-
ated the recovery of sample group structure through clustering analysis. 
The Rabbit dataset contains samples from two laboratories (33 from 
Laboratory C and 56 from Laboratory SM). Clustering performance was 
evaluated using two complementary measures: the Adjusted Rand Index 
(ARI) and the Normalized Mutual Information (NMI). ARI measures 
the agreement between the predicted clusters and the true laboratory 
labels while correcting for chance. NMI quantifies the amount of shared 
information between the predicted and true groupings. For both met-
rics, values closer to 1 indicate better recovery of the original group 
structure.

For visual assessment, we first considered a high-dimensional set-
ting with 𝑀 = 400 variables and examined the recovery of the 
two-dimensional PCA configuration after imputation. A representative 
subset for which the original complete dataset showed clear separation 
between the two laboratory groups (ARI = 1.00 and NMI = 1.00) was se-
lected to facilitate visual comparison, as shown in Fig.  11(a). Fig.  11(b) 

presents the corresponding PCA score plots of the raw imputed datasets 
under different zero proportions, allowing a qualitative comparison of 
how well the original sample structure is preserved by each imputation 
method.

The PCA score plots reveal clear differences among the imputa-
tion methods in their ability to preserve the original sample struc-
ture. The multiplicative approaches (mult_lognorm, mult_repl, 
and mult_KMSS) exhibit little separation between the two labora-
tory groups, whereas PLS and dl_unif largely preserve the original 
group structure across different sparsity levels. Methods such as add1,
lr_SVD, and GBM recover some degree of separation, although the 
group boundaries become less distinct than in the original data.

To further quantify the recovery of downstream structure, we eval-
uated clustering performance based on the PCA scores. For each repli-
cate, K-means clustering (𝑘 = 2) was performed using the first two 
principal components. To compare the imputed data with the original 
complete data, we report the differences 𝛥 = Base − Imputed, where 
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Fig. 12. Differences in clustering performance (𝛥 = Base − Imputed) under K-means clustering. Results are shown for three sparsity levels (𝑝 = 0.2, 0.5, and 0.8). 
Smaller 𝛥 values indicate better recovery of the clustering structure after imputation.

Table 8
Mean differences in 𝛥ARI and 𝛥NMI between the original complete data and the imputed data under K-means clustering. Here, 
𝛥 = Base−Imputed, so smaller values indicate better recovery of the clustering structure. Bold values indicate that the ceil-corrected 
results achieved a smaller 𝛥 than the corresponding raw results. The reported values are means over 200 independent simulation 
replicates.
 Method Delta Adjusted Rand Index (𝛥 ARI)
 𝑝 = 0.2 𝑝 = 0.5 𝑝 = 0.8

 Raw Ceil Raw Ceil Raw Ceil  
 add1 0.8264 0.8264 0.8148 0.8148 0.9230 0.9230  
 mult_KMSS 0.8542 0.8542 0.8746 0.8746 0.9065 0.9065  
 mult_lognorm 0.8601 0.8601 0.8579 0.8579 0.8740 0.8740  
 mult_repl 0.7968 0.7987 0.8576 0.8576 0.8617 0.8617  
 dl_unif 0.1398 0.1366 0.2078 0.2044 0.3023 0.3025  
 GBM 0.8114 0.8185 0.8138 0.8143 0.9229 0.9231  
 lr_SVD 0.8275 0.8275 0.8543 0.8541 0.9198 0.9198  
 PLS 0.6632 0.1455 0.8437 0.8017 0.2618 0.2171 
 Method Delta Normalized Mutual Information (𝛥 NMI)

 𝑝 = 0.2 𝑝 = 0.5 𝑝 = 0.8

 Raw Ceil Raw Ceil Raw Ceil  
 add1 0.8027 0.8027 0.7689 0.7689 0.8090 0.8090  
 mult_KMSS 0.8037 0.8037 0.8324 0.8324 0.8313 0.8313  
 mult_lognorm 0.8045 0.8045 0.8138 0.8138 0.8161 0.8161  
 mult_repl 0.7520 0.7536 0.8078 0.8078 0.8137 0.8137  
 dl_unif 0.1864 0.1826 0.2490 0.2459 0.3585 0.3588  
 GBM 0.7929 0.7975 0.7678 0.7683 0.8079 0.8082  
 lr_SVD 0.8013 0.8013 0.8041 0.8039 0.8176 0.8175  
 PLS 0.6559 0.1904 0.7855 0.7476 0.2877 0.2492 

smaller values indicate better recovery of the original clustering struc-
ture. Fig.  12 summarizes the distributions of 𝛥ARI and 𝛥NMI across the 
200 repeated simulation replicates, providing an overall comparison of 
clustering performance. Table  8 reports the corresponding mean 𝛥ARI 
and 𝛥NMI values for each method. 

Overall, the three multiplicative approaches (mult_lognorm,
mult_repl, and mult_KMSS), together with add1, GBM, and
lr_SVD, produced relatively large 𝛥ARI and 𝛥NMI values across 
the three sparsity levels. In contrast, dl_unif consistently produced 
the smallest differences from the original complete data. A different 

pattern was observed for PLS. Although it exhibited relatively poor 
performance according to the reconstruction-based metrics (CED and 
ADCS), this was not reflected in the downstream clustering analysis, 
where substantially smaller 𝛥ARI and 𝛥NMI values were obtained.

As shown in Table  8, the effect of the ceiling post-processing varied 
across the imputation methods. The most pronounced improvement 
was observed for PLS. At 𝑝 = 0.2, the mean 𝛥ARI decreased from 
0.6632 to 0.1455, while the mean 𝛥NMI decreased from 0.6559 to 
0.1904 after ceiling correction. More moderate reductions were ob-
served at 𝑝 = 0.5 (𝛥ARI: 0.8437 to 0.8017; 𝛥NMI: 0.7855 to 0.7476) and 
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𝑝 = 0.8 (𝛥ARI: 0.2618 to 0.2171; 𝛥NMI: 0.2877 to 0.2492). A smaller 
but consistent improvement was also observed for dl_unif at 𝑝 = 0.2
and 𝑝 = 0.5. For the remaining methods, the differences between the 
raw and ceil results were negligible.

To examine whether these observations depend on the choice of 
clustering algorithm, we repeated the analysis using a Gaussian mixture 
model (GMM). The corresponding results are presented in Appendix  C 
and are consistent with those obtained using K-means clustering.

4.6. Discussion and recommendations

Several findings suggest that caution is required when evaluat-
ing imputation methods for compositional count data. Performance 
rankings based on reconstruction metrics do not always align with 
downstream analytical performance. The most notable example is PLS, 
which exhibited poor performance under the reconstruction-based met-
rics (CED and ADCS) but substantially better performance in the PCA-
Procrustes and clustering analyses. This discrepancy demonstrates that 
methods showing large reconstruction errors do not necessarily fail 
to preserve biologically meaningful group structure in compositional 
count data.

A notable characteristic of PLS is the occasional generation of 
extremely small positive imputed values. Although most imputed val-
ues align closely with the reference line 𝑦 = 𝑥, indicating strong 
preservation of proportional relationships, rare near-zero estimates — 
such as those observed for variable mg820 in Fig.  9 — can produce 
entire columns of exceptionally small values in individual replicates. 
Because CED and ADCS operate within the log-ratio framework, these 
tiny positive values are disproportionately amplified, inflating the error 
scores. Applying a ceiling operation corrects these values by convert-
ing them to integers, effectively mitigating logarithmic amplification, 
consistent with the earlier discussion that quantization error has the 
strongest impact on extremely small values — particularly those below 
1 — where values far less than 1 are rounded up to 1 and thus the 
extreme distortions in the log-ratio computations are greatly alleviated. 
This reduction in error therefore reflects decreased metric sensitivity 
rather than an inherent improvement in the underlying predictive 
accuracy. Similar rare-value effects may occur in the remaining vari-
ables or across different repetitions, even though they are not all 
shown here. A supplementary comparison study based on simulated 
count data is provided in Appendix  A, further confirming that the 
observed behavior of PLS is not specific to the Rabbit dataset but 
reflects a more general mechanism. Additional examples illustrating 
how such rare small-value artifacts arise under other dimensionalities 
and zero proportions are included in Appendix  B. The PCA-Procrustes 
and clustering analyses provide further support for this interpretation. 
One possible explanation is that these downstream analyses primarily 
assess recovery of the first two principal components, whereas CED 
and ADCS evaluate discrepancies across the covariance structure as a 
whole. Despite exhibiting poor performance under CED and ADCS, PLS
consistently preserved the low-dimensional sample structure and the 
separation between the two laboratory groups. The ceiling operation 
produced the largest downstream improvements for PLS, while the 
remaining methods changed only marginally.

Building on these observations, the empirical findings are broadly 
consistent with the theoretical considerations discussed in Section 3.5. 
As discussed there, extremely small positive values can be dispropor-
tionately amplified by log-ratio transformations, making
reconstruction-based metrics particularly sensitive to rare near-zero 
imputations. The behavior observed for PLS provides an empirical 
illustration of this mechanism.

These findings also have practical implications for method selection. 
Reconstruction accuracy alone is insufficient for evaluating imputa-
tion methods for compositional count data. Methods such as lr_SVD
provide stable reconstruction performance, whereas PLS may better 

preserve downstream structures despite less favorable reconstruction-
based metrics. Although dl_unif often achieves competitive results, 
its stochastic nature limits interpretability. More generally, reconstruc-
tion metrics should not be interpreted in isolation when analyzing 
compositional count data. Whenever possible, conclusions should be 
verified against downstream analytical objectives. Our results further 
suggest that modestly preserving the discrete nature of sequencing 
counts, for example through simple integer mapping procedures, may 
facilitate the recovery of meaningful data structures and contribute to 
more stable downstream analyses. Importantly, the ceiling operation 
adopted in this study should be viewed as a simple proof-of-concept 
rather than a unique solution. The broader implication is that re-
placement methods may benefit from respecting the lattice structure 
of count compositions by mapping continuous imputations back onto 
the discrete support. This perspective is consistent with the concep-
tual framework of discrete replacement proposed by Lovell et al. [7], 
who suggested replacing zeros with positive discrete values below 
one count derived from the empirical distribution of non-zero ob-
servations to preserve the discrete nature of count data. Our results 
suggest that preserving the lattice structure of count compositions may 
be an important consideration, independent of the specific mapping 
strategy adopted. Alternative lattice-preserving mapping or discrete 
interpolation strategies therefore remain worthy of future investigation.

5. Conclusion

In this review, we examined the challenge of zero values in com-
positional data, motivated in particular by high-dimensional and ex-
tremely sparse sequencing-based microbiome datasets. As sequencing 
technologies continue to advance, such data have become increasingly 
common, yet conventional log-ratio-based compositional data analysis 
remains fundamentally incompatible with zeros. The problem becomes 
even more complex in sequencing count data, where measurements 
are discrete and lattice-valued rather than continuous, violating key 
assumptions underlying classical CoDA.

We began by revisiting the geometric foundations of composi-
tional data and emphasized the importance of distinguishing between 
rounded zeros and essential zeros, as they arise from different mecha-
nisms and demand different treatments. Building on this distinction, we 
summarized three major methodological directions: zero-tolerant trans-
formations, zero-replacement strategies that construct strictly positive 
compositions, and model-based approaches that retain zeros as statis-
tically meaningful quantities. We then reviewed probabilistic methods 
specifically developed for count compositional data and, finally, dis-
cussed the theoretical consequences of applying continuous log-ratio 
CoDA to discrete lattice-valued count compositions, highlighting the 
mismatch between classical CoDA assumptions and modern HTS data.

These theoretical considerations motivated the empirical part of 
this study. Rather than evaluating specific probabilistic models, our 
objective was to examine the practical behavior of the classical log-
ratio framework when applied to high-dimensional sparse HTS count 
data, and to investigate whether the theoretical limitations discussed 
above have measurable consequences in practice. To this end, we 
carried out a model-agnostic comparison of representative matrix-based 
imputation methods operating within this framework, evaluating their 
performance in terms of numerical accuracy, preservation of compo-
sitional structure, and downstream analytical performance. The com-
parative experiments were conducted on both real high-dimensional 
datasets and simulated data generated from real microbial composi-
tions. Our results reveal that conventional reconstruction metrics do not 
always reflect downstream analytical performance. Several log-ratio-
based methods achieved consistently strong numerical performance. 
However, methods with similar reconstruction accuracy could still 
produce noticeably different PCA and clustering results. Further quan-
titative analyses showed that extremely small imputed values can be 
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substantially amplified by log-ratio transformations, leading to numer-
ical instability. We also observed that preserving the discrete nature of 
count data, for example through discretization-based post-processing, 
can facilitate the recovery of the underlying data structure and im-
prove the accuracy of downstream analyses. These findings support the 
theoretical discussion in Section 3.5.3 and reinforce the importance of 
explicitly accounting for the discrete nature of sequencing count data 
when developing and evaluating zero-handling methods. Overall, no 
existing method consistently achieved both accurate reconstruction and 
stable downstream performance across all evaluation criteria, indicat-
ing an inherent trade-off between numerical fidelity and preservation 
of the original count structure.

There remains a need for methodological frameworks that jointly 
address zero inflation, compositional constraints, and discreteness
within a coherent statistical framework. Future work should aim to 
preserve both the statistical properties of count data and the rela-
tive structure emphasized by CoDA, while exploring more effective 
strategies for maintaining the discrete nature of sequencing counts 
beyond simple post-processing. Evaluation should also extend beyond 
reconstruction metrics to downstream analytical tasks such as dimen-
sionality reduction, clustering, and biological inference. Progress will 
also benefit from standardized benchmarks, reproducible workflows, 
and accessible software implementations.

By organizing the scattered literature and clarifying the statistical 
nature of zeros, this review establishes a more coherent conceptual 
framework for zero handling in compositional settings.
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Appendix A. Simulation design for zero-imputation comparison

In this appendix, we present the results of applying the imputation 
methods listed in Table  5 to a simulation dataset.

A.1. Construction of zero-free simulation dataset

We begin with a real microbiome count matrix 𝐘, taken from the
gllvm example dataset. The data consist of normalized read counts 
of 985 bacterial species sampled from 56 soil sites across three distinct 
climatic regions: Ny-Ålesund (high Arctic), Kilpisjärvi (low Arctic), and 
Mayrhofen (European Alps) [55]. Species were identified based on 16S 
rRNA similarity and clustered into OTUs. The dataset exhibits 63.3% 
sparsity (zeros).

Following the procedure in [1], we construct a corresponding zero-
free dataset using a Bayesian smoothing step.

For each sample 𝑖 with observed count vector 𝐧𝑖, we place a sym-
metric Dirichlet prior with parameter 12  and draw from the posterior:

𝐩𝑖 ∣ 𝐧𝑖 ∼ Dirichlet
(
𝐧𝑖 +

1
2

)
.

Collecting all samples yields a strictly positive compositional matrix:

𝑃post = {𝐩𝑖}𝑛𝑖=1.

This assigns strictly positive mass to all taxa, including those originally 
observed as zero.

To obtain a count matrix analogous to sequencing output, we scale 
the posterior compositions by a fixed sequencing depth that was man-
ually increased to ensure that rounding would not introduce zeros:
𝑌nozero,𝑖𝑗 = Round

(
𝑃post,𝑖𝑗 ⋅ depthfull

)
.

This yields a fully positive integer count matrix of dimension 56 × 985 
that contains no zeros, preserves key characteristics typical of high-
throughput sequencing data — such as a wide dynamic range — 
similar to those observed in the Rabbit dataset, and retains its inherent 
compositional nature, making it suitable for log–ratio-based evaluation.

This Dirichlet-based construction followed by scaling is consistent 
with simulation strategies used in microbiome studies, including Chen 
and Li [56].

The zero-insertion and imputation experiments follow the design in 
Section 4.3, using 𝑚 = 50 and 𝑚 = 200 with 𝑝 = 0.2, due to computa-
tional constraints. We note this briefly here, as the experimental logic 
otherwise remains unchanged.

A.2. Results of matrix recovery and metric accuracy

Across all simulation scenarios, the results consistently show that 
the behavior of PLS after applying the ceiling operation closely par-
allels the patterns observed in the main experiment. As shown in 
Figs.  13–15 and quantified via the high-ratio proportions (Metricraw∕
Metricceil > 5) and median ratios in Tables  9 and 10, the ceiling 
adjustment substantially reduces the CED and ADCS values, confirming 
that the metric distortion is driven jointly by expanding dimensions 
and moderate-to-high sparsity. Specifically, Table  9 shows that for the 
Ynozero simulation at 𝑀 = 200 and moderate sparsity (𝑝 = 0.35), the 
high-ratio proportion for ADCS reaches 100% with a median ratio of 
42.27. Similarly, at a fixed 𝑝 = 0.2, Table  10 confirms that the high-ratio 
proportion for ADCS rises steadily from 2.8% at 𝑀 = 50 up to 87.8% at 
𝑀 = 500 as dimension increases, with a median ratio of 5.97. Because 
the simulation data replicate the key characteristics of the Rabbit 
dataset — discrete support, heterogeneous scales, and a wide dynamic 
range — the consistent improvement of PLS after rounding across 
both datasets confirms a general scale mismatch in count compositional 
settings, rather than an effect specific to any particular dataset. 

A.3. Results of downstream analysis

The PCA–Procrustes analysis on the simulated dataset further sup-
ports the conclusions obtained from the real microbiome data. As 
shown in Fig.  16, PLS does not exhibit the severe degradation observed 
under the reconstruction-based metrics (CED and ADCS). Instead, its 
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Fig. 13. Comparison of imputation methods in terms of CED and ADCS metrics under varying dimensionality and missingness probabilities with simulation 
dataset.

Fig. 14. Comparison of CED and ADCS metrics (Raw and Ceil) across different dimensions 𝑚 under a fixed missingness probability of 𝑝 = 0.2 under simulation 
dataset.
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Fig. 15. Simulation-based comparison of imputation methods in terms of CED (top) and ADCS (bottom) metrics across dimensionality (𝑚 = 50,200) and 
missingness probabilities.

PCA recovery remains comparable to that of several other methods 
across different dimensions and missingness levels, indicating that large 
reconstruction errors do not necessarily translate into poor downstream 
multivariate performance.

The ceiling post-processing generally leads to further improvements 
in PCA recovery for several methods, including PLS. Although the im-
provement is less pronounced than that observed for the reconstruction 
metrics, the overall trend is consistent with the results obtained from 
the Rabbit dataset, providing additional support for the observations 
reported in the main text.

Appendix B. Additional diagnostic figures

To complement the localized example discussed in the main text, 
this appendix provides additional local diagnostic plots that follow the 
same experimental design as in the main body, with the same data-
generating mechanism and evaluation procedure, but using different 
combinations of dimensionality (𝑚) and zero proportion (𝑝). These plots 
illustrate how rare but extremely small imputed values can arise under 
various settings, even when only 𝑚 and 𝑝 are altered.
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Table 9
Proportion of high-ratio replicates and median ratios for PLS across varying missingness levels (𝑝) for the Ynozero dataset.
 𝑝 𝑀 = 50 𝑀 = 200

 CED ADCS CED ADCS

 Prop. Median Prop. Median Prop. Median Prop. Median 
 0.05 0.041 0.906 0.038 0.091 0.006 1.134 0.002 1.111  
 0.10 0.022 0.972 0.018 0.093 0.012 1.519 0.086 1.716  
 0.15 0.024 1.103 0.026 1.028 0.132 3.141 0.518 5.110  
 0.20 0.014 0.924 0.028 0.955 0.208 3.580 0.682 6.340  
 0.25 0.026 1.032 0.062 1.095 0.730 6.945 0.962 17.176  
 0.30 0.044 1.116 0.124 1.242 0.944 11.244 0.994 39.081  
 0.35 0.082 1.156 0.172 1.329 0.980 11.394 1.000 42.268  
 0.40 0.076 1.099 0.198 1.249 0.978 10.618 0.996 38.789  
 0.45 0.090 1.114 0.222 1.329 0.986 9.786 1.000 36.193  
 0.50 0.090 1.104 0.248 1.288 0.974 9.076 0.998 33.260  
 0.55 0.104 1.133 0.258 1.417 0.950 8.081 0.998 28.405  
 0.60 0.088 1.123 0.242 1.341 0.796 7.041 0.974 22.856  
 0.65 0.066 1.123 0.228 1.318 0.502 5.015 0.790 13.158  
 0.70 0.052 1.109 0.182 1.247 0.048 2.382 0.274 3.439  
 0.75 0.048 1.074 0.130 1.133 0.000 1.623 0.004 1.747  
 0.80 0.024 1.050 0.086 1.078 0.000 1.234 0.000 1.182  

Fig. 16. Simulation-based comparison of PCA–Procrustes residuals (Raw and Ceil) across different dimensions and missingness probabilities.

Table 10
Proportion of high-ratio replicates and median ratios for PLS across varying 
dimensions (𝑀) at fixed missingness (𝑝 = 0.2) for the special path dataset.
 𝑀 CED ADCS

 Prop. Median Prop. Median 
 50 0.014 0.924 0.028 0.955  
 100 0.114 1.577 0.390 2.310  
 200 0.208 3.580 0.682 6.340  
 300 0.214 4.135 0.740 6.068  
 400 0.246 4.361 0.782 5.993  
 500 0.259 4.569 0.878 5.972  

These examples serve two purposes. First, they demonstrate that 
the appearance of near-zero imputation artifacts generated by PLS is 

not limited to the specific case highlighted in the main manuscript 
(e.g., variable mg820), but also occurs across a broader range of 
simulation settings. Second, they show that the presence of such ex-
tremely small values can affect the stability of log-ratio-based eval-
uation metrics, suggesting that this issue deserves further attention 
when log-ratio methods are applied to count data. This phenomenon 
may arise more broadly in count-based compositional settings and does 
not depend on the particular variable or dimensional configuration
involved.

Figs. 17(a) and 17(b) present two representative instances showing 
that, under different dimensionalities and zero-proportion settings, a 
single variable can again produce extremely small raw imputations 
under PLS, resulting in entire columns of near-zero values.
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Fig. 17. (a) corresponds to 𝑚 = 100, 𝑝 = 0.20 with abnormal variable MG820, and (b) corresponds to 𝑚 = 500, 𝑝 = 0.30 with abnormal variable MG650. Each 
panel summarizes the distribution of imputed values across methods together with true–imputed comparisons for representative variables.

Appendix C. Additional clustering analysis using Gaussian mix-
ture models

To evaluate whether the conclusions depend on the choice of clus-
tering algorithm, we repeated the downstream clustering analysis using 
a two-component GMM. The same simulation settings and evaluation 

procedure as those described in the Section 4.5 were adopted. Fig.  18 
shows the distributions of the differences in ARI and NMI between 
the original complete data and the imputed data over 200 simulation 
replicates. Overall, the GMM results are consistent with those obtained 
using K-means clustering, further supporting the robustness of the main 
conclusions (see Table  11).
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Fig. 18. Differences in clustering performance (𝛥 = Base − Imputed) under Gaussian mixture model (GMM) clustering. Smaller 𝛥 values indicate better recovery 
of the clustering structure after imputation. The overall patterns are consistent with those obtained using K-means clustering in the Section 4.5.

Table 11
Mean differences in Adjusted Rand Index (𝛥ARI) and Normalized Mutual Information (𝛥NMI) between the original complete data 
and the imputed data under Gaussian mixture model (GMM) clustering. Here, 𝛥 = Base − Imputed, so smaller values indicate 
better recovery of the clustering structure. Bold values indicate that the ceil-corrected results achieved a smaller 𝛥 than the 
corresponding raw results.
 Method Delta Adjusted Rand Index (𝛥 ARI)
 𝑝 = 0.2 𝑝 = 0.5 𝑝 = 0.8

 Raw Ceil Raw Ceil Raw Ceil  
 add1 0.7483 0.7483 0.8489 0.8489 0.9457 0.9457  
 mult_KMSS 0.8846 0.8843 0.8628 0.8614 0.9380 0.9380  
 mult_lognorm 0.8881 0.8881 0.8533 0.8520 0.9111 0.9111  
 mult_repl 0.8512 0.8515 0.8408 0.8379 0.8979 0.8980  
 dl_unif 0.1799 0.1747 0.4257 0.4173 0.3006 0.3040  
 GBM 0.7386 0.7361 0.8448 0.8472 0.9454 0.9457  
 lr_SVD 0.8653 0.8666 0.8653 0.8652 0.9477 0.9478  
 PLS 0.6995 0.3205 0.6661 0.6211 0.2766 0.1753 
 Method Delta Normalized Mutual Information (𝛥 NMI)

 𝑝 = 0.2 𝑝 = 0.5 𝑝 = 0.8

 Raw Ceil Raw Ceil Raw Ceil  
 add1 0.6572 0.6572 0.8232 0.8232 0.8925 0.8925  
 mult_KMSS 0.8718 0.8714 0.8347 0.8334 0.8827 0.8827  
 mult_lognorm 0.8745 0.8746 0.8280 0.8268 0.8732 0.8732  
 mult_repl 0.8458 0.8461 0.8124 0.8091 0.8703 0.8703  
 dl_unif 0.2389 0.2326 0.4137 0.4086 0.3220 0.3273  
 GBM 0.6511 0.6476 0.8189 0.8213 0.8925 0.8925  
 lr_SVD 0.8592 0.8600 0.8216 0.8216 0.8862 0.8860 
 PLS 0.6042 0.3225 0.6319 0.5900 0.2829 0.1825 
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Data availability

Data are publicly available on GitHub: https://github.com/michael
greenacre/CODAinPractice.

References

[1] A.D. Fernandes, J.M. Macklaim, T.G. Linn, G. Reid, G.B. Gloor, ANOVA-like 
differential expression (ALDEx) analysis for mixed population RNA-seq, PLoS One 
8 (7) (2013) e67019, http://dx.doi.org/10.1371/journal.pone.0067019.

[2] A. Conesa, P. Madrigal, S. Tarazona, D. Gomez-Cabrero, A. Cervera, A. McPher-
son, M.W. Szczesniak, D.J. Gaffney, L.L. Elo, X. Zhang, A. Mortazavi, A survey 
of best practices for RNA-seq data analysis, Genome Biol. 17 (2016) 13, http:
//dx.doi.org/10.1186/s13059-016-0881-8.

[3] J. Pollock, L. Glendinning, T. Wisedchanwet, M. Watson, The madness of 
microbiome: attempting to find consensus ‘‘best practice’’ for 16S microbiome 
studies, Nat. Rev. Microbiol. 16 (2018) 567–578, http://dx.doi.org/10.1038/
s41579-018-0017-5.

[4] G.B. Gloor, J.M. Macklaim, V. Pawlowsky-Glahn, J.J. Egozcue, Microbiome 
datasets are compositional: And this is not optional, Front. Microbiol. 8 (2017) 
2224, http://dx.doi.org/10.3389/fmicb.2017.02224.

[5] J.M. Di Bella, Y. Bao, G.B. Gloor, J.P. Burton, G. Reid, High throughput 
sequencing methods and analysis for microbiome research, J. Microbiol. Meth. 
95 (3) (2013) 401–414, http://dx.doi.org/10.1016/j.mimet.2013.08.011.

[6] J. Aitchison, The Statistical Analysis of Compositional Data, Chapman and Hall, 
London, 1986.

[7] D.R. Lovell, X.-Y. Chua, A. McGrath, Counts: an outstanding challenge for log-
ratio analysis of compositional data in the molecular biosciences, NAR Genom. 
Bioinform. 2 (2) (2020) lqaa040, http://dx.doi.org/10.1093/nargab/lqaa040.

[8] J. Bacon-Shone, Discrete and continuous compositions, in: J.D. i Estadella, J. 
Martín-Fernández (Eds.), Proceedings of CoDaWork’08, the 3rd Compositional 
Data Analysis Workshop, University of Girona, Girona, Spain, 2008, p. 11, URL 
http://hdl.handle.net/10256/723.

[9] S. Lubbe, P. Filzmoser, M. Templ, Comparison of zero replacement strategies for 
compositional data with large numbers of zeros, Chemometr. Intell. Lab. Syst. 
210 (2021) 104248, http://dx.doi.org/10.1016/j.chemolab.2021.104248.

[10] M. Greenacre, M. Martínez-Álvaro, A. Blasco, Compositional data analysis of 
microbiome and any-omics datasets: a validation of the additive logratio trans-
formation, Front. Microbiol. 12 (2021) 2625, http://dx.doi.org/10.3389/fmicb.
2021.727398.

[11] P. Filzmoser, K. Hron, M. Templ, Applied Compositional Data Analysis: With 
Worked Examples in R, Springer, 2018.

[12] J. Palarea-Albaladejo, J. Martín-Fernández, A modified EM alr-algorithm for 
replacing rounded zeros in compositional data sets, Comput. Geosci. 34 (8) 
(2008) 902–917, http://dx.doi.org/10.1016/j.cageo.2007.09.015, URL https://
www.sciencedirect.com/science/article/pii/S0098300407002208.

[13] V. Pawlowsky-Glahn, A. Buccianti (Eds.), Compositional Data Analysis: Theory 
and Applications, John Wiley & Sons, Ltd, Chichester, UK, 2011, http://dx.doi.
org/10.1002/9781119976462.

[14] T.R.L. Fry, D. Chong, A tale of two logits, compositional data analysis and 
zero observations, in: G. Mateu-Figueras, C. Barceló-Vidal (Eds.), Proceedings 
of CoDaWork’05, the 2nd Compositional Data Analysis Workshop, University of 
Girona, Girona, Spain, 2005, URL http://ima.udg.es/Activitats/CoDaWork05/.

[15] J. Aitchison, J. Kay, Possible solution of some essential zero problems in com-
positional data, in: S. Thió-Henestrosa, J. Martín-Fernández (Eds.), Proceedings 
of CoDaWork’03, the 1st Compositional Data Analysis Workshop, University of 
Girona, Girona, Spain, 2003.

[16] J. Bear, D. Billheimer, A logistic normal mixture model for compositional data 
allowing essential zeros, Austrian J. Stat. 45 (4) (2016) 3–23, http://dx.doi.org/
10.17713/ajs.v45i4.117.

[17] K.G. van den Boogaart, R. Tolosana-Delgado, Analyzing Compositional Data with 
R, Springer, 2013.

[18] D.J. Stekhoven, P. Bühlmann, Missforest—non-parametric missing value imputa-
tion for mixed-type data, Bioinformatics 28 (1) (2011) 112–118, http://dx.doi.
org/10.1093/bioinformatics/btr597.

[19] S. van Buuren, K. Groothuis-Oudshoorn, Mice: Multivariate imputation by 
chained equations in R, J. Stat. Softw. 45 (3) (2011) 1–67, URL http://www.
jstatsoft.org/v45/i03/.

[20] A. Kowarik, M. Templ, Imputation with the R package VIM, J. Stat. Softw. 74 
(7) (2016) 1–16, http://dx.doi.org/10.18637/jss.v074.i07.

[21] M. Templ, Artificial neural networks to impute rounded zeros in compositional 
data, in: P. Filzmoser, K. Hron, J.A. Martín-Fernández, J. Palarea-Albaladejo 
(Eds.), Advances in Compositional Data Analysis: Festschrift in Honour of Vera 
Pawlowsky-Glahn, Springer, Cham, 2021, pp. 163–187, http://dx.doi.org/10.
1007/978-3-030-71175-7_9.

[22] J.A. Martín-Fernandez, C.B. Vidal, V. Pawlowsky-Glahn, Dealing with zeros and 
missing values in compositional data sets using nonparametric imputation, Math. 
Geol. 35 (3) (2003) 253–278, http://dx.doi.org/10.1023/A:1023866030544.

[23] J. Palarea-Albaladejo, J.A. Martín-Fernández, Zcompositions — R package for 
multivariate imputation of left-censored data under a compositional approach, 
Chemometr. Intell. Lab. Syst. 143 (2015) 85–96, http://dx.doi.org/10.1016/j.
chemolab.2015.02.019, URL https://www.sciencedirect.com/science/article/pii/
S0169743915000490.

[24] J. Palarea-Albaladejo, J.A. Martín-Fernández, R.A. Olea, A bootstrap estimation 
scheme for chemical compositional data with nondetects, J. Chemom. 28 (7) 
(2014) 585–599, http://dx.doi.org/10.1002/cem.2621.

[25] J. Palarea-Albaladejo, J.A. Martín-Fernández, J. Gómez-García, A parametric 
approach for dealing with compositional rounded zeros, Math. Geol. 39 (2007) 
625–645, http://dx.doi.org/10.1007/s11004-007-9100-1.

[26] K. Hron, M. Templ, P. Filzmoser, Imputation of missing values for compositional 
data using classical and robust methods, Comput. Statist. Data Anal. 54 (12) 
(2010) 3095–3107, http://dx.doi.org/10.1016/j.csda.2009.11.023.

[27] J. Martín-Fernández, K. Hron, M. Templ, P. Filzmoser, J. Palarea-Albaladejo, 
Model-based replacement of rounded zeros in compositional data: Classical and 
robust approaches, Comput. Statist. Data Anal. 56 (9) (2012) 2688–2704, http:
//dx.doi.org/10.1016/j.csda.2012.02.012, URL https://www.sciencedirect.com/
science/article/pii/S0167947312000941.

[28] M. Templ, K. Hron, P. Filzmoser, A. Gardlo, Imputation of rounded zeros for 
high-dimensional compositional data, Chemometr. Intell. Lab. Syst. 155 (2016) 
183–190, http://dx.doi.org/10.1016/j.chemolab.2016.04.011.

[29] J. Chen, X. Zhang, K. Hron, M. Templ, S. Li, Regression imputation with Q-mode 
clustering for rounded zero replacement in high-dimensional compositional data, 
J. Appl. Stat. 45 (11) (2018) 2067–2080, http://dx.doi.org/10.1080/02664763.
2017.1410524.

[30] R. Hijazi, An EM-algorithm based method to deal with rounded zeros in com-
positional data under Dirichlet models, in: Proceedings of the 4th International 
Workshop on Compositional Data Analysis, 2011.

[31] M.A. Tanner, W.H. Wong, The calculation of posterior distributions by data 
augmentation, J. Amer. Statist. Assoc. 82 (398) (1987) 528–540.

[32] J. Palarea-Albaladejo, J.A. Martín-Fernández, A. Ruiz-Gazen, C. Thomas-Agnan, 
Lrsvd: An efficient imputation algorithm for incomplete high-throughput com-
positional data, J. Chemom. 36 (12) (2022) e3459, http://dx.doi.org/10.1002/
cem.3459.

[33] C. Stewart, C. Field, Managing the essential zeros in quantitative fatty acid 
signature analysis, J. Agric. Biol. Environ. Stat. 16 (2011) 45–69, http://dx.doi.
org/10.1007/s13253-010-0040-8.

[34] A. Butler, C. Glasbey, A latent Gaussian model for compositional data with zeros, 
J. R. Stat. Soc. Ser. C 57 (5) (2008) 505–520, http://dx.doi.org/10.1111/j.1467-
9876.2008.00629.x, URL https://www.jstor.org/stable/25578133.

[35] M. Tsagris, Modelling structural zeros in compositional data via a zero-censored 
multivariate normal model, 2022, http://dx.doi.org/10.48550/arXiv.2208.13073, 
arXiv preprint arXiv:2208.13073, URL https://arxiv.org/abs/2208.13073.

[36] T.J. Leininger, A.E. Gelfand, J.M. Allen, et al., Spatial regression modeling for 
compositional data with many zeros, J. Agric. Biol. Environ. Stat. 18 (2013) 
314–334, http://dx.doi.org/10.1007/s13253-013-0145-y.

[37] M. Tsagris, C. Stewart, A Dirichlet regression model for compositional data with 
zeros, Lobachevskii J. Math. (2018).

[38] M.-L. Tang, Q. Wu, S. Yang, G.-L. Tian, Dirichlet composition distribution for 
compositional data with zero components: An application to fluorescence in situ 
hybridization (FISH) detection of chromosome, Biom. J. 64 (4) (2022) 714–732, 
http://dx.doi.org/10.1002/bimj.202000334.

[39] M. Tsagris, S. Preston, A. Wood, A data-based power transformation for composi-
tional data, in: Proceedings of the 4th International Workshop on Compositional 
Data Analysis, Girona, Spain, May 2011, 2011.

[40] M. Tsagris, S. Preston, A. Wood, Improved classification for compositional data 
using the 𝛼-transformation, J. Classification 33 (2015) http://dx.doi.org/10.
1007/s00357-016-9207-5.

[41] Z.M. Dong, H.L. Shang, F. Hui, A. Bruhn, A compositional approach to modeling 
cause-specific mortality with zero counts, Ann. Actuar. Sci. (2025) 1–26, http:
//dx.doi.org/10.1017/S1748499524000320.

[42] M. Greenacre, The chipower transformation: a valid alternative to logratio 
transformations in compositional data analysis, Adv. Data Anal. Classif. 18 (2024) 
769–796, http://dx.doi.org/10.1007/s11634-024-00600-x.

[43] J.L. Scealy, A.H. Welsh, Regression for compositional data by using distributions 
defined on the hypersphere, J. R. Stat. Soc. Ser. B Stat. Methodol. 73 (3) (2011) 
351–375, http://dx.doi.org/10.1111/j.1467-9868.2010.00766.x.

[44] M.R. Schwob, M.B. Hooten, N.M. Calzada, Spatial hyperspheric models for 
compositional data, Ann. Appl. Stat. 19 (4) (2025) http://dx.doi.org/10.1214/24-
AOAS2000.

[45] Z. Tang, G. Chen, Zero-inflated generalized Dirichlet multinomial regression 
model for microbiome compositional data analysis, Biostatistics 20 (4) (2019) 
698–713, http://dx.doi.org/10.1093/biostatistics/kxy025.

[46] Y. Zeng, D. Pang, H. Zhao, T. Wang, A zero-inflated logistic normal multinomial 
model for extracting microbial compositions, J. Amer. Statist. Assoc. 118 (544) 
(2023) 2356–2369, http://dx.doi.org/10.1080/01621459.2022.2044827.

Chemometrics and Intelligent Laboratory Systems 277 (2026) 105821 

25 



W. Tang et al.

[47] M. Koslovsky, A Bayesian zero-inflated Dirichlet-multinomial regression model 
for multivariate compositional count data, Biometrics 79 (2023) http://dx.doi.
org/10.1111/biom.13853.

[48] S. Jiang, G. Xiao, A.Y. Koh, J. Kim, Q. Li, X. Zhan, A Bayesian zero-inflated neg-
ative binomial regression model for the integrative analysis of microbiome data, 
Biostatistics 22 (3) (2021) 522–540, http://dx.doi.org/10.1093/biostatistics/
kxz050.

[49] B. Ren, S. Bacallado, S. Favaro, S. Holmes, L. Trippa, Bayesian nonparametric 
ordination for the analysis of microbial communities, J. Amer. Statist. Assoc. 112 
(520) (2017) 1430–1442, http://dx.doi.org/10.1080/01621459.2017.1288631.

[50] B. Ren, S. Bacallado, S. Favaro, T. Vatanen, C. Huttenhower, L. Trippa, Bayesian 
mixed effects models for zero-inflated compositions in microbiome data anal-
ysis, Ann. Appl. Stat. 14 (1) (2020) 494–517, http://dx.doi.org/10.1214/19-
AOAS1295.

[51] J. Martín-Fernández, K. Hron, M. Templ, P. Filzmoser, J. Palarea-Albaladejo, 
Bayesian-multiplicative treatment of count zeros in compositional data sets, Stat. 
Model. 15 (2014) http://dx.doi.org/10.1177/1471082X14535524.

[52] P. Daunis-i Estadella, J. Martín-Fernández, J. Palarea-Albaladejo, Bayesian tools 
for zero counts in compositional data, in: Proceedings of CODAWORK’08, the 
3rd Compositional Data Analysis, 2008.

[53] Y. Zhang, J. Schluter, L. Zhang, X. Cao, R.R. Jenq, H. Feng, J. Haines, L. Zhang, 
Review and revamp of compositional data transformation: A new framework 
combining proportion conversion and contrast transformation, Comput. Struct. 
Biotechnol. J. 23 (2024) 4088–4107, http://dx.doi.org/10.1016/j.csbj.2024.11.
003.

[54] M. Templ, K. Hron, P. Filzmoser, robCompositions: An R-package for robust 
statistical analysis of compositional data, in: V. Pawlowsky-Glahn, A. Buccianti 
(Eds.), Compositional Data Analysis: Theory and Applications, John Wiley & 
Sons, 2011, pp. 341–355, http://dx.doi.org/10.1002/9781119976462.ch25.

[55] M. Kumar, G. Brader, A. Sessitsch, M. Mäki, J.D. van Elsas, R. Nissinen, Plants 
assemble species-specific bacterial communities from common core taxa in three 
arcto-alpine climate zones, Front. Microbiol. 8 (2017) 12, http://dx.doi.org/10.
3389/fmicb.2017.00012.

[56] J. Chen, H. Li, Variable selection for sparse Dirichlet-multinomial regression 
with an application to microbiome data analysis, Ann. Appl. Stat. 7 (1) (2013) 
418–442.

Chemometrics and Intelligent Laboratory Systems 277 (2026) 105821 

26 



Application to geochemistry

Fačevicová, K., Bábek, O., Hron, K., Kumpan, T. Element chemostratig-

raphy of the Devonian/Carboniferous boundary – A compositional approach.

Applied Geochemistry, 75, 211-221 (2016).

https://doi.org/10.1016/j.apgeochem.2016.10.002

[IF 3.5 Q1; AIS 0.744 Q2]

[15 citations on WoS; 10 citations without autocitations]

[Author’s contribution: 50%]

Abstract

The Devonian/Carboniferous (D/C) boundary is a critical interval in the

Phanerozoic history, which is associated with vigorous climatic perturba-

tions, continental glaciation, global sea-level fall and rapidly increased ex-

tinction rates in marine realms. In many sections world-wide, these global

changes left a marked lithological signature, in particular the Hangenberg

black shale (products of deep-shelf anoxia) and the overlying Hangenberg

sandstone (sudden siliciclastic influx into predominantly carbonate deposi-

tional environments). Both layers bear a distinct geochemical signature.

Even though either or both of these two lithologies are absent at many sec-

tions, their correlative counterparts can be indicated by subtle geochemical

markers. We studied elemental geochemistry of fourteen D/C boundary sec-

tions in six key areas across Europe with the aim to select globally correlat-

able elemental proxy for the D/C boundary. Analysis of raw/log-transformed

geochemical data (EDXRF, c.p.s. units), presenting the standard approach

here, indicates that concentrations of terrigenous elements (Al, K, Rb, Ti

and Zr) are mainly controlled by diluted Ca (carried by marine calcium car-

bonate) in limestone facies and, accordingly, their variations can be related
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to carbonate production in the sea rather than to terrigenous input from con-

tinent. Nevertheless, due to the relative nature of geochemical observations,

reliance solely on statistical processing of raw data might lead to incomplete

picture of multivariate data structure and/or biased interpretations. For this

reason, the aim of this contribution is to discuss the logratio alternatives of

the standard statistical methods, which may better reflect the relative nature

of the data. For this purpose, principal component analysis was employed to

reveal main geochemical patterns and while the geochemical signature of the

D/C boundary was further analysed using Q-mode clustering that leads to

predicative orthonormal logratio coordinates – balances. The comprehensive

picture of the multivariate data structure provided by these statistical tools

makes them a primary choice for exploratory compositional data analysis. At

the same time, it turns out that the standard and compositional approaches

have synergic effects. This fact can be extensively used in further geochemical

studies.
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a b s t r a c t

The Devonian/Carboniferous (D/C) boundary is a critical interval in the Phanerozoic history, which is
associated with vigorous climatic perturbations, continental glaciation, global sea-level fall and rapidly
increased extinction rates in marine realms. In many sections world-wide, these global changes left a
marked lithological signature, in particular the Hangenberg black shale (products of deep-shelf anoxia)
and the overlying Hangenberg sandstone (sudden siliciclastic influx into predominantly carbonate
depositional environments). Both layers bear a distinct geochemical signature. Even though either or
both of these two lithologies are absent at many sections, their correlative counterparts can be indicated
by subtle geochemical markers. We studied elemental geochemistry of fourteen D/C boundary sections in
six key areas across Europe with the aim to select globally correlatable elemental proxy for the D/C
boundary. Analysis of raw/log-transformed geochemical data (EDXRF, c.p.s. units), presenting the stan-
dard approach here, indicates that concentrations of terrigenous elements (Al, K, Rb, Ti and Zr) are
mainly controlled by diluted Ca (carried by marine calcium carbonate) in limestone facies and, accord-
ingly, their variations can be related to carbonate production in the sea rather than to terrigenous input
from continent. Nevertheless, due to the relative nature of geochemical observations, reliance solely on
statistical processing of raw data might lead to incomplete picture of multivariate data structure and/or
biased interpretations. For this reason, the aim of this contribution is to discuss the logratio alternatives
of the standard statistical methods, which may better reflect the relative nature of the data. For this
purpose, principal component analysis was employed to reveal main geochemical patterns and while the
geochemical signature of the D/C boundary was further analysed using Q-mode clustering that leads to
predicative orthonormal logratio coordinates e balances. The comprehensive picture of the multivariate
data structure provided by these statistical tools makes them a primary choice for exploratory compo-
sitional data analysis. At the same time, it turns out that the standard and compositional approaches have
synergic effects. This fact can be extensively used in further geochemical studies.

© 2016 Elsevier Ltd. All rights reserved.

1. Introduction

In geochemistry, most of data are compositional in nature
(Aitchison, 1986; Pawlowsky-Glahn and Buccianti, 2011;
Pawlowsky-Glahn et al., 2015a). It is not just indicated by units, in
which observations are measured or expressed, like mg/kg, ppm, or
percentages, but inherently also in the fact that ratios between
components form the primary source of information. As a conse-
quence, any sum of components (compositional parts) is irrelevant.

In particular, in geochemical practice it rarely happens that the
input observations sum up to a constant given by the mode of used
representation. For example, to make mg/kg units sum up to unity
(one million) it would mean that all elements in the rock were
identified and analysed. From this perspective, it is much more
convenient to treat the data as compositional, if their parts convey
quantitatively expressed relative contributions on a whole, formed
by the given composition. The above properties also imply that
compositional data carry exclusively relative information
(Pawlowsky-Glahn et al., 2015a).

Accordingly, when the relative structure of geochemical obser-
vations is of the sole interest, applying standard statistical tools to* Corresponding author.
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the input concentrations may lead to misleading results, because
compositional data obey different geometrical rules. These
inherent features can be expressed by principles of compositional
data analysis (Egozcue, 2009): scale invariance, permutation
invariance and subcompositional coherence. From the practical
perspective, the most important one is scale invariance stating that
information in a composition does not depend on the particular
units in which the composition is represented. Specifically, pro-
portional positive vectors represent the same composition. The
latter two principles provide a solid theoretical basis of any
reasonable (not exclusively) statistical processing, and they all are
needed to build a sound geometrical setting that would reflect
inherent properties of geochemical (compositional) data. It is pro-
vided by the Aitchison geometry (Billheimer et al., 2001;
Pawlowsky-Glahn and Egozcue, 2001; Egozcue et al., 2003),
defining an algebraic-geometrical structure of the sample space of
compositions, formed by equivalence classes of proportional posi-
tive vectors (or by simplex for a given constant-sum representation
of compositions). As the majority of statistical methods rely on
Euclidean geometry in real space (Eaton, 1983), it is necessary to
transform the compositions prior to standard statistical analysis
with such as the principal component analysis (PCA) and/or visu-
alization. The definition of compositional data implies that any such
transformation (from geometrical reasons, referred to as co-
ordinates) should be formed by ratios between parts that form the
elemental information in compositional data. Or, even better, by
log-ratios (Aitchison, 1986) that symmetrize positions of compo-
nents in the ratio and are mathematically easier to handle.

For a standard geochemical analysis, it is preferred to deal with
the original compositional parts, not their log-ratios. However, with
all consequences that imply from the nature of compositions
considered, this is frequently not satisfactory. Nevertheless, if
interpretation in terms of single original part is required, centred
logratio (clr) coordinates provide a compositional alternative to
raw data. Each part of vector of these coordinates.

clrðxÞ ¼ ½y1;…; yD� ¼
�
ln

x1
gðxÞ ln

x2
gðxÞ / ln

xD
gðxÞ

�
; (1)

where g(x) stands for geometric mean.

gðxÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiYD

i¼1
xi

D

r
¼ exp

�
1
D

XD

i¼1
ln xi

�
; (2)

represents a dominance of xi with respect to the complete
composition. Because the resulting vector has D components, a
redundancy condition arises, y1þ…þyD¼0, leading to singular
covariance matrix of clrðxÞ. Although this affects applicability of
some statistical approaches, like the class of robust methods
(Filzmoser et al., 2009a), it is still possible to employ them for most
of exploratory tools including PCA. For more discussion about the
use of clr coordinates in geochemical context, see McKinley et al.
(2016).

Not all geochemical data must necessarily be treated as
compositional, especially if total abundances are relevant for the
analysis. However, from the methodological perspective, analyzing
solely raw data still cannot be recommended. Instead, composi-
tional data should be treated as standard positive observations that
induce again specific geometrical features, e.g., their relative scale
(Mateu-Figueras and Pawlowsky-Glahn, 2008). Beside the (clr)
coordinate representation, the usual log-transformation
ln(x)¼(lnx1,…, lnxD) seems to be meaningful for these situations
(Pawlowsky-Glahn et al., 2015b).

The D/C boundary geochemical dataset provides a suitable
working material to test the applicability of the compositional

approach. The data comprise marine carbonate rocks, which
alternate with several siliciclastic layers each confined to a specific
stratigraphic interval. These layers are correlatable across the six
studied areas and provide thus a common feature of all the studied
sections. They comprise the Hangenberg black shale, sandstone and
grey shale, collectively referred to as the Hangenberg event sensu
lato, HBS s.l. (costatus-kockeli Interregnum, uppermost Famennian)
and the Lower Alum Shale, LAS (crenulata Zone, middle Tournai-
sian) (Kaiser et al., 2011). Their geochemical signature reflects rapid
siliciclastic influx into shelf seas (sandstones and grey shales of the
HBS s.l.), increased organic productivity in pelagic settings and
global development of water bottom anoxia (black shales of the
HBS s.l. and LAS) and effects of dilution by biomineralized calcium
carbonate (interlayered carbonates) (Kumpan et al., 2014a,b; 2015;
B�abek et al., 2016). Developed more-or-less in all of the studied
sections, this signature is modulated by such local factors as
different source of the siliciclastics and variable depositional set-
tings. All these factors contribute to a complex structure of the
geochemical data.

The aim of the manuscript is to demonstrate, that not just sta-
tistical analysis based on the compositional approach, being
definitively the most relevant from the theoretical perspective, but
also analysis of raw data or their log-transformation bring some
benefits to the overall analysis. The reason is that the effect of the
concrete scale of data cannot be frequently simply removed as it is
the case of the compositional approach (scale invariance). Practical
experiences indicate that even considering absolute scale of the
original (raw) data, being methodologically rather incorrect, can
reveal some further interesting features. The aim of the practical
part is not to provide an exhaustive comparison, but to demon-
strate that just combination of different approaches (though not
necessarily theoretically sound) leads to complex understanding of
the multivariate data structure. Nevertheless, following the
compositional approach that reflects predominant geometrical
features of data at hand, one is on the “safe side”. As an adjacent
goal, inspired by quasimetric structure of the variation matrix, the
paper extends the use of Q-mode clustering, introduced in van den
Boogaart and Tolosana-Delgado (2013) for alternative agglomera-
tive clustering procedures. All statistical calculations were con-
ducted with software R (R Core Team, 2016) and its package
compositions (van den Boogaart et al., 2013; van den Boogaart et al.,
2013).

2. Materials and methods

2.1. Data description

The study material includes elemental geochemistry of car-
bonate and siliciclastic bed successions across the Devonian/
Carboniferous (D/C) boundary. The dataset includes 1884 samples
from 14 sections studied in six major Variscan massifs of Europe
(Rhenish Massif, Germany; Namur-.Dinant Basin, Belgium and
northern France; Moravo-Silesian Zone of the Bohemian Massif,
Czech Republic; Carnic Alps, Austria and Italy; Montagne Noire of
theMassif Central, southern France and Pyrenees, southern France).
Figure representing position of the studied sections in the major
outcrops of Variscan massifs in Europe is attached as a
Supplementary Material. The geological settings and stratigraphy
of the sections were recently summarized by Kumpan et al.
(2014a,b, 2015) and B�abek et al. (2016). Samples for element
geochemistry were taken from the studied sections with a vertical
step of 5e25 cm (rarely with 1 cm or 50e60 cm) depending on
overall section thickness and required detail. The average sampling
density was one sample per 11.5 cm.

All the samples were analysed by energy-dispersive X-ray
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fluorescence (EDXRF) using a MiniPal 4.0 instrument (PANalytical,
Netherlands) with an Rh lamp (30 kV) and Peltier cooled Si PIN
detector. The samples were ground to <63 mm particle size and
filled into plastic cells 25 mm in diameter and with Mylar foil
bottoms. Eighteen elements were analysed (Al, Ca, Cr, Cu, Fe, K, Mn,
Ni, P, Pb, Rb, S, Si, Sr, Ti, Y, Zn and Zr). Al and Si signals were acquired
for 300 s at 5 kV/400 mA with a Kapton filter under He flush
(99.996% purity); K, Ti, Fe, and Mn and Fe for 200 s at 12 kV/200 mA
with a thin Al filter in air; and Zr for 500 s at 30 kV/200 mAwith an
Ag filter in air. Total analysis time was set at 800 s per sample. The
EDXRF results are given in counts per second (cps). The EDXRF
analytical results for Ca, Si, Al, K, Ti, Mn, Fe, Sr, and Zr (in cps) were
calibrated through inductively coupled plasma mass spectrometry
(ICP-MS) analysis of 11 samples (Lesní lom, K�rtiny, and Grüne
Schneid sections) by an accredited analytical laboratory of the
Technical University of Ostrava, Czech Republic, using an X Series 2
ICP-MS instrument (Thermo Scientific). The quality of the ICP-MS
analytical data was checked by measuring 2709a standard refer-
ence material (SRM) (San Joaquin Soil, NIST, USA). EDXRF results for
Cr, Rb, Y, Cu, Zn, Ni, and Pb were calibrated by ICP-MS (Element2,
Thermo Scientific) at the Geological Institute, Czech Academy of
Sciences, Prague, using calibration equations from an external set of
17 samples from lower Devonian carbonates and shales of the
Prague Basin, Czech Republic. Data quality from the Geological
Institutewas checked by analysing 1d SRM (Argillaceous limestone,
National institute of Standards and Technology). Calibration curves
of the EDXRF vs. ICP-MS results suggest that all target elements
were above EDXRF detection limits while the high correlation co-
efficients (R2 ¼ 0.93 to 0.99 generally; only slightly lower for Mn:
R2 ¼ 0.893, Cr: R2 ¼ 0.887, and Ni: R2 ¼ 0.722) indicate the good
reproducibility of the EDXRF signal. P and S were not calibrated. All
element ratios and enrichment factors mentioned throughout this
paper are based on uncalibrated EDXRF (cps) data.

The elemental composition sensitively reflects basic lithological
and paleoenvironmental changes at the D/C boundary. Particularly
effective are the following element groups with similar geochem-
ical behavior:

a) Ca, which is driven by marine CaCO3 production in benthic
and pelagic settings (Sageman and Lyons, 2005);

b) Al, K, Rb and Ti, which are bound to siliciclastic minerals
derived from continent, in particular clay minerals and silt-
sized heavy minerals and phyllosillicates (Ross and Bustin,
2009; Sageman and Lyons, 2005; Vijver et al., 2008);

c) Si and Zr, which tend to concentrate in coarse-grained sili-
ciclastic minerals (Schnetger et al., 2000; Jones et al., 2012)
also derived from continent (heavy minerals, quartz, feld-
spars) but Si is also linked to organic pelagic production in
the sea (radiolarians and sponge spicules);

d) Zn, Ni, Cu, Pb, S and P - productivity-sensitive elements,
which tend to concentrate in organic matter-rich sediments
such as the Hangenberg black shale and Lower Alum shale
(Bout-Roumazeilles et al., 2013; Fralick and Kronberg, 1997;
Sageman and Lyons, 2005; �Sliwi�nski et al., 2010; Tribovillard
et al., 2006).

e) redox-sensitive elements such as Fe and Mn, which are
highly mobile across sub-bottom redox gradients (Haese
et al., 1998).

The advantage of the dataset is in the detailed knowledge about
distinct sedimentary layers with expected geochemical behavior,
which include: layer 1) Upper Devonian carbonates; layer 2) Up-
permost Devonian black shales of the Hangenberg (HBE) event
interval; layer 3) Uppermost Devonian sandstones and non-
black shales of the Hangenberg (HBE) interval; layer 4) Lower

Carboniferous carbonates and layer 5) Lower Carboniferous black
shales and cherts of the Lower Alum Shale interval.
Figure representing chronostratigraphy, biostratigraphy, lithos-
tratigraphy and thickness of the studied sections is attached as a
Supplementary Material.

2.2. Exploration of compositional variation structure

Covariance structure of compositional data reflects the fact that
the source information is contained in pairwise log-ratios.
Accordingly, in the compositional context the multivariate vari-
ability is captured by the variationmatrix (Aitchison,1986), defined
as
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Its interpretation is intuitive. A non-diagonal element of the
variation matrix is zero, or nearly so, if and only if the respective
compositional parts are proportional, or nearly so. In other words,
proportionality here replaces covariance (correlation) between
variables from standard multivariate statistics. Consequently, ele-
ments of variation matrix can also be used as a measure of
dissimilarity between compositional parts, for example for the
purpose of clustering of compositional parts (Montero-Serrano
et al., 2010; Pawlowsky-Glahn et al., 2011; van den Boogaart and
Tolosana-Delgado, 2013; McKinley et al., 2016). From the basic
(metric) properties of distances the following are obviously
fulfilled,

tij � 0; tij ¼ 0⇔i ¼ j; tij ¼ tji; (4)

i.e., non-negativity, identity of indiscernibles and symmetry. On the
other hand, triangular inequality is not fulfilled in general, only its
generalized form

tij � a
	
tik þ tkj



(5)

for a constant a�1 that corresponds to quasimetrics (Xia, 2009) can
be derived. According to Fi�serov�a and Hron (2011) it holds true that

tij ¼ 2
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resulting in a¼2. It is shown (Xia, 2009) that many well-known
results for the usual metrics still hold true in quasimetric space
that makes them a natural generalization of the basic metric set-
tings. These findings are inspirative for Q-mode clustering, intro-
duced in the next section. Finally, a matrix relationship exists
between the variation matrix and covariance matrix of clr co-
ordinates (Aitchison, 1986), which is useful for practical
computations.

Variation structure of compositional data can be visualized us-
ing compositional biplots (Aitchison and Greenacre, 2002). Simi-
larly as for a standard PCA biplot (Gabriel, 1971), which is used to
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reduce dimensionality of input data, compositional biplot displays
as well scores and loadings of the first two principal components in
one planar graph. The scores are usually marked as points in order
to capture multivariate data structure; loadings are represented by
arrows and stand for the input variables. While in the standard
biplot original (log-transformed) variables are considered, in the
compositional case clr coordinates are usually represented. This
also affects the interpretation of loading vectors. While in the
standard case the length of the arrow and the cosine of the angle
between two arrows approximate standard deviation of the cor-
responding variable and correlation between variables, respec-
tively, interpretation of clr variables needs to be taken into account
in the compositional case. Consequently, the length of the arrow
cannot be interpreted as a single original part but as a represen-
tation of its dominance to an “average part” in the composition
(Filzmoser et al., 2012). Instead of interpreting correlation between
two clr coordinates, which is affected by the zero sum constraint of
variables, it is preferred to consider links between vertices,
approximating pairwise logratio variances (elements of the varia-
tion matrix). In particular, link between vertices of yi and yj ap-

proximates var

 
ln xi

xj

!
; if the vertices coincide, or nearly so, then xi

and xj are proportional, or nearly so. An enhanced interpretation of
compositional biplot in terms of covariance structure of pairwise
log-ratios can be found, e.g., in Pawlowsky-Glahn et al. (2015a).

2.3. Pattern identification

In order to assess the log-ratio patterns in the geochemical
signature of the D/C boundary rocks, it is necessary to search for
such variables which are responsible for the general geochemical
patterns. In particular they include the detrital-input sensitive el-
ements (Al, Ti, Rb, Zr), grain-size sensitive ones (Si, Zr), organic
productivity sensitive ones (P, S, Ca, Ni, Zn, Cu) and redox-sensitive
ones (Fe, Ni, Mn) (see Section 2.1). For the case, when total abun-
dances are informative as well, the log-transformed original vari-
ables or their combinations would be appropriate for this purpose.
Nevertheless, it seems that for carbonate rocks rather relative
contributions of the EDXRF signal (in cps) are of interest. This is
reflected also by recent practice in the field, where ratios between
elementary components such as Zr/Rb, K/Al and Rb/K are consid-
ered to indicate the lithological changes across the D/C boundary
(Kumpan et al., 2015; B�abek et al., 2016). The previous section
implies that, referring to relative structure of compositional data,
single compositional parts are not appropriate to serve as feature
variables, because they necessarily (directly or indirectly) rely on
the other components in the actual composition. All relative in-
formation about single compositional parts is extracted using clr
coordinates (1); on the other hand, this information might be too
complex due to different and possibly antagonistic patterns of log-
ratios aggregated there (Reimann et al., 2012;McKinley et al., 2016).
Taking simply all possible pairwise log-ratios into account would
need an exhaustive search, therefore not very practical for data
with moderate or even larger number of components. Although
expert knowledge can be used to select such log-ratios, a data-
based approach can facilitate finding possible further interesting
geochemical markers by mutual considering specific geochemical
behavior of elements. Consequently, such an unsupervised
approach can help to extract log-ratios (not necessarily belonging
to any of previously mentioned extreme cases, pairwise log-ratios
versus clr coordinates) able to recognize the geochemical signature.

For this purpose, in van den Boogaart and Tolosana-Delgado
(2013) a compositional Q-mode clustering was proposed. This
clustering method is based on idea to obtain easily interpretable

orthonormal coordinates with respect to the Aitchison geometry,
referred to as principal balances (Pawlowsky-Glahn et al., 2011). It
is essentially hierarchical clustering, where the variation matrix
plays the role of a measure of association between compositional
parts. The resulting graphical output, dendrogram, can be applied
to define a sequential binary partition of compositional parts into
groups of parts (Egozcue and Pawlowsky-Glahn, 2005); each hor-
izontal link is used to set a new variable that expresses balance
between the corresponding groups of compositional parts. By
denoting those r on the left side of the link by plus sign and s parts
on the right side by minus sign, the balance (orthonormal coordi-
nate) is defined as
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ffiffiffiffiffiffiffiffiffiffi
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ln
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g
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where g(xþ) and g(x�) stand for the geometric mean of parts from
the first and second group, respectively; together D�1 coordinates
are obtained by such a procedure. Their interpretation can be
enhanced by suppressing the normalization constant and changing
the base of logarithm. It is also worth to note that each balance
aggregates all pairwise log-ratios between both groups of parts
(Fi�serov�a and Hron, 2011), the fact that can be used to search for
simpler log-ratios responsible for the geochemical signature of the
D/C boundary. According to McKinley et al. (2016), the resulting
clusters of compositional parts will contain elements behaving
proportionally throughout the dataset. Log-ratios between parts of
two different clusters should thus be similar to other log-ratios of
the elements of the same clusters. Therefore, as indicated above,
one of these log-ratios or a balance of one cluster against the other
might be representative for many log-ratios, and consequently may
represent a process influencing many elements in the same way.
Balances of elements within the cluster will filter out these large-
variability effects and focus on differences between elements
behaving similarly with respect to major processes.

As a default agglomerative clustering procedure the Ward
method (Ward, 1963) is used in Pawlowsky-Glahn et al. (2011) and
van den Boogaart and Tolosana-Delgado (2013), where those two
clusters are fused which result in the least increase in the sum of
the (squared) distances from each observation to the centroid of
cluster contained it. Consequently, this methods leads to spherical,
tightly bound clusters that might in general be intuitively inter-
pretable. Moreover, because the Ward criterion corresponds to
minimizing the total within-cluster variance, it seems be recom-
mendable for clustering of variables (compositional parts). On the
other hand, as the variation matrix has all properties of quasi-
metics, it is meaningful to consider also other clustering methods
that might lead even to better interpretable clusters. For example,
smaller clusters might be geologically easily interpreted. Large
numbers of small, tightly bound clusters are obtained using com-
plete linkage, therefore being a candidate for such an alternative
agglomerative clustering algorithm. By considering all these as-
pects, the dendrogram output might help to reveal such co-
ordinates (balances) that contain log-ratios responsible for the
geochemical signature of the D/C boundary, represented by pres-
ence of HBE black shale and sandstone layer.

3. Results and discussion

Despite of strong limitations of univariate analysis of raw
compositional data (Filzmoser et al., 2009b; McKinley et al., 2016),
summaries of elemental concentrations are popular starting point
of any geochemical study. According to Pawlowsky-Glahn and
Egozcue (2002) and Mateu-Figueras and Pawlowsky-Glahn
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(2008), geometric mean is used to compute mean concentrations;
for a raw impression about variability of elements, interquantile
ranges (IQR) are applied.

The mean concentrations of the elements in the composition (in
the order of its geometric mean) are as follow: Ca (geometric
mean¼ 15.55%; IQR¼ 21.57%), Si (5.05%; 16.33%), Al (0.75%; 2.69%),
Fe (0.70%; 1.80%), K (0.29%; 0.77%), Ti (734.04 ppm; 2110.46 ppm),
Mn (557.11 ppm; 897.58 ppm), Sr (208.40 ppm; 181.30 ppm), Zr
(39.19 ppm; 84.14 ppm), Cr (28.39 ppm; 65.26 ppm), Rb
(25.76 ppm; 81.29 ppm), Ni (22.19 ppm; 33.53 ppm), Y (21.02 ppm;
18.99 ppm), Zn (15.50 ppm; 27.16 ppm), Cu (11.65 ppm; 16.21 ppm),
and Pb (8.58 ppm; 10.21 ppm). Taking the relative scale into ac-
count, the element concentrations show a strong variance across
the studied areas and sections. This largely reflects the principal
lithology where pure carbonate, shale, sandstone, and siliceous
sediments represent the ideal end members.

The Upper Devonian carbonate-dominated successions (layer 1)
are generally characterized by high concentrations of Ca (geometric
mean: 22.60%) and low concentrations of Al, Si, K, Ti, Fe, Rb, and
other elements. The highest concentrations of Ca were detected in
the pelagic successions of the Rhenish Massif, Carnic Alps and
Montagne Noire. In contrast, coeval strata of the NamureDinant
Basin (Gendron-Celles, Les Ardennes sections) have relatively lower
Ca concentrations.

In the following HBE black shale and sandstone interval (layers 2
and 3), the element composition at themajority of sections changes
rapidly, consistently with the lithology change. Compared to the
underlying strata, the mean concentrations of Ca in the HBE shales
and sandstones are extremely low (geometric mean 3.58%) while
the mean concentrations of typically terrigenous elements are
much higher (Al ¼ 4.62%, K ¼ 1.31%, Fe ¼ 3.16%, Ti ¼ 4500 ppm,
Rb ¼ 190 ppm, S ¼ 15 cps). In addition, the HBE black shales (layer
2) have very high mean concentrations of Zr (221 ppm), S (59 cps),
Zn (51 ppm), Ni (114 ppm) and Pb (95 ppm).

The lower Tournaisian carbonate successions (layer 4) have
relatively high concentrations of Ca (25.13%) and relatively low
concentrations of elements such as Al (0.39%), K (0.16%), Fe (0.43%),
Ti (470 ppm) and Rb (15 ppm), which is similar to those of the
upper Famennian succession (layer 1).

The youngest strata of the LAS interval (layer 5) were reached
only at several sections of the Namur-Dinant Basin (Rivage),
Rhenish Massif (Oese, Drewer), Montagne Noire (Puech de la
Suque), Pyrenees (Saubette) and Carnic Alps (Kronhofgraben).
These sediments are shaly, often siliceous and phosphatic. They
have high mean concentrations of Al (2.69%), Si (25.05%), K (0.65%),
Fe (2.46%), Ti (0.22%), Rb (104 ppm) and low concentrations of Ca
(3.69%). Compared to the all underlying layers, they are markedly
enriched in elements such as P (11 cps), Cu (47 ppm), Zn (44 ppm)
and Ni (85 ppm).

In order to reveal both overall and specific geochemical patterns,
standard biplots of raw or log-transformed data and compositional
biplots were used at each stage of analysis and this section presents
those options which led to the most interesting results. Fig. 1 shows
a standard biplot of raw data (left) and its compositional counter-
part (right). In both plots, a cluster of terrigenous elements (Al, Ti,
Rb, K, Fe) stands in opposition to Ca along the first principal
component, which is interpreted as the effect of dilution of
terrigenous input by marine CaCO3 production. The first principal
component (PC) in the biplot depicting raw data explains 56.9% of
total variability indicating that the effect of CaCO3 dilution is the
dominant geochemical pattern in the whole dataset. The second PC
in the standard biplot shows the contents of such productivity- and
redox-sensitive elements as S, P, and Mn, while other productivity-
sensitive elements (Zn, Cu) largely overlap with the terrigenous
ones. The effect of Ca dilution seems to override the subtle

variations in element behaviors in the standard biplot. On the other
hand, the compositional biplot better differentiates between sam-
ples from different locations (different provenance) particularly
along the second principal component, which represents the ef-
fects of provenance and marine productivity. In addition, the
typically detrital proxy elements (Al, Ti, Rb, K and Si) are more
clearly separated from productivity-sensitive elements (Zn, Pb and
Cr) in the compositional biplot than in the standard one. At the
same time, the effect of Ca dilution is partly removed in the
compositional biplot as indicated by the fact the Ca and terrigenous
elements are no more in opposition (Fig. 1).

The biplots showing the whole data set bring important infor-
mation about the general data structure. However, the clustered
distribution of samples from different geographical settings and,
hence, different provenance (Fig.1) suggests that it is appropriate to
analyze such data clusters separately.

Log-transformation of the raw geochemical data reflects the
relative scale of observations; consequently, it should help to reveal
further patterns, possibly hidden behind the raw data. The Fig. 2
shows the application of standard biplot on log-transformed data
with the distinct stratigraphic layers, from Upper Devonian car-
bonates to Lower Alum Shale, indicated. As it will be shown later,
such geochemical markers as element ratios are instrumental in
distinguishing these layers. The Fig. 2, left, shows a standard biplot
of log-transformed data from the Oberr€odinghausen section,
Rhenish Massif, Germany with four of the five layers (Uppermost
Devonian/Famennian/carbonates, the HBE black shale, HBE sand-
stone, and Lower Carboniferous/Tournaisian/carbonates) indicated.
The layers group together as distinct clusters; there is a general
pattern of clustering of samples from the HBE shales/sandstones
and carbonates along the PC1 axis, which is interpreted as the
dilution effect of calcium carbonate (see above). In addition, sam-
ples representing the HBE black shale event occur as distinct outlier
observations due to the high concentrations of Pb, Zn, Ni and Cu,
typical productivity-sensitive elements. The overlaps between the
HBE black shales and HBE shales/sandstones in the area with
negative PC1 scores and positive PC2 scores suggests that the black
shales and “normal” grey shales can be represented by very similar
geochemistry.

Similar patterns are shown for the Oese section, Rhenish Massif
(Fig. 2, right). The carbonates are again well separated from the
shales and sandstones and there are distinct outliers representing
the HBE black shales and Lower Alum Shales (negative scores on
PC1 and PC2) suggesting high concentrations of productivity-
sensitive elements such as Pb, Zn, Cu, Ni and Y. This suggests that
the black shales of the HBE and LAS interval share a similar
geochemical composition. Moreover, both the biplots show a
distinct clustering of variables (elements), in particular the terrig-
enous Al, Rb, Ti, K and Si, which is consistent with the summary
biplot of all observations (Fig. 1) and their expected geochemical
behavior (see Section 2.1).

An even better representation of sample clustering is shown in
Fig. 3 providing the D/C boundary data from the Kronhofgraben
section, Carnic Alps, Austria. This biplot of log-transformed data
clearly separates between the cherts and black cherty shales of the
Lower Alum Shale interval, enriched in Cu, Ni, Pb and Si (negative
scores on PC1 and positive scores on PC2) and black shales of the
HBE black shale interval (negative scores on both PC1 and PC2). This
is consistent with the dissimilar lithology patterns of the HBE and
LAS layers at the Kronhograben section, the former represented by
typical black shales and the latter by black cherts and cherty shales
(Sch€onlaub et al., 1992).

The applicability of raw data, which are somewhat inappro-
priate from purely methodological perspective, and clr coordinates
can be demonstrated on samples from the Rhenish Massif (Oese,
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Oberr€odinghausen and Drewer sections) (Fig. 4). The raw-data
biplot (Fig. 4 left) clearly separates the black shales enriched in
Ni, Zn, Pb and Cu from the remainder of samples. The latter samples
mostly tend to align to a carbonate (Ca) e fine-grained siliciclastic
(Al, Rb, K, Ti) component line, which again reflects the degree of
carbonate dilution of the siliciclastic detrital input. In the compo-
sitional biplot, this pattern is generally lost, while the differences
between individual localities are highlighted.

Loadings in the raw-data biplot again show a distinct clustering
of elements, depending largely on the expected geochemical
behavior. In the RhenishMassif, this clustering is verywell visible in
areas where the particular genetic element groups (see above) are

represented by typical lithologies (black shales) with relatively high
concentrations of their nominal elements (Zn, Pb, Ni and Cu, Fig. 4,
left). There is again the overwhelming negative correlation be-
tween Ca on one hand and Al, Rb, K and Ti on the other hand. In the
compositional biplot, however, the effects of a strong association
with Ca (dilution effect) are strongly suppressed and elements
show clustering into several, genetically related groups: Ca and Sr
associated with marine calcium carbonate; terrigenous elements
associated with detrital rock-forming minerals, mainly phyllosili-
cates (Al, Si, Rb, Ti, Rb), redox-sensitive elements associated with
sulphidic phases (Cu, Ni, S, P) and other redox-sensitive elements
(Mn, Fe).

Fig. 1. Standard biplot of raw data (left) and clr biplot (right), with samples distributed according to its location.

Fig. 2. Standard biplots of log-transformed data from locations Oberr€odinghausen (left) and Oese (right), Rhenish Massif, Germany.
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We also tested these patterns in the Ardennes (Gendron Celles
section), where the HBE s.l. layer is not represented by the distinct
shale/sandstone lithology and the section is carbonate-dominated
(Fig. 5). In the raw-data biplot (Fig. 5 left) the effect of carbonate
dilution is very strong as indicated by the alignment of samples
along the PC1 axis as well as the negative correlation between Ca
and the remainder of elements (with the exception of Sr, Mn a Zn).
In the compositional biplot, the effect of Ca dilution is again sup-
pressed but the variables (elements) tend to group together ac-
cording to their expected geochemical behavior (Al þ Ti þ Rb vs.
Si þ Zr vs. Pb þ Zn þ Cr þ Mn) despite their very low concentra-
tions. As indicated in the previous sections, this seems to be the
effect of relative scale of compositions, captured by their clr
coordinates.

Another source of information about the data structure is rep-
resented by dendrograms resulting from Q-mode clustering, whose
construction was described in Section 2.3. Instead of the originally
proposed Ward clustering method, the complete linkage shown
here and based on the variation matrix provides more reliable re-
sults. Groups of elements identified by this method can facilitate
finding log-ratios, which optimally describe the presence of the
Hangenberg event layers and thus provide a compositional alter-
native to the standard proxies as Zr/Al, K/Al and Rb/K ratios
(Kumpan et al., 2014b, 2015).

Fig. 6 shows a dendrogram for the Kronhofgraben section as the
output of the Q-mode clustering. According to this method, several
balance coordinates were defined; three of them, which lead to
best separation of groups, are shown in Fig. 7. The last one (Fig. 7,
right), which excludes Ca (based on the assumption that Ca is
strongly related to the dilution effect), was selected, to see whether
it can affect the values of the resulting balance. For comparison,
Fig. 8 shows values of standard Hangenberg event proxies Zr/Al, K/
Al and Rb/K. The proposed log-ratios are useful to differentiate
individual groups of observations; e.g., the low values of
ln(g(Ca,Sr)/g(rest)), where g(rest) stands for geometric mean of all
components except Ca and Sr, and log-ratio between Ca and Sr
mark the presence of HBE black shale and the LAS layer. Element
ratios such as Zr/Al and K/Al are capable of distinguishing between
the HBE black shales and LAS black cherts/cherty shales, the former
having much higher Zr/Al and lower K/Al values as compared to the
latter (Fig. 8). Nevertheless, when comparing Figs. 7 and 8 we can
see that the compositional variables (balances) better distinguish
four groups of observations; the changes are really dramatic a
provide a clear structure. Note that similar patterns could be also
seen for some other balances, indicated by the dendrogram of Q-
mode clustering (Fig. 6), but the presented ones seem to provide
the best performance.

Q-mode clustering can also help to find suitable proxies only for
subsets of observations, for example for similar lithologies (shales
and sandstones). Fig. 9 shows the resulting dendrogram for Oese
section, in which only the HBE black shale and sandstone and
Lower Alum Shales were taken into account.

According to this clustering, combined with geochemical
knowledge, we selected first the log-ratio between sub-
compositions formed by parts Ti, Al, K and Cr, Rb, respectively

Fig. 3. Biplot of log-transformed data from location Kronhofgraben, Carnic Alps,
Austria.

Fig. 4. Biplot of raw data (left) and compositional biplot (right) for locations from Rhenish Massif (Oberr€odinghausen, Oese, Drewer sections).
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(Fig. 10, upper left) and one additional balance that links the pre-
vious elements with Cu and Zn from the same branch of the
dendrogram (Fig. 10, upper right). Both balances clearly separate
the Lower Alum Shale layer from the HBE black shales. This rep-
resents the advantage of log-ratio approach, compared to standard
proxies, whose values are displayed on Fig. 10 (lower row) and
which do not distinguish between layers at all. This is a direct
consequence of the fact that Q-mode clustering supplements the
preliminary geochemical knowledge with further possible candi-
dates (balances) to reveal better the D/C boundary.

In general, statistical analysis of observations including
elemental geochemistry of carbonate and siliciclastic bed succes-
sions across the D/C boundary using both compositional and non-
compositional approaches has revealed several interesting fea-
tures. Dimension reduction of multivariate geochemical data

through principal component analysis is nowadays a must for any
reasonable case study. In stratigraphy, statistical pre-treatment of
geochemical data is also a common approach prior to depicting of
stratigraphic patterns of element concentrations (Sedl�a�cek et al.,
2013; B�abek et al., 2015). In the present paper, several approaches
how to process the input observations prior to PCAwere presented.
The work flow proceeds from the raw compositions (which are
often inappropriate due to the relative nature of compositional
data) to either log-transformation or clr coordinates that consider,
or not, total abundances of elements. Interestingly, raw-data biplots
were found useful to depict the basic geochemical patterns such as
the dilution effect of Ca and enrichment of black shales with
productivity-sensitive elements (Cu, Zn, Ni, etc.). The possible
reason is that these effects are predominantly driven just by ab-
solute concentrations (or cps signal) of components rather than
being inherently contained in their ratios. On the other hand,
compositional biplots are capable of filtering out these predomi-
nant geochemical trends (such as the Ca dilution effect) and
depicting subtle geochemical variations, which are obscured by the
major trends.

Following the previous argumentation, depicting of composi-
tional log-ratios in vertical/horizontal logs, which is a common
approach in stratigraphy, can be more appropriate than depicting
simple element ratios, because subtle geochemical trends can be
obscured by the predominant trends such as the Ca dilution. This
applies, for example, for nodular limestones (such as the Upper
Devonian carbonates of the Rhenish Massif), inwhich diagenetic Ca
redistribution strongly affects the primary geochemical signal.
Nevertheless, analysis in the previous section has shown that even
the dilution effect of Ca is desirably suppressed, when sufficiently
robust log-ratios are considered (Fig. 7). Moreover, with Q-mode
clustering it is possible to cover both dimension reduction using
PCA, performed in clr coordinates, and D/C layer discrimination
under one methodological framework.

4. Conclusions

Our recent experiments clearly indicate that the combination
of raw/log-transformed data and compositional analyses are
capable of distinguishing D/C boundary sediment layers with

Fig. 5. Biplot of raw data (left) and compostional biplot (right) for location Gendron Celles, Ardennes, Belgium.

Fig. 6. Dendrogram of Q-mode clustering for location Kronhofgraben.
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Fig. 7. Proposed log-ratios, based on dendrogram of Q-mode clustering from location Kronhofgraben, which optimally discriminate layers.

Fig. 8. Standard ratios used for discrimination between layers applied on location Kronhofgraben.
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specific geochemical signature, in particular the HBE black shales
and LAS shales. This is in line with recent contributions from
geochemistry (Montero-Serrano et al., 2010; Reimann et al., 2012;
B�abek et al., 2015; McKinley et al., 2016) showing that not just the
standard processing of geochemical data, represented mostly by
log-transformation, but even the compositional data analysis has
some limitations that favour the use of the complementary
approach. It is unexceptionable that only the logratio methodology
would be acceptable, if exclusively relative information out of
geochemical data were informative, but it rather seems not to be
the case in most practical situations. Consequently, neither the
standard nor the compositional approaches have prevalence, but it
is advisable to use both of them to discern predominant and subtle
geochemical trends in large datasets. Using the fact that the
standard and compositional approaches have synergic effects is
thus recommendable for future developments, in sedimentology,
and also in geochemistry in general. Nevertheless, one must
be aware of interpretational dangers by using the standard ap-
proaches (log-transformed or even raw data) that do not
occur with the logratio methodology; a deep understanding of the
underlying geological phenomena (being the case here) is a
necessary presumption of their possible use in geochemical
practice.Fig. 9. Dendrogram of Q-mode clustering for location Oese and layers Hangenberg

black shale, Hangenberg sandstone and Lover Alum Shale.

Fig. 10. Proposed log-ratios, based on Q mode clustering from location Oese, which optimally discriminate layers (upper row) and standard ratios used for discrimination between
layers (lower row).
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Abstract

Eye-tracking metrics based on Areas of Interest (AOIs) often represent the

relative allocation of visual attention across stimulus regions. Compositional

data analysis (CoDA) provides a mathematically principled framework for

analyzing such data and enables the application of a wide range of multivari-

ate statistical methods through their representation in log-ratio coordinates.

This study demonstrates the utility of CoDA in AOI-based eye-tracking re-

search using a large-scale replication of Yarbus’ classic “Unexpected Visitor”

experiment. Eye movements of 144 participants were recorded with a high-

precision eye-tracker while they viewed Ilja Repin’s painting under seven

tasks adapted from Yarbus. Total fixation durations within seven AOIs were

analyzed either as absolute measures (classical approach) or as compositions

representing the relative distribution of viewing time across AOIs. Descrip-

tive CoDA techniques (compositional means, variation matrices, and ternary

plots) together with multivariate methods in log-ratio coordinates (principal

component analysis, hierarchical clustering, and compositional MANOVA)

reproduce the qualitative patterns described by Yarbus and subsequent repli-

cations, confirming that task demands strongly shape the relative allocation
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of attention. Linear discriminant analysis further shows that the task be-

ing performed can be inferred from eye-movement patterns with accuracy

above the chance level. The paper is conceived as a tutorial introduction to

CoDA in eye-tracking research. The compositional framework is particularly

appropriate when AOI metrics represent proportions or when total viewing

time is fixed by design, while under unconstrained viewing time, it provides

a complementary perspective to classical analyses.
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Abstract
Eye-trackingmetrics based onAreas of Interest (AOIs) often represent the relative allocation of visual attention across stimulus
regions. Compositional data analysis (CoDA) provides a mathematically principled framework for analyzing such data and
enables the application of a wide range of multivariate statistical methods through their representation in log-ratio coordinates.
This study demonstrates the utility of CoDA in AOI-based eye-tracking research using a large-scale replication of Yarbus’
classic “Unexpected Visitor” experiment. Eye movements of 144 participants were recorded with a high-precision eye-tracker
while they viewed Ilja Repin’s painting under seven tasks adapted from Yarbus. Total fixation durations within seven AOIs
were analyzed either as absolute measures (classical approach) or as compositions representing the relative distribution of
viewing time across AOIs. Descriptive CoDA techniques (compositional means, variationmatrices, and ternary plots) together
with multivariate methods in log-ratio coordinates (principal component analysis, hierarchical clustering, and compositional
MANOVA) reproduce the qualitative patterns described by Yarbus and subsequent replications, confirming that task demands
strongly shape the relative allocation of attention. Linear discriminant analysis further shows that the task being performed
can be inferred from eye-movement patterns with accuracy above the chance level. The paper is conceived as a tutorial
introduction to CoDA in eye-tracking research. The compositional framework is particularly appropriate when AOI metrics
represent proportions or when total viewing time is fixed by design, while under unconstrained viewing time, it provides a
complementary perspective to classical analyses.

Keywords Areas of interest · Compositional data · Eye-tracking · Multivariate analysis

Introduction

Eye movements constitute a fundamental mechanism of
visual perception and information acquisition. Rather than
moving continuously, the eyes alternate between two dis-
tinct types of movement. Fixations represent relatively stable
periods during which the eyes remain focused on a specific
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location, allowing for detailed visual information to be pro-
cessed. Saccades, by contrast, are rapid ballistic movements
that shift the point of gaze from one location to another,
thereby enabling the sequential sampling of visual informa-
tion across a scene (Holmqvist et al., 2011).

A seminal demonstration of how eye movements reflect
cognitive processes was provided by Yarbus (1967). In
the experiment with Ilja Repin’s painting They Did Not
Expect Him, also known by the name Unexpected Visitor,
he showed that gaze patterns change markedly depending
on the observer’s task. When participants viewed the same
painting under different instructions, their fixation sequences
varied systematically according to the questions they were
asked to answer. This finding provided the first empirical
evidence that eye movements are not determined solely by
the visual properties of a stimulus (bottom-up processes, such
as luminance or contrast) but are strongly modulated by the
observer’s intentions, goals, and expectations (top-down pro-
cesses). As L. Itti and C. Koch note in Itti and Koch (2001),
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“subjects selectively direct attention to objects in a scene
using both bottom-up, image-based saliency cues and top-
down, task-dependent cues” (p. 194). This insight established
eye-tracking as a powerful tool for investigating the interac-
tion between perceptual input and cognitive control.

Because fixations mark the loci of overt visual atten-
tion, their spatial distribution offers valuable information
about attentional allocation, perceptual strategies, and the
cognitive mechanisms guiding visual exploration. These dis-
tributions can be extensively analyzed and modeled using
a range of quantitative approaches, from classical statisti-
cal techniques to more advanced analytical frameworks. In
many experimental settings, stimuli are subdivided into sev-
eral disjoint subregions – commonly referred to as areas of
interest (AOIs) – and analyses focus on how fixations are
distributed across them (Duchowski, 2017).A rigorous statis-
tical treatment of fixation distributions is therefore crucial for
extracting meaningful insights about attentional allocation
and for distinguishing stimulus-driven effects from individ-
ual differences.

When stimuli are structured into AOIs, analyses fre-
quently shift frommodeling individual fixations to evaluating
aggregated measures, such as the total duration of fixations
(TDoF) or total number of fixations within each AOI. Sta-
tistical analysis of such data typically relies on classical
inferential methods, including t tests, ANOVA, or regres-
sion models. However, more sophisticated techniques – such
as modeling with (hidden)Markov chains (Chuk et al., 2014)
or recurrence analysis (RQA) (Anderson et al., 2013; Kre-
jtz et al., 2017) – are also commonly employed in practice.
A shared feature of these methods is that they are based on
the directly observed data, i.e., the absolute values of dwell
time or fixation count recorded for a given participant in a
given AOI. In some studies (see, e.g., Altmann and Kamide,
2007), AOI-based metrics are normalized by the size of the
respective region, which results, e.g., in fixation duration per
unit area, to control for differences in spatial extent. How-
ever, in the following, we target the situation when AOIs are
defined identically across all stimuli (Holmqvist et al., 2011,
p. 226) and the absolute metrics may be influenced more by
individual physical or cognitive predispositions of partici-
pants than by the saliency, relevance of the stimulus or size
of AOI itself. Since the area-normalized metrics are partic-
ularly relevant when comparing substantially different AOI
sizes across varying stimuli, this situation does not apply to
our problem setting.

Consider, for example, an experimental task where AOIs
correspond to individual paragraphs in a text, or to problem-
solving areas on a map, and participants are allowed unlim-
ited time to complete the task. In such cases, longer dwell
time may reflect personal reading speed or information pro-
cessing habits, rather than a higher level of interest in the
AOI or its importance per se. This situation can be illus-

trated on the Yarbus-like experiment, in which the objects on
the painting are aggregated in three AOIs - Visitor, Persons
and Background, as given in Fig. 1. The same figure pro-
vides scanpaths and scarf plots (generated in Vojtechovska
et al., 2026) of two observers solving the same task. The first
observer made substantially more fixations while observing
the painting than the second, resulting in a higher total num-
ber of fixations recorded in each AOI. Specifically, the first
observer spent 8323, 5353, and 4319 ms in the AOI Visi-
tor, Persons, and Background. For the second observer, the
recorded times were 2187, 1377.3, and 1036 ms. Classi-
cal analytical methods would likely interpret these results
as evidence of substantially different observing behavior.
However, these differences may primarily reflect individual
observing pace or attention span, rather than truly distinct
observing strategies.

A natural way to mitigate the influence of individual char-
acteristics is to replace absolute fixation counts or dwell
times with relativemeasures. Instead of analyzing the TDoFs
per AOI, one can evaluate the proportion of an observer’s
time that was spent by observing each AOI. For the par-
ticipants from Fig. 1, this yields the relative distributions
(46.3%, 29.7%, 24%) and (47.5%, 29.9%, 22.5%), which
clearly reveal the similarity between the two observers’ fix-
ation patterns. The analysis of relative-valued data, typically
expressed as percentages or proportions, falls within the
scope of Compositional Data Analysis (CoDA) (Coenders
et al., 2023). When the relative relationships between vari-
ables carrymore information than their absolute magnitudes,
the application of classical statistical methods – originally
developed for unconstrained real-valued data – can yield
inaccurate or even misleading results. This issue can be,
in general, caused by the presence of spurious correlations
between variables, which arise from the constant-sum con-
straint: an increase in one component (e.g., the proportion
of fixations allocated to a given AOI) necessarily induces a
decrease in the remaining components, even if no true associ-
ation exists between them. A second source of distortion lies,
in some cases, in the inappropriate use of Euclidean geom-
etry, which is based on absolute differences between values
or observations, rather than on their relative relationships
(Aitchison, 1982; Pearson, 1897). To illustrate this issue,
consider again the time distributions of participants P74 and
P101. When analyzing relative data, the distance between
two observations should reflect only differences in their rel-
ative structure and therefore remain invariant with respect to
the chosen representation. However, the Euclidean distance
between these two vectors depends on the chosen representa-
tion:when computed from the rawfixation times, the distance
equals 8014.66, whereas for the percentage representation it
is 1.97. While this difference is expected due to the change
of scale, it reveals that Euclidean geometry does not respect
the relative nature of the data. CoDA offers a principled
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Fig. 1 Illustration of fixation distributions for two observers who differ in total fixation duration but allocate their attention equally across AOIs

way to address this limitation. Its methodology is typically
based on log-ratio transformations, which extract the pure
relative information from each observation. Crucially, this is
achieved without requiring prior normalization to a constant
sum, since CoDA treats compositions as equivalence classes
of positive vectors conveying relative information only. As
will be discussed later, compositional methodology relies on
the so-called Aitchison geometry, which yields a distance of
0.068 for the discussed pair of observations, regardless of
the specific representation. The resulting distance is there-
fore invariant with respect to scale or normalization, which
should not alter the inherent relative structure.

For an appropriate choice of analytical technique, it is cru-
cial to determine which type of information constitutes the
core of the data. Specifically, one must decide whether the
analysis should focus on absolute information, based on the
observed magnitudes of the measured variable and the dif-
ferences between them, or on relative information, defined
by the ratios among the observed values. As an illustrative
example, consider again the TDoFs of observer P74. Recall
that the absolute fixation times allocated to the Visitor, Per-
sons, and Background AOIs were 8323, 5353, and 4319 ms,
respectively, corresponding to the relative distribution (46.3
%, 29.7 %, 24 %). Now consider another relative time dis-
tribution given by (53.6 %, 34.4 %, 12 %). From a classical
perspective focused on absolute values, this change would be

interpreted as a halving of the relative time allocated to the
third AOI (from 24% to 12 %), accompanied by increases of
7.3 and 4.7 percentage points in the first and second AOIs,
respectively. In contrast, the compositional (relative) per-
spective interprets the difference between the two percentage
distributions in terms of changes in the relative dominance of
Visitor and Persons over Background. In the original struc-
ture, the ratio of TDoFs between Visitor and Background
equals 1.92, meaning that participant P74 observed Visitor
approximately twice as long as Background. In the modified
structure, this ratio increases to 4.47, indicating a substantial
shift in the relative balance of the respective AOIs. Simi-
larly, the ratio between Persons and Background rises from
1.24 to 2.87. Finally, the ratio between Visitor and Persons
remains constant at 1.56, demonstrating that their mutual rel-
ative importance is preserved.

The aforementioned ratios are invariant with respect to
the chosen data representation; the described phenomenon is
therefore equivalent whether the data are expressed in TDoFs
or, e.g., in percentages. This invariance stands in contrast
to the classical interpretation of the data. If the modified
relative distribution (53.6%, 34.4%, 12.0%) is considered
under the constraint of a fixed total task duration (equal to
the original total TDoFs of P74, i.e., 17 995 ms), it would
correspond to a redistribution of fixation times to 9637, 6198,
and 2159 ms, respectively. In this case, the reduction of time
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spent on Background is necessarily compensated by pro-
portional increases in Visitor and Persons, illustrating once
again the phenomenon of spurious correlation induced by
the constant-sum constraint (data closedness). Alternatively,
if total observation time is not constrained, reducing the rel-
ative time allocated to Background from 24% to 12%, while
keeping the fixation times forVisitor and Persons unchanged,
would imply a decrease of the absolute time spent on Back-
ground to 1865 ms – less than half of its original value.
All three variants of the time distribution can be visually
compared onFig. 2. Such a consequencemay appear counter-
intuitive and highlights the conceptual differences between
absolute and relative interpretations.

For the analysis of data carrying relative information, as
introduced above, there exist somemodifications of classical
statistical methods that explicitly account for the constrained
nature of such data. For instance, the relative structure can
be accommodated through appropriate parametrization of
multinomial or mixed-effects models (see, e.g., Vencálek et
al., 2020). Compositional data analysis, however, provides
a comprehensive and mathematically grounded framework
specifically designed for this type of data. Beyond classi-
cal hypothesis testing concerning one or more parameters,
CoDA enables the application of a broad spectrum of super-
vised and unsupervised statistical learning methods, as well
as robust inferential procedures. In this sense, it does not
merely adjust existing tools to relative data but offers a coher-
ent geometric and algebraic foundation for their analysis.

Even though compositionalmethodology originally emer-
ged in geochemistry (see, e.g., Tolosana-Delgado, 2012;
Fačevicová et al., 2016a), it has since foundwidespread appli-
cation across many fields, including metabolomics (Kouřil
et al., 2023), microbiome research (Gloor et al., 2017),
and time-use epidemiology (Fairclough et al., 2017). This
manuscript introduces CoDA in the novel context of eye-
tracking data analysis. When combined with complementary
approaches such as recurrence quantification analysis (RQA)
or spatio-temporal analysis of fixations (Ylitalo et al., 2016),
CoDAhas the potential to provide amore comprehensive and
nuanced characterization of visual attention patterns, as well
as their comparison across subjects or experimental condi-
tions.

As stated above, CoDA encompasses a wide range of
statistical tools, including methods for hypothesis testing,
robust inference, multivariate analysis (both supervised and
unsupervised) as well as multi-factorial and even functional
(compositional) data analysis (Fačevicová et al., 2022; Filz-
moser & Hron, 2011; Pavlů et al., 2023). To the best of
our knowledge, this is the first study to apply a compo-
sitional approach specifically to the analysis of AOI-based
eye-tracking measurements. Accordingly, this manuscript is
conceived primarily as a tutorial introduction to composi-
tional data analysis. Its aim is to provide a clear, step-by-step
methodological guide to the comprehensive analysis of the
relative distribution of visual attention across AOIs. For this
reason, we focus on the foundational concepts and practi-
cal implementation of CoDA, demonstrating its relevance
and applicability in eye-tracking research. The proposed
framework is intended to support researchers working with
percentage-based time allocations as well as with experi-
ments conducted under fixed total viewing time, and to serve
as a practical reference for applying CoDA in eye-tracking
studies.

The remainder of the manuscript is structured as follows.
Section “Basics of compositional data analysis” introduces
the main principles of compositional data analysis. Section
“Analysis of problem solving strategies” presents the replica-
tion of Yarbus’s experiment together with both the composi-
tional and classical analytical frameworks. Additional results
from the practical part are provided in Appendices A and B.
The manuscript concludes with Section “Conclusion”. All
data and source code used in this study are publicly avail-
able on GitHub: https://github.com/kfacevicova/Advancing-
-Eye-Movement-Analysis-Through-Compositional-Modeli
ng.

Basics of compositional data analysis

Descriptive statistics

A compositional observation is commonly defined as a D-
part vector x = (x1, . . . , xD)′ of positive components (xi >

0,∀i), where the essential information is contained in the

Fig. 2 Comparison of three versions of TDoF distributions and the corresponding compositional structures
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ratios between parts, rather than in their absolute magni-
tudes. This general definition corresponds, for instance, to
a situation in which the total duration of fixations spent in D
distinct AOIs is recorded with the goal of understanding the
relative distribution of attention across these areas. In accor-
dance with this perspective, the total sum of the components
is not relevant for the analysis. Normalizing the data to sum
to 1 (proportions) or to 100 (percentages) represents only
two among many equivalent ways of expressing the same
relative information. The underlying relative structure – i.e.,
the ratios between the parts – remains unchanged regard-
less of the chosen normalization. A fundamental principle of
compositional analysis is scale invariance (Aitchison, 1982),
which ensures that rescaling should not affect the outcome
of the analysis. Nevertheless, using a common total can be
practical for numerical comparison between multiple com-
positions. To facilitate this, we define the closure operation
Cκ(.)which rescales a given composition to an equivalent one
whose total equals a specified constant κ . It should be noted,
however, that in some research contexts, both relative and
absolute information may be important – e.g., when analyz-
ing the total duration of a problem-solving task. For the sake
of simplicity, we do not address such cases in thismanuscript,
and instead refer the interested reader to Pawlowsky-Glahn et
al. (2015). Asmentioned above, the traditional definition of a
compositional vector does not permit any of its components
to be zero. However, zero values are frequently encountered
in practice and must be properly addressed before applying
compositional analysis. In the context of eye-tracking data,
zeros typically arise when certain AOIs are not visited at
all by a given observer. This issue can be handled either by
merging sparsely visited areas or by applying suitable zero-
imputation techniques, as discussed, for example, in Hron
et al. (2010); Palarea-Albaladejo et al. (2007) and Palarea-
Albaladejo and Martín-Fernández (2008).

The basic descriptive statistics of compositional data are
compositional (i.e., geometrical) mean, variation matrix, and
total variance. For a sample on n D-part compositions orga-
nized in an n × D data matrix X = (

xi j
)
these statistics are

defined as follows:
The compositional mean is given by

gx = Cκ (g1, . . . , gD)′ , where g j =
(

n∏

i=1

xi j

)1/n

(1)

i.e., (the closure of) the component-wise geometric means
across all observations, and the D × D variation matrix
Tx = (

t jk
)
has elements given by

t jk = S2n
(
ln

(
x j/xk

))
(2)

that is, each element represents the sample variance (S2n ) of
the log-ratio between the j-th and k-th components across the

sample. Elements of the variationmatrix that are close to zero
indicate pairs of compositional parts for which xi j ≈ c · xik ,
with c ∈ R being constant across all observations i . In
other words, these parts are nearly proportional, and their
mutual relationship remains stable throughout the sample.
Conversely, large values of t jk indicate high variability in the
corresponding log-ratio, reflecting substantial fluctuations in
the mutual relative dominance of the two parts across indi-
vidual compositions. The variationmatrix can thus be used to
identify AOIs that exhibit inconsistent levels of visual atten-
tion across participants, revealing which areas attract interest
more variably within the observed population.

Finally, the overall level of variability captures the total
variance, defined as

totvar(X) = 1

2D

D∑

j=1

D∑

k=1

t jk . (3)

The total variance serves as a natural measure of similar-
ity (or homogeneity) within a set of compositions and can
therefore be used, for example, to compare the stability of
visual attention between two groups of observers.

Finally, a traditional way to visualize three-part compo-
sitions is through ternary diagrams. An example is shown
in Fig. 3, where each point represents a single observation,
and its position reflects the relative proportions of the three
compositional parts. Balanced compositions – in our context,
observations where visual attention is distributed equally
across all three AOIs – are located near the center of the
diagram. As the relative dominance of one part increases,
the corresponding points move towards the respective ver-
tex. For instance, observers who focused primarily on the
Background are represented by points located near the right
vertex of the triangle. Ternary diagrams allow visualization
only for D = 3. For higher-dimensional data, visualization
is typically based on log-ratio transformations, or achieved
through dimension reduction techniques such as principal
component analysis (PCA) applied to the transformed data.

Working in coordinates

The classical methods of multivariate data analysis, such
as hypothesis testing, clustering, or classification (Anderson
et al., 1994), are typically not directly applicable to com-
positional data. These methods generally rely on absolute
information carried by data, whereas for compositional anal-
ysis, the relative structure is of main interest, as outlined
above. The standard approach to overcome this discrep-
ancy is to map compositional observations into a system of
real-valued coordinates, where the principles of Euclidean
geometry apply, like centered (clr) or isometric (ilr) log-ratio
coordinates (Pawlowsky-Glahn & Buccianti, 2011).
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Fig. 3 Ternary diagram of the attention distribution over three AOIs. Colored points correspond to participants P74 and P101, discussed in Section
“Introduction”

Centered log-ratio coordinates

One of the widely used options is the centered log-ratio
(clr) transformation. This transformation expresses the
dominance of each compositional part relative to the over-
all geometric mean of the respective observation, while
logarithmic scaling ensures symmetry. Formally, the clr rep-
resentation of a D-part compositional vector is defined as

clr(x) =
(
ln

x1
g(x)

, . . . , ln
xD
g(x)

)′
=: y, (4)

with g(x) = (x1 · . . . · xD)1/D . If the clr transformation is
applied to each rowof the compositional datamatrixX, i.e., to
each individual observation, the resulting n×DmatrixY can
be directly used in awide range of standardmultivariate tech-
niques, such as clustering or dimension reduction, as will be
discussed later. Moreover, clr coordinates have a convenient
interpretation in terms of the mean relative dominance of the
respective parts. While positive values represent the more
abundant compositional parts, negative values indicate those
parts that are rather negligible in a given composition. Thanks
to this interpretation, clr coefficients can also be advanta-
geously used as response variables in linear models or their
generalizations. The denominator in Eq. 4 serves as a nor-
malizing factor, suppressing between-participant differences
in total observation time for a given task. Consequently, the
effect of covariates on the (relative) time spent in the AOI of
interest can, under the simplest problem setting, be modeled
directly without the need for a more complex mixed-effects
model.

Nevertheless, a limitation arises from the inherent zero-
sum constraint of the clr transformation, which follows
directly from its definition. As a consequence, the covari-
ance matrix of clr-transformed data is singular, preventing its
direct use in some statistical procedures. Formethods relying
on full-rank covariance structures, an alternative coordinate
system, most notably the isometric log-ratio (ilr) transfor-
mation (Egozcue & Pawlowsky-Glahn, 2005; Egozcue et al.,
2003), provides a suitable solution.

A widely used technique for data exploration is prin-
cipal component analysis (PCA), a dimension-reduction
technique that represents the data through a small number
of linear combinations of the original variables, referred
to as principal components (PCs). This approach facili-
tates low-dimensional visualization of the data and enables
the identification of meaningful patterns both among obser-
vations and among variables. The key step is to assign
coefficients to the variables, thereby forming the principal
components. One common way to obtain these coefficients,
referred to as loadings in what follows, is through singular
value decomposition (SVD) of the observed data matrix.

In order to retain focus on the relative structure, PCA for
compositional data is typically performed on its clr repre-
sentation, i.e., on the SVD of the matrix Y. Analogously to
classical PCA, it is common practice to work with a column
mean-centered matrix (Filzmoser et al., 2018, p. 133). Let
us denote this centered matrix by Ỹ. The SVD of the n × D
matrix Ỹ can be written as

Ỹ = UDV′, (5)
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where U and V are orthogonal matrices of left and right
singular vectors, and D is a diagonal matrix of singular
values λk , arranged in descending order. Columns of V,
vk = (v1k, . . . , vDk)

′, k = 1, . . . ,min(n, D), correspond
to loadings, and the k-th principal component (PCk) is then
generally computed as v′

k ỹ. The matrix of scores, i.e., the
values of the principal components for all observations, is
given by the matrix product UD. The proportion of variance
explained by the k-th PC is given as λk/

∑
j λ j , and typ-

ically the first two components are of primary interest, as
they explain the largest proportion of the total variance. Note
that the sum of eigenvalues in the denominator equals the
total variance of the compositional data matrix X, as defined
by Eq. 3.

The result of PCA can be easily interpreted using clr
loadings plot and clr (compositional) biplot, as illustrated
in Fig. 8. A clr biplot simultaneously represents both scores
and loadings, typically in relation to the first two principal
components. More specifically, in the context of eye move-
ment analysis, points correspond to participants, while the
direction and length of rays represent clr-transformed com-
positional parts – times spent in individual AOIs, determined
by the respective loadings. This visualization enables the rep-
resentation of a D-part compositional dataset (D > 2) in two
dimensions, allowing visual inspection for potential outlying
observations or clusters - individuals or participant groups
with distinct or deviating observation behavior. Further-
more, relationships between compositional parts/AOIs can
be explored through the positions of the ray vertices. Unlike
in a classical (non-compositional) biplot, where interpreta-
tion reliesmainly on the length of rays and the angles between
them, interpretation of the compositional biplot is based on
the links between pairs of vertices (Pawlowsky-Glahn et al.,
2007). The length of such a link estimates the variability of
the corresponding pairwise log-ratio and can thus be under-
stood as a measure of proportionality between times spent in
the respective two AOIs. In extreme cases, coinciding ver-
tices indicate (nearly) proportional times, while very distant
vertices suggest AOIs whose mutual relationships vary sub-
stantially across the dataset.

The axes of the biplot, and consequently the positions of
points, are determined by the first two principal components.
The practical interpretation of these components can be sup-
ported by clr loadings plot. Such barplots display the loadings
of a given component for the individual compositional parts.
Due to the zero-sum constraint inherent to clr coefficients,
the elements of each loading vector also sum to zero. As a
consequence, the principal components can be understood as
a special case of log-contrasts (Aitchison & Bacon-Shone,
1984). Finally, in certain cases, they can be interpreted in
simplified terms as reflecting the dominance of one group of
parts (with high positive loadings) over another (with high
negative loadings).

The other typical problem of multivariate statistics is the
problem of definition for groups at a level of observations
– participants or variables – AOIs. This task can be solved
with methods of cluster analysis. Within this manuscript,
we focus on hierarchical clustering, i.e., an approach which
progressively merges smaller clusters into larger ones, with
the aim to get in each step a set of disjoint groups of units
(observations or variables), which are within each cluster
as similar as possible and, simultaneously, have the highest
possible level of between-clusters dissimilarity. The result is
typically visualized as a dendrogram, which illustrates the
nested grouping and the level of similarity at which clusters
are joined.

The crucial step in hierarchical clustering is the definition
of a dissimilarity measure between pairs of units. In classi-
cal (non-compositional) settings, this is typically based on
the Euclidean distance. By analogy, hierarchical clustering
of compositional observations should employ the Aitchison
distance between pairs of compositional vectors (Aitchison,
1986). Importantly, one of the key properties of the clr repre-
sentation is that it converts theAitchison distance dA(., .) into
the Euclidean one dE (., .). In particular, for two D-part com-
positions x and z, it holds that dA(x, z) = dE (clr(x), clr(z)).
Thanks to this property, the hierarchical clustering of obser-
vations that focuses on their relative structure can be simply
performed on clr coefficients.

When the research question lies in the clustering of vari-
ables, i.e., identifying groups ofAOIs that, in termsofTDoFs,
exhibit similar behavior across the data sample, the cluster-
ing algorithm is typically based on the variation matrix Tx,
see Eq. 2. Recall that the elements of Tx correspond to the
variances of pairwise log-ratios; large values can therefore
serve as a natural sign of dissimilarity of the respective pair
of AOIs.

Isometric log-ratio coordinates

The zero-sum constraint prevents the direct use of clr coeffi-
cients in a wide range of multivariate methods that rely on a
full-rank data matrix and a regular covariance structure. For
regression modeling, robust analyses, or hypothesis testing,
it is therefore more practical to work with D − 1 so-called
isometric log-ratio (ilr) coordinates. Although this coordi-
nate system can be defined in multiple ways, the specific
choice does not affect the outcomes of subsequent analyses.
For simplicity, we focus here on one specific type known
as pivot coordinates (Hron et al., 2017). The ilr transforma-
tion of a D-part compositional vector x yields a real vector
ilr(x) =: z with components

z j =
√

D − j

D − j + 1
ln

x j
(∏D

k= j+1 xk
) 1

D− j

, j = 1, . . . , D − 1. (6)
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The elements of the coordinate system defined by Eq. 6
can be interpreted in terms of the mean relative dominance
of a given compositional part over all parts of higher order.
More generally, however, the ilr family of coordinate sys-
tems is characterized by high flexibility in interpretation,
which is typically expressed in terms of dominance between
two groups of parts. For this reason, ilr coordinates are
often referred to as balances (Egozcue & Pawlowsky-Glahn,
2005).

For ilr coordinates, as for clr, the principles of classical
Euclidean geometry apply. In contrast to clr, however, this
representation does not suffer from the zero-sum constraint
and can therefore be readily used in methods that rely on a
full-rank covariance structure, such as robust statistical pro-
cedures, regressionmodels with compositional covariates, or
hypothesis testing. The latter will be outlined in the following
paragraph.

The similarity of problem-solving strategies between two
or more groups of participants, i.e. similarity of their mean
compositions as defined by Eq. 1, can be tested using compo-
sitional MANOVA. This approach is equivalent to classical
multivariate analysis of variance applied to ilr-transformed
data (Martín-Fernández et al., 2015). Suppose K groups of
a D-part composition are considered, each consisting of nk
observations, k = 1, . . . , K , with

∑
nk = n. The within-

group structure can be expressed as

xki = μk ⊕ eki , i = 1, . . . , nk, (7)

where xki is the i-th observation in the k-th group,μk denotes
the group mean, and eki is a random term with an expected
value equal to the unit vector. Symbol ⊕ denotes pertur-
bation, one of the basic operations of Aitchison geometry,
which corresponds to component-wise multiplication. The
null hypothesis of group similarity corresponds to

μ1 = · · · = μK (8)

and is tested under the assumption of log-normality and
homoscedasticity of eki , ∀k. Moving to ilr transforms the
model into a classicalMANOVAsetting: ilr

(
xki

) = ilr (μk)+
ilr

(
eki

)
, ∀i, k, with the null hypothesis ilr (μ1) = · · · =

ilr (μK ) and the error terms distributed as ilr
(
eki

) ∼
N (0, �), ∀i, k. Hypothesis testing is after the ilr transfor-
mation performed similarly to the classical approach, which
allows for the computation ofmultivariate test statistics, such
as Pillai’s trace, for assessing significance, as well as for the
calculation of the test effect size, e.g., in the form of partial
η2 (Muller et al., 1992). For further methodological details,
see Martín-Fernández et al. (2015).

Similarly to procedure used in MANOVA, the ilr repre-
sentation of compositional data can be directly employed for
classification tasks using, for example linear or quadratic

discriminant analysis (LDA and QDA). Suppose that the
observations can be classified into K groups. If the ilr coor-
dinates z from the k-th group follow a D − 1-dimensional
normal distributionwith density fk(z), k = 1, . . . , K , Bayes’
theorem can be used to construct the classification rule

P(Y = k|Z = z) = πk fk(z)∑
j π j f j (z)

→ max
k

, (9)

where π1, . . . , πK denote the a priori class probabilities.
In particular, LDA assumes a common covariance structure
across all groups, i.e. N (μk, �),∀k, whereas QDA allows
for group-specific covariance matrices �k, k = 1, . . . , K ,
which results in greater model flexibility (James et al., 2021).
The unknown parameters μk and �k, k = 1, . . . , K , or the
pooled covariancematrix�, are estimated analogously to the
classical (non-compositional) case using the sample mean
vectors and covariance matrices computed from the training
dataset consisting of pairs (Yi , zi ), i = 1, . . . , n, where Yi
denotes the categorical response and zi the corresponding ilr
vector. Importantly, the resulting classification performance
is invariant to the specific choice of the ilr coordinate system;
see Filzmoser et al. (2018) for further details.

Software implementation

In practice, compositional data analysis is well supported in
R (R Development Core Team, 2009). The most widely used
packages include compositions (Boogaart Van Den et
al., 2009) and robCompositions (Templ et al., 2011).
The specific R implementations of the methods described
above are listed in Table 1

Analysis of problem solving strategies

The principles of compositional analysis of eye-tracking
data will be illustrated using a classic experiment first
described by Yarbus (1967). Yarbus was among the first
to systematically investigate the relationship between eye
movement patterns and high-level cognitive factors (DeAn-
gelus & Pelz, 2009). In his well-known study, participants
were asked to view a politically significant painting depicting
a Russian revolutionary returning from exile under differ-
ent task instructions, such as estimating the ages of the
people portrayed or remembering their clothing. The result-
ing scanpaths revealed striking differences in eye movement
patterns across task conditions, differences that were more
pronounced than those observed among seven participants
freely viewing the painting without specific instructions (see
(Yarbus, 1967, Fig. 107)). Based on these observations,
Yarbus concluded that the eyes “fixate on those elements
of an object which carry or may carry essential or useful
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Table 1 Functions for compositional data analysis in compositions and robCompositions packages in R

Method compositions robCompositions

Compositional mean mean(acomp(x)) gmean(x)

Variation matrix variation(acomp(x)) variation(x, method = "Pivot")

Total variance mvar(acomp(x)) –

CLR transformation clr(x) cenLR(x)

ILR transformation ilr(x) balances(x)

Pivot coordinates – pivotCoord(x)

PCA princomp(acomp(x)) pcaCoDa(x), method = "classical"

Hierarchical clustering CoDaDendrogram(acomp(x)) clustCoDa(x), clustCoDa_qmode(x)

MANOVA manova(ilr(x) ∼ group) –

Discriminant analysis lda(ilr(x)), qda(ilr(x)) daCoDa(x)

information” (Yarbus, 1967, p. 211). This experiment is sig-
nificant because it demonstrates a clear top-down component
of visual selection and highlights the active nature of the
human visual system. Observers’ cognitive goals and prior
experiences interact with the visual stimulus to guide atten-
tion and support task-relevant behavior. The visual system
is therefore not passive: it does not randomly or uniformly
sample the environment, nor does it merely react to external
stimuli. Instead, it actively selects and prioritizes information
based on the cognitive context. Yarbus’ findings remain one
of the most well-known and frequently cited demonstrations
in the field of eye-tracking research, providing foundational
evidence of the task-dependent nature of saccadic eye move-
ments and continuing to inform contemporary studies of
visual attention. The English translation of Yarbus’s book
(Yarbus, 1967) became one of the most cited works in visual
science, with a surge in citations from the mid-1990s onward
(Tatler et al., 2010, p. 23). His findings inspired the develop-
ment of Active Vision models (Ballard, 1991; Ballard et al.,
1992; Findlay & Gilchrist, 2003) and influenced research in
artificial intelligence, robotics, and cognitive science beyond
psychology (Tatler et al., 2010, p. 23).

Following a description of the data sampling and pre-
processing procedures, results obtained by both composi-
tional and classicalmethods – relying on relative and absolute
information, respectively – will be presented and compared.

Data description

Participants

A total of 144 participants (79 female, 65 male) took
part in the study. Their ages ranged from 19 to 28 years
(mean = 22.20). All participants were fluent Czech speak-
ers, which was essential because all instructions and tasks in
the experiment were presented in Czech. Participants were
recruited primarily from the student pool of Palacký Univer-

sity Olomouc and volunteered to participate in a battery of
eye-tracking experiments.

All participants reported normal or corrected-to-normal
vision. At the time of data collection, 44 wore glasses, and
sevenwore contact lenses. Right-handednesswas reported by
127 participants and left-handedness by 16; one participant
did not report hand dominance. The dominant eye was right
for 104 participants and left for 37 (three participants did
not provide this information). Eye dominance was assessed
using a self-report measure asking participants which eye
theywould use to look through a telescope, following (Ehren-
stein et al., 2005).

To obtain additional background characteristics, partici-
pants completed a short demographic questionnaire. These
characteristicswere collected in order to enablemoredetailed
analyses beyond the scope of the present paper. Regard-
ing education, 29 participants had completed secondary
vocational education with Maturita (the Czech and Slovak
school-leaving examination at the end of secondary educa-
tion), 47 graduated from a grammar school (gymnasium), 56
held a bachelor’s degree, ten a master’s degree (two did not
report their education level). Participants also reported their
relationship to art, with four describing it as negative, 35 as
neutral, and 105 as positive. Since the experiment included
distractor stimuli involving logical reasoning, participants
were also asked about their relationship to mathematics: 34
described it as negative, 41 as neutral, and 69 as positive.

All participants were screened for suitability to participate
in an eye-tracking experiment. The only exclusion criterion
was the inability to achieve a successful calibration of the
eye-tracker. Four participants were excluded from the initial
dataset of 148 participants due to unsuccessful calibration.

The study was conducted in accordance with the ethi-
cal standards of the Faculty of Science, Palacký University
Olomouc. It was approved by the institutional Ethics Com-
mittee (reference no. 22-01), and written informed consent
was obtained from all participants prior to the experiment.
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Apparatus andmaterial

Eye movements were recorded using a Tobii Pro Spectrum
300 eye-tracker (Tobii AB, Sweden), operating at a sampling
frequency of 300 Hz. According to the manufacturer, the
system provides a spatial accuracy of approximately 0.3◦
and a precision of 0.06◦. Before the experiment, a nine-point
timed calibration was performed for each participant, with
calibration points presented in a randomized order as white
dots on a grey background. The mean calibration accuracy
across participants was 0.197◦ with a standard deviation of
0.133◦, indicating high-quality gaze data.

The main stimulus presented during the experiment was
the painting They Did Not Expect Him (Unexpected Visi-
tor) by Ilja Repin, obtained fromWikipedia. The image was
displayed at a resolution of 1125 × 1080 pixels, with the
remaining area of the screen filled with black.

All stimuli were displayed on a 23-inch LCD monitor
with a resolution of 1920 × 1080 pixels. Participants were
seated approximately 65 cm from the screen, and no chin-
rest was used. The experiment took place in the eye-tracking
laboratory of the Department of Geoinformatics, Palacký
University Olomouc. The room had covered windows, and
lighting conditions were kept constant for all participants to
minimize variability in pupil tracking and visual perception.

Data acquisition and stimulus presentation were con-
trolled using Tobii Pro Lab software. Areas of Interest (AOIs)
were definedmanuallywithinTobii ProLab, and the resulting
gaze data were exported as tab-separated values (TSV) files.
The statistical analysis of gazemetrics was subsequently per-
formed in R (R Development Core Team, 2009).

Procedure

This experiment was designed as a replication of the sem-
inal eye-tracking study by Yarbus (1967), using the same
stimulus image and task instructions as in the original work.
However, some aspects of the procedure differed. In the orig-
inal study, each viewing lasted three minutes, whereas in our
experiment, the observation time was not limited; partici-
pants could proceed to the next slide by pressing the space
bar once they felt they had completed the task. Additionally,
Yarbus presented each task on separate occasions spaced by
1–2 days, while in our experiment, all tasks were presented
within a single session, separated by distractor tasks (logical
puzzles) to minimize learning and memory effects.

At the beginning of the experimental session, participants
were seated in front of the eye-tracker, and the nine-point
calibrationprocedurewasperformedas described above. Fol-
lowing successful calibration, the experiment commenced
with an introductory slide that informed participants that the
study focused on logical thinking (related to distractor tasks)
and visual attention, referencing the described experiment.

Participants were instructed that they would complete a
series of logical tasks interspersed with tasks involving the
observation of a painting. They were informed of the specific
task for each presentation before the stimulus appeared.After
reading the task instructions, participants viewed the stimulus
and were instructed to examine it carefully.When ready, they
pressed the spacebar to advance to the response screen,where
they selected their answer by clicking on the appropriate text
option using amouse. The responseswere evaluated based on
areas of interest (AOIs) defined around each possible answer.

The main part of the experiment consisted of seven pre-
sentations of the same painting, They Did Not Expect Him
(Unexpected Visitor) by Ilja Repin, presented in a fixed order.
The seven tasks were adapted from Yarbus’s classic experi-
ment (Yarbus, 1967) and were as follows:

Task 1 Look carefully at the following image.
Task 2 Estimate the material circumstances of the family in

the picture.
Task 3 Give the ages of the people.
Task 4 Surmise what the family has been doing before the

arrival of the unexpected visitor.
Task 5 Remember the clothes worn by the people.
Task 6 Remember the positions of people and objects in the

room.
Task 7 Estimate how long the unexpected visitor has been

away from the family.

Between these presentations, participants completed eight
logical thinking tasks that served as distractor stimuli. These
tasks were unrelated to the main purpose of the experiment
and are therefore not described here in detail.

At the end of the experiment, a debriefing slide was dis-
played. It thanked participants for their involvement and
provided context about the broader aims of the study. The
slide linked the experiment to Yarbus’s foundational work
on eye movements, explained the concepts of top-down and
bottom-up visual processing, and highlighted the relevance
of such research in various applied fields. This served both
as a closure to the experimental session and as a brief educa-
tional component that enhanced participants’ understanding
of the study’s significance.

The entire experiment, including calibration and distractor
tasks, lasted on average 13.3 minutes.

The areas of interest were marked in the stimuli simi-
larly to those used in DeAngelus and Pelz (2009). For the
present analysis, we grouped them into seven AOIs: Back-
ground, Furniture, Kids, Maid, Man, Mother, and Wife, see
Fig. 4. A more detailed segmentation with a larger number
of AOIs – and, consequently, a higher data dimensionality
– would require a substantially larger sample size to ensure
reliable inference. Therefore, the analysis was restricted to
those seven areas of interest. All results are based on the

123



Behavior Research Methods           (2026) 58:173 Page 11 of 28   173 

Fig. 4 Segmentation of I. E. Repin’s painting ‘They Did Not Expect
Him’ into areas of interest. The numbers in brackets indicate the per-
centage of the painting covered by each respective AOI

total durations of fixations (TDoFs) recorded within each
sub-AOI, which were aggregated prior to analysis according
to their assignment to the corresponding AOI.

Since all participants viewed the same stimulus and AOIs
were defined identically across all tasks, the spatial extent
of each AOI remained constant throughout the experiment.
Consequently, comparisons between tasks or participants
were not affected by differences in AOI size. For this reason,
fixation durations were not normalized by AOI area. Area-
normalizedmetrics are particularly relevant when comparing
AOIs of substantially different sizes within varying stimuli;
however, this situation does not apply to the present experi-
mental design.

Results

The nature of the experiment, in which participants were
given unlimited time to solve each task, allows for a compar-
ison of problem-solving strategies both from the perspective
of the relative distribution of attention across AOIs (com-
positional analysis) and from the perspective of absolute
differences in total durations of fixations (classical analy-
sis). The combination of these two approaches can provide
a comprehensive understanding of differences between par-
ticipants (or groups of participants) as well as between tasks.
In the following, we primarily focus on the latter case, i.e.,
differences between tasks.

Analysis of relative time distribution over AOI -
compositional analysis

The observation times corresponding to the considered tasks
are compared in Fig. 5, revealing substantial differences
between them. This finding justifies the use of a relative
approach when the primary objective is to compare how
visual attention is distributed across AOIs for different tasks.

To gain an initial understanding of the data structure, Fig. 6
(left) presents a comparison of compositional means, see
Eq. 1, computed for each task and rescaled to percentages.
This comparison already highlights substantial differences
in observation strategies, which appear to depend on the
specific task type. The most pronounced difference between
tasks lies in the attention devoted to Furniture, which was
almost entirely neglected in Tasks 3, 5, and 7. In contrast,
the hierarchical clustering of means (Fig. 6, right) based
on the complete linkage, i.e., distance between the farthest
neighbors, which is also used throughout the entire analy-
sis, indicates distinct behavior in Tasks 1, 2, 4, and 6, where
participants spent a substantial portion of their time observ-
ing Furniture and Background. For Task 1 (free viewing), the
distribution is similar to the relative size of the AOIs: approx-
imately one third of the total time was spent on Background,
which covers the largest part of the painting (56.5 %). When
reasoning about the family activity before the visitor’s arrival
(Task 4), participants concentrated predominantly on Kids,
whereas in estimating the duration of the visitor’s absence
(Task 7), their attention was directed mainly toward theMan.

The variability of attention devoted to individual AOIs
can be examined using the variation matrix, see Eq. 2. Fig-
ure 7 presents the variation matrices for Tasks 5 and 7, while
the corresponding matrices for the remaining tasks are pro-
vided in the Appendix (Fig. 18). The matrices clearly reveal
task-specific differences in the distribution of attention. For
Task 5, which required focusing on the clothing of the per-
sons, the variation matrix shows a distinct structure. The
TDoFs devoted to the persons in the picture – AOIs Kids,
Maid,Man,Mother, andWife – are nearly proportional, pair-
wise ratios of times spent in these AOIs remain stable across
all participants, while high log-ratio variability is observed
between Furniture and Background. Consequently, these two
AOIs exhibit much higher mutual variability compared to
the person-related AOIs. Recall that proportionality between
two AOIs does not imply that the percentages of time spent
in the respective AOIs are equal; rather, it indicates that their
ratio remains stable across the data sample. Conversely, high
log-ratio variability reflects an unstable relative allocation
of time between the considered pair of AOIs. See Section
“Descriptive statistics” for details. In the case of Task 5, this
means that the amount of attention directed to Background or
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Fig. 5 Comparison of total time distributions

Furniture varies substantially over participants, whereas the
relative distribution of the remaining time across the AOIs
representing persons remains stable throughout the sample.
For Task 7, which focused on estimating the length of the
visitor’s absence, no clear structure can be observed. All ele-
ments of the variation matrix are relatively high, indicating
substantial variability in the overall distribution of salience.
This conclusion is further supported by the high value of the
total variance, see Eq. 3, which for Task 7 equals 17.62. By
contrast, the total variance for the remaining tasks, which
are given in Table 4, ranges between 5 and 10, with Task 5
specifically reaching 10.03.

Visual inspection of the data structure for potential clus-
ters or outlyingobservations canbe facilitated byPCA,which
also provides a more detailed view of the clustering pattern

observed in Fig. 6 (right). PCA reduces the original dataset,
comprising seven variables - AOIs, to a two-dimensional rep-
resentationwhile retaining themajority of the data variability.
The first two principal components of the compositional PCA
are illustrated in Fig. 8. Differences between tasks are pri-
marily manifested along the first principal component (PC1).
Tasks 1, 2, 4, and 6 generally exhibit negative PC1 scores,
whereas Tasks 3, 5, and 7 are associated with higher values.
According to the loadings, PC1 is predominantly defined by
the log-ratio between Furniture and the mean time spent on
AOIs containing persons. Consequently, the shift of Tasks
3, 5, and 7 towards lower attention to Furniture reflects their
focus on human figures depicted in the paintings. The second
PC clearly separates a group of observations with atypically
low values. Based on the loadings, PC2 primarily captures

Fig. 6 Compositional means of TDoFs spent in each AOI, see Eq. 1, computed separately for each type of task and rescaled to percentages (left)
and clustering of tasks according to mean time distributions (right)
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Fig. 7 Variation matrices, see Eq. 2, computed for Tasks 5 (left) and 7 (right). Each cell corresponds to the sample variance of log-ratio between
the respective pair of AOIs

the relative dominance of time spent on the Background
compared to the Wife and Kids areas of interest. Conse-
quently, the cluster of observations located at the lower end
of the plot corresponds to participants who, within the given
task, allocated minimal attention to the Background. Finally,
the length and orientation of the rays further contribute to
the interpretation of the data structure. The longest rays,
corresponding to Furniture and Background, indicate sub-
stantial variability in the relative time spent on these two
AOIs across tasks and participants. The opposite orientation
of the Furniture ray, and consequently the considerable dis-
tance of its vertex from those representing the remaining
AOIs, reflects the pronounced variability in pairwise log-
ratios between Furniture and any other AOI. In contrast, the
close proximity of vertices associated with person-related
AOIs indicates a consistent distribution of attention across
these AOIs throughout the experiment, which is in accor-
dance with information provided by variation matrices. It
should be noted that the results presented in Fig. 8 are based
on the complete dataset and are intended to reveal the main
patterns observed across the entire experiment, such as differ-
ences between tasks or themost variableAOIs.More detailed
insights into participants’ behavior could be obtained by con-
ducting a separate PCA on the measurements from a single
selected task.

All the analyses presented above indicate that observation
strategies differ depending on the specific task. The equiv-
alence of distributions can be statistically assessed using
compositional MANOVA, as described in Section “Isomet-
ric log-ratio coordinates”. More precisely, we test the null
hypothesis that the mean distributions of viewing times are

independent of the task and equal to the overallmean reported
in Table 2. This hypothesis is rejected (with Pillai’s trace = 1,
F = 33.35, d f = (36, 6006), p 
 0.001 and η2 = 0.167).
The sources of this rejection are clearly illustrated in Fig. 9,
which contrasts task-specific geometric means (g(x)taskAO I )
with the overall means under the null hypothesis (g(x)allAO I )
using log-ratio

ln

(
g(x)taskAO I

g(x)allAO I

)

. (10)

Values of these log-ratios close to zero would indicate agree-
ment with the null hypothesis, whereas larger deviations
highlight systematic differences between tasks.

The findings presented in Fig. 9 are consistent with those
illustrated in Fig. 6. For example, the portion of time spent
on the AOI Furniture shows considerable variability: while
Tasks 4 and 6 are characterized by extended viewing times,
this duration is substantially reduced in Tasks 5, 7, and par-
ticularly in Task 3. Another notable feature is the markedly
longer relative time devoted to the AOI Man in the final
task, which concerns the duration of the unexpected visitor’s
absence. In addition to the global test of the main hypothe-
sis, a series of pairwiseMANOVA tests was performed. After
applyingHolmcorrection, all p valueswerewell below10−5,
indicating significant differences across all task pairs.

The task-specific differences in the relative time allo-
cated to a given AOI can be modelled and tested using
a linear model. For example, in order to investigate how
the relative time spent in AOI Man varies with respect to
the task being solved, we can consider a linear model of
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Fig. 8 Clr biplot and loadings corresponding to the first two principal components, with percentages of explained variance provided in the brackets.
The ellipses enclose 75 % of the typical observations for each category

the form clr(Man) ∼ Task. Nevertheless, even though the
between-participant differences in total observation time are
already suppressed by the clr transformation, the dataset at
hand contains grouped observations. Therefore, the use of a
mixed-effects model, with participant ID serving as a ran-
dom effect, is more appropriate. The estimated fixed effects
are shown in Fig. 10 (left). The effects are computed as the
difference between the respective clr value for a given task
and its mean value across all tasks. Negative values there-
fore correspond to tasks where the attention paid to AOI
Man is relatively shorter (Tasks 1, 4, and 6), while posi-
tive values, as observed for Tasks 3, 5, and 7, correspond
to tasks with relative observation times for AOI Man above

the overall mean. Due to the form of the clr transformation
(see Eq. 4), changes in the relative dominance of AOI Man
are interpretedmultiplicatively.More specifically, the largest
effect, estimated as 1.58 for Task 7, means that on average
the relative dominance of AOI Man in Task 7 increased by
exp(1.58) = 4.85 times compared to the overall mean. Con-
versely, the relative dominance of this AOI in Task 4 is about
1/ exp(−0.91) = 2.48 times lower than the mean. Note that
the estimated effects slightly differ from the comparison pro-
vided in Fig. 9. While Fig. 9 compares the task-specific and
overall mean percentage distributions –where the participant
effect is taken into account only once, through the total time
spent on the given task– themixed-effectsmodel accounts for

Table 2 Mean time distributions computed from the complete dataset (in percentages)

Background Furniture Kids Maid Man Mother Wife

12.52 2.33 19.21 16.19 20.22 17.71 11.82
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Fig. 9 Values of log-ratio defined by Eq. 10 computed for each task and AOI

participant-specific characteristics twice: first when comput-
ing the clr representation, where the total solution time for a
given task is suppressed, and secondwhen the effects of tasks
are estimated relative to the mean clr value observed across
all tasks, which may again be participant-specific. With this
construction, the mixed-effects model corresponds to the clr
representation of the interaction part of a compositional table
(Fačevicová et al., 2025, Eq. (8)), which models the joint
distribution of TDoFs across the entire experiment, i.e., how
they are distributed across combinations of Tasks and AOIs.
Themethodologyof compositional tables is beyond the scope
of this manuscript; however, interested readers can find fur-
ther details in Fačevicová et al. (2016).

To illustrate hierarchical clustering and its outcomes, we
focus once again on Task 5, “Remember the clothes worn
by the people.” The clustering results of participants, based
on the relative distribution of their attention across AOIs,
are presented in the upper panel of Fig. 11. The dendrogram

identifies four main participant groups, which correspond to
those observed in the clr biplot (Fig. 8); see also Fig. 19 for
a biplot restricted to Task 5 with the groups highlighted in
color. In Fig. 11, the groups are delineated by colored rectan-
gles. The green group corresponds to participants located in
the lower left corner of the biplot, characterized by relatively
long viewing times in AOI Furniture and minimal attention
to Background. The blue group, situated in the lower right
corner, consists of participants focusing primarily on per-
sons rather than on Furniture. The yellow and red groups are
no longer marked by atypically low attention to Background
but differ in their allocation of attention between Furniture
and person-related AOIs: participants in the yellow group
focus predominantly on persons, whereas those in the red
group devote an atypically high proportion of their attention
to Furniture.

Additionally, the variation matrix presented in Fig. 7 can
be employed for clustering of AOIs, as shown in Fig. 12,

Fig. 10 Estimated fixed effects of the linear mixed-effects model for the relative (left) and absolute (right) time spent in the AOI Man across task
types
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Fig. 11 Dendrograms resulting from hierarchical clustering of participants based on relative (upper panel) and absolute (lower panel) distributions
of attention across AOIs in Task 5

left. The resulting dendrogram reveals a close proximity
of person-related AOIs, which remain nearly proportional
throughout the dataset. In contrast, the high variances of
log-ratios involving Background or Furniture lead to their
separation from the person-related AOIs in the clustering
structure.

Finally, linear discriminant analysis (LDA)wasperformed
to verify the ability of visual attention distribution to predict
the task currently being solved. Although quadratic dis-

criminant analysis (QDA) has a higher potential to capture
task-specific differences, its use would likely lead to overfit-
ting due to the large number of estimated parameters relative
to the number of available observations. The performance
of LDA was evaluated using 10-fold cross-validation and
reached an accuracy of 51.7%, which substantially exceeds
the chance level. The corresponding confusion matrix is
shown in Fig. 13 (left). The results indicate successful clas-
sification for Tasks 1, 3, 4, 6, and 7. In contrast, Tasks 2 and

Fig. 12 Dendrograms resulting from hierarchical clustering of AOIs based on relative distributions (left) and absolute values (right) of TDoF,
measured for Task 5
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5 appear to be more difficult to distinguish. Attention dis-
tributions corresponding to Task 2 are frequently confused
with those of Tasks 1 and 6, while observations belonging
to Task 5 are often misclassified as Task 3. Nevertheless,
these results are to some extent consistent with the patterns
previously observed in the PCA and clustering analyses (see
Figs. 8 and 6).

Analysis of total duration of fixations in AOIs - classical
analysis

In addition to compositional analysis, valuable insights can
also be gained from a classical analysis of the total fixation
durations.When the primary focus is on the absolute fixation
times within AOIs rather than on their relative structure, and
when the total time allocated to each task is not restricted, a
classical analysis of the directly observed data can be applied.
Moreover, in the case of time-unlimited tasks, both absolute
and relative approaches can be combined in a complementary
manner, providing a more comprehensive description of the
phenomenon under study.

The mean fixation times computed for each task and AOI
are summarized in Fig. 14. These values are dominated by
the mean time spent on the Background during Task 1 (free
viewing). In contrast, themean time devoted toMan in Task 7
is not particularly dominant on the absolute scale: although
it represents the longest fixation time within Task 7, it is
comparatively moderate when viewed across all tasks, due
to the generally shorter observation times in the final task. It
should be noted that on the relative scale, Man emerges as
the most prominent AOI, accounting for more than 50 % of

observation time in Task 7 (see Fig. 6). Focusing on absolute
information therefore leads to a different clustering struc-
ture, which is primarily shaped by the total time allocated to
individual tasks.

The relationships between AOIs can be further examined
using correlation matrices. Figure 15 compares the correla-
tion structures of Tasks 5 and 7 (correlation matrices of the
remaining tasks are provided in Fig. 20). As expected, most
pairwise correlations are positive, reflecting the overall vari-
ability in total times spent across tasks.The correlationmatrix
of Task 5 closely resembles the corresponding variation
matrix in Fig. 7: person-related AOIs are strongly correlated,
consistent with their high proportionality, whereas correla-
tions between Furniture and the remainingAOIs are typically
low. This aligns with the high variation values observed for
Furniture, indicating that its relationship with other AOIs is
weak both in absolute and relative terms. By contrast, the
correlation matrix of Task 7, similar to its variation counter-
part, does not exhibit a clear structure.Nonetheless, relatively
high correlations can be observed for Kids. At the same time,
Fig. 7 also shows large variances of log-ratios involving this
AOI. Thus, although time spent on Kids in Task 7 tends to
increase together with times on other AOIs, the relative pro-
portion of attention devoted to this AOI varies substantially
across participants.

The results of PCA applied to the absolute values of
TDoFs are presented in Fig. 16. In the classical setting,
the first two principal components capture the directions of
highest variability in the dataset. The first component pri-
marily reflects the overall time spent on the individual tasks,
with all loadings being positive and of approximately equal

Fig. 13 Confusion matrices resulting from linear discriminant analysis based on relative distributions (left) and absolute values (right) of TDoF
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Fig. 14 Arithmetic means of TDoFs spent in each AOI, computed separately for each type of task (left) and clustering of tasks according to mean
values of TDoFs (right)

magnitude; notably longfixation times are observed forTasks
1 and 3. Task separation becomes apparent along the second
component, which contrasts time allocated to Furniture and
Background with that devoted to person-related AOIs. This
component highlights Tasks 1, 4, and 6, characterized by
extended viewing of Background and Furniture, while Task
3 appears on the opposite sidewith considerably shorter times
for these two AOIs. The lengths of the rays indicate that the
greatest variability is associated with Furniture and Back-
ground. These two, while positively correlated with each

other, are nearly uncorrelated with the person-related AOIs,
which once again display strong mutual correlations. These
findings are consistent with, and can be further refined by, the
results of compositional PCA, which emphasizes the relative
distribution of attention across AOIs.

The similarity of tasks with respect to total times spent
on AOIs can be evaluated using classical MANOVA, which
tests the null hypothesis that the mean AOI-specific TDoFs
for each task are identical and equal to the overall means col-
lected in Table 3. The differences between task-specific and

Fig. 15 Correlation matrices computed for TDoFs measured for Tasks 5 (left) and 7 (right)
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Fig. 16 Classical biplot and loadings corresponding to the first two principal components, computed according to the absolute values of TDoFs.
The percentages of explained variance are provided in the brackets. The ellipses enclose 75 % of the typical observations for each category

overall means are illustrated in Fig. 17. From the absolute
perspective, Tasks 1 and 3 stand out with most mean val-
ues substantially exceeding the overall averages. In contrast,
Task 7 is characterized by below-average times, with only
one exception (AOI Man). The null hypothesis of equality
is strongly rejected (with Pillai’s trace = 1.24, F = 37.06,
d f = (42, 6000), p 
 0.001 and η2 = 0.206), and
pairwise post-hocMANOVA tests confirm significant differ-
ences across all task pairs, with all Holm corrected p-values
below 10−5. These findings together with the results of com-
positional analysis indicate that the tasks differ not only in
the total time spent on them, but also in the way this time is
distributed across AOIs.

When modeling task-specific differences, for example, in
the total time spent in AOI Man, the varying total solution
time of participants must be taken into account as a random
effect in a mixed-effects model. The resulting fixed effects,
expressed as mean differences from the overall mean, are
visualized in Fig. 10. These effects are similar to the differ-
ences shown in Fig. 17; however, the mixed-effects approach
additionally provides inferential results demonstrating that
all effects are significantly different from zero. While the
longest time spent in AOI Man tends to be observed for Task
3 – participants allocate on average 1354.27 ms more to this
AOI than their average across all tasks – the shortest time is
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Table 3 Mean values of TDoFs computed from the complete dataset (in ms)

Background Furniture Kids Maid Man Mother Wife

2593.81 1135.29 2428.35 1981.32 2220.10 1898.48 1514.32

observed for Task 4, where the mean time spent in this AOI
is 1478.54 ms below the overall average.

When participants are clustered within Task 5, the result-
ing hierarchical structure is shown in the lower plot of Fig. 11.
Although the classical biplot in Fig. 16 does not reveal clearly
separated groups within Task 5 (a more detailed visualiza-
tion of PCA results for Task 5 are provided in Fig. 21),
the clustering results can still be meaningfully related to
the PCA visualization. The clustering is primarily driven
by TDoFs in person-related AOIs. The purple group com-
prises participants with the shortest fixation times in these
areas, the orange group represents participants with times
around the average, the turquoise group corresponds to par-
ticipants with above-average times, and the green group
consists of participants with substantially longer fixation
times.

The focus on absolute fixation durations rather than their
relative distribution also influences the clustering of AOIs.
As shown in Fig. 12 (right), Background and Furniture as
well as Man and Mother appear in close proximity, whereas
fixation times allocated to Kids differ markedly from those
of the remaining AOIs.

Finally, the linear discriminant analysis of TDoFs evalu-
ated using 10-fold cross-validation resulted in a mean clas-
sification accuracy of tasks of 54.4%, which is comparable
to the accuracy achieved when classifying relative distribu-
tions and remains substantially above the chance level. The
main difference compared to the compositional approach
appears at the level of individual tasks. The confusion matrix

shown in Fig. 13 (right) reveals that the most problematic
task for classification was Task 6, which was correctly iden-
tified in only 38.9%of cases (56/144). This contrastswith the
relative-valued approach, where Task 6 was correctly classi-
fied in 63.2% of cases (91/144). On the other hand, Tasks 2
and 5, which were difficult to distinguish based on relative
TDoFs distributions, were classifiedmore successfully when
absolute fixation durations were used, reaching accuracies of
58.3% and 55.6%, respectively.

Comparison with the original findings of A. Yarbus

The results can be compared with the pioneering study of
Yarbus (1967). In the original experiment, a single participant
performed all seven tasks in the same order as in our study.
Unlike in our case, where participants controlled the dura-
tion of stimulus presentation individually using the spacebar,
Yarbus set a fixed observation time of three minutes. For sce-
narios with fixed viewing time, as well as for comparisons
of multiple strategies with varying total solution times, the
relative distribution of attention provides the most natural
basis for comparison. Our comparison with Yarbus’ find-
ings is therefore grounded in the results reported in Section
“Analysis of relative time distribution over AOI - composi-
tional analysis” and Fig. 6. These are further contrasted with
the outcomes of DeAngelus and Pelz (2009), who replicated
Yarbus’ experiment with 17 observers under unlimited view-
ing time and presented, on page 803, a visual comparison

Fig. 17 Differences between group and total arithmetic means of TDoFs, computed for each task and AOI
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of attention distributions for each of the seven experimental
tasks.

A recent attempt to revisit Yarbus’ paradigm using con-
temporary technology was presented by Catrysse in Catrysse
(2024). In that study, the classic “AnUnexpectedVisitor” task
was replicated using webcam-based eye-tracking, enabling
remote data collection with a larger and more diverse sample
(53 participants, of whom usable data were obtained from
26). Despite the lower spatial accuracy of webcam track-
ing and substantial data loss, the results reproduced the key
qualitative pattern originally reported by Yarbus – namely,
the strong influence of task instructions on gaze distribution.

Although A. Yarbus primarily presented eye movement
data in the form of graphical representations resembling
scanpaths, the clusters of fixations nevertheless clearly iden-
tify the areas of highest interest. Most of our findings
are consistent with the patterns reported by Yarbus. Both
approaches reveal strong attention to person-related AOIs
in Tasks 3, 5, and 7. In our study, however, Task 7 addi-
tionally highlighted Man as a particularly prominent AOI,
whereas Yarbus’ observer distributed attention more evenly
across Man, Mother, and Kids. Our results for these tasks are
also in agreement with the findings of DeAngelus and Pelz
(2009).

The original experiment also indicated more dispersed
attention in Tasks 1, 2, 4, and 6, where a substantial portion
of fixations was directed at regions outside of person-related
AOIs. This pattern is reflected in our data by increased time
spent on Background and Furniture. Particularly in Tasks 1
and 6, the scanpaths span almost the entire painting, and the
area defined in our study as Background is well covered. In
our experiment, participants spent on average 33 % and 24
% of their observation time on this AOI in Tasks 1 and 6,
respectively. Interestingly, in DeAngelus and Pelz (2009),
participants devoted almost no attention to Background in
Task 1.

Task 4 is another notable case, characterized by increased
attention to Furniture, especially the tabletop. In DeAngelus
and Pelz (2009), this AOI accounted for approximately 50
% of the observation time. At first glance, this contrasts with
our findings, which assign only about 15 % to Furniture,
while Kids attracted the highest proportion (around 30 %).
However, this discrepancy may stem from the spatial prox-
imity of AOI Kids and the tabletop, which in our study was
categorized under Furniture.

Another perspective on A. Yarbus’s study was provided
by the works of Greene et al. (2012); Borji and Itti (2014),
and Haji-Abolhassani and Clark (2014), which investigated
the inverse problem of inferring the observer’s task from eye-
movement data obtained in Yarbus-like experiments. Their
conclusions, however, were partly contradictory. While the
model proposed in Greene et al. (2012) generally failed to
reliably predict the performed task from eye-tracking pat-

terns, Borji and Itti (2014) reanalyzed the same dataset using
an alternative set of features and classification methods and
demonstrated that task prediction can exceed chance-level
performance. Subsequently, Haji-Abolhassani and Clark
(2014) repeated the experiment of Greene et al. (2012) and
showed that the observer’s task can be successfully inferred
using a Hidden Markov Model applied to scanpath dyna-
mics.

In this context, our results provide additional evidence
that visual attention patterns contain information relevant
to the performed task. Using linear discriminant analysis
applied to both compositional and absolute representations of
TDoFs, we achieved classification accuracies clearly exceed-
ing the chance level. Although the obtained performance
is comparable to previously reported studies, it should be
emphasized that identifying an optimal classification frame-
work was not the primary objective of this work. Rather,
the classification analysis serves mainly as an illustrative
demonstration of the information preserved in the proposed
compositional representation of eye-tracking data. Despite
employing only a relatively simple classifier in the form
of LDA, the achieved results can be considered promis-
ing and suggest that further improvements could likely be
obtained through a more systematic exploration of advanced
modeling strategies. Importantly, the newly collected dataset
used in this study represents a substantial extension com-
pared to datasets analyzed in Greene et al. (2012) and
Haji-Abolhassani and Clark (2014), as it includes obser-
vations from a considerably larger number of participants.
This richer experimental basis therefore provides favorable
conditions for future research focusing specifically on task
prediction from eye-movement behavior.

Finally, both Yarbus (1967) and DeAngelus and Pelz
(2009) reported the occurrence of cyclic eye movement pat-
terns, where observers in the later stages of a task repeated
sequences of visited AOIs. Although this phenomenon was
not explicitly addressed in our study, the dataset would allow
for its verification, for instance, using recurrence analysis
(Anderson et al., 2013). On the other hand, the composi-
tional methodology introduced here provides a framework
for a more detailed investigation of the phenomenon, mak-
ing it possible to apply PCA, clustering, and a broad spectrum
of multivariate statistical methods as described, for example,
in Filzmoser et al. (2018) or Pawlowsky-Glahn andBuccianti
(2011).

Conclusion

The presented study demonstrates that compositional data
analysis provides a coherent and informative framework
for analyzing AOI-based eye-tracking data. Treating total
fixation durations as compositions rather than as inde-
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pendent absolute measures allows to separate individual
differences in overall observing pace from genuine differ-
ences in attentional strategy. In the context of a large-scale
replication of Yarbus’ “Unexpected Visitor” paradigm, this
approach recovers the classic task-dependent modulation of
gaze behavior and reveals additional structure that remains
obscured under classical analysis.

Compositional techniques applied to AOI-wise fixation
times highlight several robust regularities. Person-related
AOIs forma remarkably stable group,whosemutual relation-
ships are close to proportional across tasks and participants,
whereas contextual AOIs, such as background and objects,
exhibit much higher variability. Compositional PCA, varia-
tion matrices, and clustering collectively show that tasks can
be grouped according to their cognitive demands rather than
merely by their overall viewing duration. In contrast, a tradi-
tional analysis based on absolute fixation times emphasizes
differences in total observation time and yields a different
task structure, driven primarily by how long participants
viewed the stimulus rather than by how they distributed their
attention.

The problem can also be viewed conversely: linear dis-
criminant analysis demonstrated the possibility of infer-
ring the task being performed from the eye-movement
record. Although both the compositional and classical
approaches resulted in classification accuracies above the
chance level, their performance varied across tasks. These
findings have broader methodological implications for eye-
tracking research. Whenever AOI-based metrics reflect rela-
tive allocation of attention (e.g., proportions of viewing time
or fixation counts across regions), or when the experimen-
tal design involves a fixed total viewing time, compositional
modeling offers an assumption-consistent alternative to stan-
dard multivariate methods that ignore the constrained, rel-
ative nature of the data. Additionally, even when viewing
time is not limited, as in the present study, the composi-
tional approach can complement classical analyses, enabling
a more comprehensive examination of the problem from
both relative and absolute perspectives. The techniques
introduced here, including descriptive CoDA summaries,
log-ratio-based PCA, clustering, compositional MANOVA,
regression modeling, and discriminant analysis, can be read-
ily applied to other eye-tracking paradigms in which the
structure of gaze distributions is of primary interest. At the
same time, several limitations should be acknowledged. We

selected Yarbus study to illustrate the compositional method-
ology, as it is a historically relevant cornerstone in visual
attention research. However, the Yarbus paradigm may not
provide a clear normative model specifying where and for
how long participants should look, therefore the evaluation
against a defined ground truth can be limited. We expect
the compositional approach to be even more advantageous
in domains with well-established effects such as lexical fre-
quency in reading or saliency in images, where its statistical
benefits can be assessed more directly. Additionally, the pre-
sented analysis focuses on a single complex scene and on
a reduced set of seven AOIs. Future work may extend this
approach to more diverse stimuli, dynamic or sequential
representations of gaze behavior, and more advanced com-
positional techniques, including robust (Filzmoser & Hron,
2008, 2011) and functional (Pavlů et al., 2023) CoDA and
explicit combinations withmethods such as recurrence quan-
tification analysis or hiddenMarkovmodels. Such extensions
would further refine the understanding of how task demands,
stimulus properties, and individual differences jointly shape
visual exploration. Compositional modeling emerges as a
natural and powerful addition to the methodological toolbox
of eye-tracking research. By respecting the relative nature of
AOI-based gaze measures, CoDA yields more nuanced and
interpretable insights into task-dependent visual attention,
providing a principled basis for comparing strategies within
and across classic paradigms, such as Yarbus’ “Unexpected
Visitor” experiment.

Supplementary information

The full dataset and annotated R code for this analysis
are available on GitHub: https://github.com/kfacevicova/
Advancing-Eye-Movement-Analysis-Through-Composition
al-Modeling.

Appendix A Supplementary material for the
compositional analysis
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Fig. 18 Variation matrices, defined by Eq. 2, computed for tasks not displayed in Fig. 7. Each cell corresponds to the sample variance of log-ratio
between the respective pair of AOIs
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Table 4 Total variances, defined by Eq. 3, computed for each task

Task 1 Task 2 Task 3 Task 4 Task 5 Task 6 Task 7

5.11 7.76 7.38 10.79 10.03 7.07 17.62

Fig. 19 Compositional biplot (Fig. 8) restricted to observations from Task 5. The colored ellipses illustrate the typical locations of the groups
defined by hierarchical clustering in the upper part of Fig. 11

Appendix B Supplementary material for the
classical analysis
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Fig. 20 Correlation matrices computed for tasks not displayed in Fig. 15
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Fig. 21 PCA biplot (Fig. 16) restricted to observations from Task 5. The colored ellipses illustrate the typical locations of the groups defined by
hierarchical clustering in the lower part of Fig. 11
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