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1. Introduction

1.1. The importance of light for sensing

Light is our most precise ruler and at the same time the fastest carrier of information. 
It plays a central role in sensing and metrology, offering a versatile, precise, and non-
invasive  probe  across  scales,  from  quantum  systems  to  celestial  bodies.  Many 
modern sensors start by detecting light (or, more widely, electromagnetic radiation) 
and  then  convert  that  optical  reading  into  the  required  physical,  chemical  or 
biological quantity, whether the instrument is used in a laboratory, a materials facility, 
a clinic, an environmental station, or on a space telescope.

At the quantum level, measurements of photon statistics and correlations provide 
direct probes of quantum signatures, namely quantum coherence and entanglement, 
which  are  foundational  to  quantum  physics.  They  let  us  witness  the  quantum 
character of physical systems and their nonclassical dynamics [NobelPrize2022], 
expose quantum phase transitions [Baumann2010, Aspuru-Guzik2012], and even 
explore  whether  similar  effects  play  a  role  in  living  organisms 
[Panitchayangkoon2010,  Lambert2013,  Xu2021,  LiQ2023].  From an  application 
perspective, the detection and characterization of quantum light, such as individual or 
entangled  photons  and  squeezed  light,  is  essential  for  quantum communication 
[Wehner2018, Pirandola2020], quantum computing [Flamini2019, Slussarenko2019, 
Wang2025], quantum metrology [Giovannetti2004, Giovannetti2011, Polino2020, 
LiuZ2025], and quantum sensing [Degen2017, Aslam2023].

In metrology, the phase, amplitude, frequency, and polarization of light are used to 
measure distance (e.g., laser interferometry), time (optical clocks), and external fields 
(electric, magnetic, gravitational). The precision of optical measurements underpins 
standards such as the meter. In 2015, the Laser Interferometer Gravitational-Wave 
Observatory (LIGO) detected mirror displacements of 10-18 m, corresponding to a 
gravitational-wave strain of 10-21, using high-power coherent light [LIGO2016]. In 
2019, the sensitivity was suddenly improved by a factor of two through the use of 
squeezed  light,  expanding  by  eightfold  the  volume  of  the  observable  universe 
[Tse2019, Acernese2019]. This represents an unprecedented demonstration of the 
literally  cosmic-scale  impact  of  subtle  quantum-noise  manipulation.  Not  all 
metrological  protocols  require  high  power  or  kilometer-scale  setups:  in 
magnetometry, for instance, sensitivities down to fT/√Hz are achieved by detecting 
weak fluorescence signals either in wide-field imaging (with spatial resolution of 
250 nm) or with a scanning probe (below 10 nm, but at the cost of reduced sensitivity) 
[Budker2007, Pelliccione2016, Amawi2024].

Microscopy is another area where light serves as a key information carrier. State-of-
the-art microscopy techniques use various parameters of light to visualize structures 
and processes in a sample and beat the limits of conventional intensity microscopy. 
Phase (holographic) microscopy measures optical path and dry mass in living cells, 
without the need for staining or labeling [Huang2024, Běhal2025]. Fluorescence 
microscopy exploits the specific emission of tagged molecules to reveal functional 
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and biochemical activity within cells. The resolution of single-molecule localization 
microscopy goes significantly beyond the diffraction limit down to 10 nm [Rust2006, 
Betzig2006, Lelek2021]. Polarization microscopy maps molecular orientation and 
order in tissues [Brasselet2019]. Single-photon detection in confocal and multiphoton 
systems  increases  resolution  and  depth,  enabling  real-time,  in  vivo  imaging  of 
biological  processes.  Photon statistics  and their  correlations  are  used  to  decode 
number of molecules [Ta2015], track single emitters [Israel2017], and formulate an 
electronic model of quantum emitters [Fishman2023]. These advanced functional 
microscopy  techniques  play  crucial  role  in  material  research,  environmental 
monitoring, and biomedical imaging.

In chemistry and materials  science,  spectroscopy with light  identifies  molecular 
composition and structure. Absorption, emission, and Raman scattering spectra give 
fingerprints  of  substances,  enabling  quantitative  analysis  of  concentration  and 
reaction kinetics [Das2011, Poonia2024]. This is essential for process monitoring, 
environmental sensing, and molecular engineering.

In biology and medicine, optical techniques such as spectroscopy, optical coherence 
tomography, fluorescence imaging, photoacoustic sensing, time-gated diffuse optical 
imaging,  and various microscopy modalities  are routinely used and enable non-
invasive  diagnostics.  Light  reveals  cellular  dynamics,  tissue  morphology,  and 
functional biomarkers,  aiding in early disease detection and therapy monitoring. 
Light-aided  noninvasive  glucose  sensing  promises  to  improve  life  of  millions 
[Arnold2005, ZhangY2025].

In astronomy, detecting and analyzing light from distant sources allows the resolution 
of  individual  stars  and  galaxies  [Cava2018,  Zhang2024].  Techniques  like 
interferometry and adaptive optics improve angular resolution, while spectroscopic 
measurements reveal stellar composition, motion, and redshifts. Low-light sensing 
and photon counting are crucial for observing weak sources and time-correlated 
measurements.

In all these domains, the ability of light to be generated, manipulated, and detected 
with high sensitivity and accuracy, along with its various classical and quantum 
properties, makes it indispensable. It enables sensing with precision limited only by 
fundamental physical laws, and continues to drive innovation in both fundamental 
and applied science.

1.2. Vision: Maximal accuracy and minimal calibration

Light carries an abundance of physical information yet each detected photon is costly 
in  power,  sample  dose,  or  acquisition  time.  Modern  quantum technologies  and 
nanoscale imaging push experiments into regimes where only a handful of photons 
are available, so information efficiency rather than raw count rate becomes the critical 
figure of merit to reach the ultimate accuracy.

The central ambition of the work collected in this thesis is therefore to force each 
photon to speak as loudly as physics allows. To this end, we use a combination of 
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measurement  projections  implemented  using  optical  networks,  single-photon 
detection to reach the ultimate sensitivity, and efficient data post-processing to extract 
the target information.

The route we follow has five main building blocks, see Fig. 1.1:
i. Design an optical network—sequenced, multiplexed, ordered, or deliberately 

random—that redistributes the incoming light from a sample over a few (or 
many)  detection  channels.  This  process  projects  the  quantity  of  interest 
(carried by the light) onto a detection signature.

ii. Record the raw detection statistics (clicks) with single-photon sensitivity.
iii. Characterize  and calibrate  the network just  enough to make its  response 

reproducible.  Determine detection parameters (efficiency, noise,  linearity) 
with metrological protocols that are themselves immune to modeling bias.

iv. Process or invert the detection output with either a statistical estimator or an 
artificial intelligence modality (typically an artificial neural network) trained 
on experimental or synthetic data.

v. Report the quantity of interest directly, without reconstructing excess degrees 
of freedom.

By chaining those five steps we will witness a massive information gain in a series of 
experiments ranging from counting photons to imaging stars, from sensing quantum 
entanglement to resolving individual molecules.

A long-term aspiration is to reduce explicit calibration to the bare minimum. We will 
focus on deep-learning approaches, such as artificial neural networks, trained on 
synthetic data or using self-supervision. The net result is a progressive shift of labour 
from painstaking laboratory calibration toward digital processing, self-calibration, or, 
ideally, measurement-device independence.

Figure 1.1. (a) Conceptual scheme of a network-based photonic sensor. Light emitted by an 
observed system is routed in an optical network, detected, and processed by a computational 
network. The optical part produces a scattering pattern that encodes information carried by 
the  input  signal.  The  subsequent  detection  (DET)  and processing  network  decodes  the 
information  and  outputs  the  target  quantities  or  classifications.  (b)  An example  of  the 
network-based sensor using a short piece of a few-mode optical fiber as a random scattering 
network, a fiber array as an interface to single-photon detectors, and a deep neural network 
for decoding the complex properties of the input light [Bielak2025].
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1.3. Structure of the thesis

First, we will survey the state-of-the-art in photonic sensing with focus on quantum 
and quantum-inspired approaches in Chapter 2. Chiefly, we introduce concepts of 
optical networks as a metrology tool, single-photon detection, key parameters of light 
used  as  information  carriers,  single  emitters  and  nanosensors,  and  artificial 
intelligence approaches relevant for photonic sensing. We also briefly review the key 
experimental  and theoretical  tools  for  advanced photonic  detection and sensing, 
highlighting hardware and methods developed in our group under my supervision. In 
Chapter 3, we will discuss nonlinear response of single-photon detectors and its 
accurate calibration. Chapter 4 will focus on multiplexed photon-number-resolving 
detection  and  sensing  of  photon  statistics  and  advanced  statistical  features.  In 
Chapter 5, we will present optimal control and sensing of vector properties of light. 
Chiefly, we will introduce all-fiber polarization micro-endoscopy as an example of a 
sensor based on a random scattering network followed by a computational neural 
network. In Chapter 6, we will study quantum entanglement sensing using deep 
neural networks. We will focus on processing incomplete measurement data and 
device-agnostic approaches. Chapter 7 will report on full device-agnostic modeling 
aiming at universal super-resolution imaging of single emitters. Finally, in Chapter 8, 
we will summarize the results and discuss open questions and future outlook.
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2. Overview of core detection and sensing 
techniques, the state-of-the-art

In this chapter, we introduce the basic concepts and techniques relevant to advanced 
photonic sensors,  which cover routing, scattering, and detection of photons, key 
parameters of light used to encode information, interactions with nanoemitters, and 
data-driven computation.

Optical  networks serve  as  versatile  “light  scattering  machines”  for  imaging, 
communications, metrology, and quantum technology. They host quantum walks and, 
with many photons, boson-sampling experiments that already outperform classical 
simulations and reach quantum advantage. They also probe particle statistics, reveal 
entanglement and topological phases of matter, and perform quantum tomography. 
Multiplexing and scattering also enable accurate spectral and temporal analysis, laser 
wavelength locking, polarimetry, and single-molecule mapping and imaging. Scaling 
up  now hinges  on  faster,  noise-tolerant  ways  to  characterize  and  control  large, 
ordered and disordered networks.

Sensitive  and  accurate  detection of  light  represents  another  core  element  for 
developing cutting-edge optical technology and extending the frontiers of photonic 
science. The field increasingly targets high-sensitivity detection at quantum limits. 
Low-light and single-photon detection are vital not only for quantum technology 
applications, such as quantum cryptography and photonic quantum computing, but 
also  for  advanced  biomedical  imaging  and  metrology.  In-situ  and  in-vivo 
characterization  at  microscopic  scales  and  with  limited  light  intensity  naturally 
demands  ultimate  detector  performance.  The  state-of-the-art  photonic  detection 
includes  room-temperature  single-photon  avalanche  diodes  and  superconducting 
single-photon detectors based on bolometers or superconductivity disruption.

Precise multi-parameter optical sensing is another key trend in modern photonics: 
measuring photon statistics, vector properties, and correlations goes beyond simple 
intensity detection and provides significant information about optical signals and 
their interaction with the environment. Photon statistics characterization benchmarks 
quantum  sources  and  enhances  advanced  fluorescence  microscopy.  The 
characterization and control of the vector properties of light – polarization – lie at the 
heart of materials and surface diagnostics, polarization microscopy, and quantum 
technologies.  Correlations of  light  uncover properties  of  distant  stars  as  well  as 
nanoparticle  interactions.  In  the  quantum  regime,  nonclassical  correlations  are 
essential for quantum advantage in communication and computing.

Interaction of light with matter at the nanoscale enables sensors that combine the 
precision of photonic probes with the environmental sensitivity of single quantum 
emitters.  Single  atoms,  ions,  molecules,  and  solid-state  emitters  respond  to 
electromagnetic,  mechanical,  and  chemical  changes  while  providing  efficient 
fluorescence readout. Engineered or field-tunable levels are available in many solid-
state platforms, while room-temperature and on-chip operation are feasible in both 
solid-state  and some molecular  systems.  These  features  yield  versatile,  scalable 
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probes for metrology, materials science, and biological sensing, reaching regimes 
inaccessible to photons alone.

Finally, advanced statistical techniques and artificial intelligence modalities represent 
efficient tools to control photonic devices, calibrate sensors, and extract information 
from  measured  data.  Many  theoretical  breakthroughs  in  deep  learning  and  a 
significant increase in computational power in the last decade have led to a paradigm 
shift in detector and sensor readout and imaging technology.

2.1. Light routing and scattering

Optical  networks are  crucial  to  imaging,  optical  communications,  photonic 
information  processing,  and  optical  and  quantum  metrology.  Light  propagating 
between individual nodes of the network is repeatedly split  and combined. This 
process modulates the initial optical signal and produces a scattering pattern, which 
conveys the information to the output.  The pattern is  detected and the resulting 
classical signal is processed by electronic circuitry and numerical methods, often 
possessing some sort of network architecture, see Fig. 1.1 (a).

There is a long history of using ordered and disordered networks for  information 
processing  tasks and,  particularly,  to  demonstrate  quantum advantage.  Quantum 
walks represent an archetypal application of network propagation for information 
processing. A traveling quantum particle moves between the nodes of an ordered 
network spreading its possible position distribution faster than in a classical random 
walk. This has been exploited in various applications, including efficient search on 
graphs  [Childs2004]  and  studies  of  topological  phenomena  [Kitagawa2012]. 
Quantum walks have been implemented by photonic technology using spatially- and 
time-multiplexed networks [Perets2008, Schreiber2010, Kitagawa2012, Xiao2020]. 
By introducing disorder in the quantum walk it is possible to simulate Anderson 
localization  and  noise-assisted  quantum  transport  [Schreiber2011,  Segev2013, 
Maier2019]. Quantum walks with two or more particles were proposed for universal 
quantum computing [Childs2013] and conveniently realized using photon pairs in 
waveguide  lattices,  time-bin-encoded  networks,  and  multimode  fibers 
[Bromberg2009, Peruzzo2010, Schreiber2012, Defienne2016]. The advancement of 
experimental quantum walks is severely limited by the necessity of characterizing 
and controlling large optical networks. Boson sampling, introduced as a restricted 
model of non-universal quantum computation [Aaronson2013], generalizes quantum 
walks in two main directions: 1. many particles with bosonic statistics scatter in the 
network; 2. the network is heavily multimode and disordered, with parameters of the 
optical nodes chosen randomly across the network. Experimental implementations of 
boson  sampling  based  on  photonic  networks  [WangH2019,  Zhong2020, 
Madsen2022, Deng2023, Maring2024, Wang2025, LiuH2025] and random-circuit 
sampling in superconducting quantum circuits [Arute2019, Morvan2024, Gao2025] 
currently tackle the region of parameters that is not treatable by classical computers. 
Random  networks  can  be  precisely  controlled  by  engineering  intermodal 
interference, e.g., in multimode optical fibers, using spatial modulation and deep 
learning,  giving  rise  to  a  new  class  of  quantum  devices 
[Leedumrongwatthanakun2020, Goel2024].
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Optical networks have also found applications in  quantum detection methods and 
quantum metrology. Particularly, the sensitivity of the quantum walk of two or more 
particles  to  their  correlations  allows  for  distinguishing  bosonic,  fermionic,  and 
anyonic  statistics  [Sansoni2012,  Matthews2013].  In  photonic  walks,  where  the 
statistics  is  emulated  by  the  entanglement  of  photons,  this  can  be  exploited  to 
distinguish  various  entanglement  classes  [Leedumrongwatthanakun2025]. 
Furthermore, the identification of topological phases of matter was proposed using 
classical  deep  learning  from  scattering  patterns  formed  in  quantum  walks 
[Ming2019]. Quantum walks and scattering processes in general can also facilitate 
detailed characterization of a physical system by means of quantum tomography. 
Tomographic methods are essential to quantum technology and are routinely used for 
full  characterization of  single-photon sources,  entanglement sources,  and optical 
networks. Quantum tomography of two- and three-photon signals was reported by 
measuring  all  detection  events  at  the  output  of  a  fixed  optical  network 
[Titchener2018]. The minimum number of output ports of the network scales linearly 
with the number of photons but the achieved fidelity of the retrieved quantum states 
decreases with their increasing rank. Also the  resilience of the method to excess noise 
represents  an  issue  [Oren2017].  The  major  limitation  of  the  network-assisted 
tomography  lies  in  the  necessity  of  detailed  characterization  of  the  network 
[Fyrillas2024].  Even  for  a  random  network,  its  structure  has  to  be  known  or 
experimentally measured prior to the tomography, which is extremely difficult for 
large networks.

In optical metrology, networks can act as analyzers that translate spectral, temporal, 
or polarization information into patterns that are read out with a single detector or an 
array of detectors. Common dispersive-Fourier-transform or photonic time-stretch 
spectroscopy use a long section of highly dispersive fiber, sometimes combined with 
in-line Raman or Brillouin amplification, which maps an optical spectrum onto a 
stretched temporal waveform that is captured in one shot by a fast oscilloscope or 
time-to-digital converter. The amplified variant overcomes loss and has resolved 
sub-gigahertz features in single-shot absorption spectra while maintaining megahertz 
frame rates, an ability that has become invaluable for tracking nonequilibrium laser 
dynamics  and  ultrafast  chemical  reactions  [Solli2008,  Solli2012].  Replacing  a 
photodiode by a single-photon detector allows for fast spectroscopy at the single-
photon level inaccessible to common spectrometers [Avenhaus2009, Sun2024].

Random or pseudo-random networks analyze  wavelength spectra through speckle 
encoding. Multiple scattering inside a disordered silicon-on-insulator network mesh 
produces wavelength-dependent intensity fingerprints; after a one-time calibration 
the input spectrum is reconstructed computationally with 0.75 nm resolution in a 
25 µm-radius device, proving that disorder can beat the size–resolution trade-off that 
limits  gratings  and  arrayed-waveguide  spectrometers  [Redding2013].  The  same 
principle applies to a multimode fiber: interference between thousands of guided 
modes creates a unique speckle for every wavelength. A 100 m coil achieves 1 pm 
resolution at  1.5 µm, outperforming large bench-top echelle  spectrographs while 
occupying only a few cubic centimeters. Short (4 cm) fibers deliver broadband 400–
750 nm coverage with 1 nm resolution, making coilable computational spectrometers 
attractive for field sensing [Redding2014]. Free-space scattering in random media 
can  serve  the  same  purpose:  its  wavelength-specific  speckle  pattern  enables  a 
broadband wavemeter with sub-femtometer resolution , and, embedded in a feedback 
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loop, it  locks a laser to below-megahertz linewidths [Metzger2017, Gupta2020]. 
Programmable  interferometric  networks  close  the  gap  between  random  and 
deterministic analyzers. A recent six-stage Mach–Zehnder network reaches <10 pm 
resolution  over  a  200 nm  span—an  order-of-magnitude  improvement  in  the 
bandwidth–resolution product of integrated spectrometers. Because the network is 
reconfigurable it can trade resolution for throughput in real time, opening prospects 
for adaptive sensing [Yao2023].

Various  optical  networks  have  found  applications  in  polarimetry  and  imaging. 
Scattering in random media enabled single-shot measurement of light polarization 
[Juhl2019,  Facchin2020]  and  analysis  of  optical  vector  fields  [Pierangeli2023]. 
Replacing a free-space scattering to intermodal interference in a short piece of a few-
mode  fiber  and  a  few-pixel  detector  sampling  allowed  for  in-situ  polarization 
measurement with kHz repetition rate and single-photon sensitivity [Bielak2025]. 
Lensless  imaging  [Freund1990,  Bertolotti2012,  Katz2014,  Edrei2016, 
Bertolotti2022] builds upon advances in complex media characterization and control 
[Rotter2017]. Random scattering in multimode fibers was demonstrated to support 
visual information transmission [Čižmár2012, Borhani2018, Caramazza2019] and 
unlocked breakthroughs in endoscopy imaging [Wen2023, Stibůrek2023].

The experimental implementation of photonic networks is typically realized in the 
spatial or temporal domain. Spatially multiplexed networks have been built in free 
space using discrete elements (typically in 2D) or via optical-contact bonding in 3D 
[WangH2019, Zhong2020, Deng2023], and as waveguide circuits on optical chips. 
Free-space networks are typically constructed from bulk elements such as wave 
plates,  phase  plates,  beam  splitters,  polarizing  beam  splitters  [Paul1996, 
Hloušek2019, Hloušek2024a, O’Brien2003, Lanyon2009],  and birefringent beam 
displacers [Kitagawa2012, Xiao2017, Stárek2018a, Xiao2020], see Fig. 2.1 (a). They 
offer only a limited number of spatial modes but allow full control over internal  
structure, straightforward reconfigurability, and high efficiency. In our lab, we have 
developed various free-space, spatially multiplexed networks for photon-number-
resolving detection [Hloušek2023, Večerka2025] (see Chapter 4) and for quantum 
information processing [Stárek2022] (see Fig. 2.2). Controlling a larger number of 
spatial modes enables structured light with many applications in imaging, sensing, 
communication, and optical neural networks [ZhangZ2025].

Figure 2.1. Examples of optical networks based on spatial (a,b,c) and time (d) multiplexing. 
Legend: PS – phase plate, BBD – birefringent beam displacer, MMF – multimode fiber, WG 
– waveguide, DC – dynamically controlled coupler.
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To improve scalability, waveguide circuits integrated on an optical chip have been 
massively  used  for  information  processing  and  metrology  [Perets2008, 
Bromberg2009,  Peruzzo2010,  Sansoni2012,  Matthews2013,  Titchener2018, 
Maring2024,  Wang2020],  see  Fig.  2.1  (b).  There  is  a  plethora  of  waveguide 
manufacturing  techniques [Bogaerts2020,  Wang2020]  used  to  prepare  on-chip 
circuits,  such  as  lithography,  ion  diffusion,  and  direct  laser  writing.  Material 
platforms  include  silicon-on-insulator  (Si,  SOI)  [Silverstone2014,  Qiang2018, 
PsiQuantum2025],  silica-on-silicon  (SiO2)  [Politi2008,  Matthews2009, 
Carolan2015],  laser-written  silica  [Smith2009,  Sansoni2010,  Crespi2011, 
Meany2015], silicon nitride (Si3N4) [Schuck2016, Lu2019], lithium niobate (LiNbO ,₃  
Ti:LiNbO3)  [Jin2014,  Luo2019],  gallium  arsenide  (GaAs)  [Wang2014],  indium 
phosphide (InP), and many others. Si waveguides can tightly confine light, allowing 
direct  single-photon  generation  in  the  waveguides  and  high-density  integration 
[Qiang2018, PsiQuantum2025]. Laser-written silica circuits provide possibilities for 
investigating complex physical systems through three-dimensional circuit geometries 
[Meany2015].  Si3N4 provides  ultralow propagation  losses  and  can  create  single 
photons within a broad transparent window [Lu2019].  While the above are generally 
passive materials, LiNbO  [Luo2019], GaAs [Wang2014], and InP exhibit strong₃  
electro-optic properties that allow for fast manipulations of single photons. Despite 
recent  progress  of  integrated  photonic  networks,  their  accurate  characterization 
remains a significant roadblock [Fyrillas2024].

Figure 2.2. (a) Model and (b) photo of a free-space discrete photonic network based on 
inherently  stable  multi-path  interferometers  using  birefringent  beam  displacers 
[Stárek2018a]. Photo from our lab (QOLO) by R. Stárek, see [Stárek2022] for details.

Alternatively, common  scattering media such as optical diffusers and multimode 
fibers have been implemented as random networks [Mosk2012,  Rotter2017] for 
various  applications  in  photonic  information  processing  [Huisman2014, 
Defienne2014,  Huisman2015,  Defienne2016,  Wolterink2016, 
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Leedumrongwatthanakun2020,  Goel2024],  imaging  [Čižmár2012,  Borhani2018, 
Caramazza2019,  Wen2023,  Stibůrek2023],  and sensing [Metzger2017,  Juhl2019, 
Gupta2020,  Facchin2020,  Pierangeli2023,  Bielak2025, 
Leedumrongwatthanakun2025], see Fig. 2.1 (c). Wavefront shaping is used in such 
cases  to  encode  a  particular  transmission  function  [Popoff2010,  Kim2012, 
Vellekoop2015, Cao2023]. However, full characterization of the scattering medium is 
extremely  challenging  [Popoff2010,  Carpenter2016],  and  the  stability  of  the 
transmission function of a multimode fiber is quite limited [Caravaca-Aguirre2013, 
Wen2023, Bielak2025]. Our recent result on using a few-mode fiber for high-stability 
polarization sensing is discussed in detail in Chapter 5 [Bielak2025].

Wavefront shaping uses a spatial light modulator (SLM) to program the input field so 
that, after the mixing in a scattering medium, the desired pattern (e.g., a diffraction-
limited focus) appears at the output. Typically, coherent laser light is modulated on an 
SLM and coupled into the medium, e.g., proximal facet of a multimode fiber. A 
camera at the distal facet records a random interference pattern (speckle) that serves 
as  feedback  for  either  iterative  optimization  or  model-based  control.  The  same 
hardware also supports transmission-matrix methods: a sequence of SLM-generated 
probe fields is sent while the output interferes with a phase reference (external arm or 
co-propagating through the fiber), and phase-stepping (≥3 steps over 2π) reconstructs 
the complex field at every camera pixel, effectively measuring one column of the 
transmission-matrix per shot. Intensity-only schemes (phase retrieval) and digital 
phase-conjugation variants are also used. Choice of the SLM is a trade-off between 
pixel count, modulation depth, diffraction efficiency, frame rate, and upload latency. 
Liquid-crystal SLMs provide direct phase control with high diffraction efficiency 
(off-axis, up to ~90%) and fine spatial resolution, but are typically limited to a few 
hundred hertz; ferroelectric LC devices reach kHz rates at the expense of binary 0/π 
phase  and  low  first-order  efficiency  (~10%).  Micro-electromechanical  system 
options, especially digital micromirror devices, offer tens-of-kHz refresh and operate 
as  binary  amplitude  modulators.  Complex-field  control  is  achieved  in  the  first 
diffraction order  using Lee holograms,  though off-axis  efficiency is  only a  few 
percent. Efficiency and bandwidth can be improved with double-pass geometries that 
realize binary phase modulation and correct spatial dispersion; emerging MEMS such 
as grating-light-valve modulators push toward hundreds of kHz. In practice, liquid-
crystal SLMs are favored for power-efficient, high-fidelity control, whereas digital 
micromirror devices enable high-speed wavefront shaping for dynamic scenes and 
fast endoscopy.

Time-multiplexed  networks have  been  used  for  random  walks  [Schreiber2010, 
Schreiber2012], boson sampling [He2017, Madsen2022], and quantum information 
processing [Yu2024,  Singh2025],  namely preparation of  large  cluster  states  and 
entanglement  synthesis  [Asavanant2019,  Takeda2019,  Larsen2019].  Time-bin 
multiplexing has also enabled more efficient single-photon sources [Kaneda2019] 
and photon-number-resolving detectors [Banaszek2003,  Achilles2003,  Fitch2003, 
Řeháček2003,  Mičuda2008,  Tiedau2019,  Švarc2019].  Together  with  spatial 
multiplexing  it  holds  the  current  record  in  reaching  quantum  computational 
advantage in Gaussian boson sampling with 1024 high-efficiency squeezed states 
injected into a hybrid spatial-temporal encoded, 8176-mode, programmable photonic 
quantum processor, Jiuzhang 4.0 [LiuH2025]. Temporal modes are encoded as time 
bins (or pulses) and the networks typically use loop based architecture, where the 

10



optical  signal  repeatedly  passes  through  a  loop  fed  by  a  beam  splitter  with  a 
switchable splitting ratio, see Fig. 2.1 (d). Such switch can be implemented either as 
an  interferometer  with  an  electro-optic  phase  modulator  [Švarc2019]  or  using 
polarization modulation in a  Pockels  cell  [He2017,  Takeda2019].  The switching 
requires precise timing and fast electro-optic control; this can be done using optical 
fibers and integrated modulators (at the expense of higher losses) [Švarc2019] or in 
free-space  with  bulk  modulators  (complicated  high-voltage  driving  and  slower 
operation) [He2017, Takeda2019]. The main issue with the latter is a severely limited 
number of  switching levels  (corresponding to driving voltages).  Previous works 
demonstrated up to eight fast-switchable levels with moderate losses [He2017] and 
four consecutive fast-switchable levels with low losses [Takeda2019]. Losses and 
other imperfections of the employed modulators and delay loops affect the maximum 
achievable number of time bins. The ultimate goal is to reach a high number of 
switching levels and time bins simultaneously. Multi-level switching and low-latency 
control based on field programmable gate arrays (FPGA) allow for driving the time-
multiplexed  network  in  different  regimes,  such  as  balanced  operation,  low-loss 
regime,  random network etc.  Reaching a  high number  of  channels  requires  the 
sufficiently low losses and high extinction ratio, which is experimentally demanding. 
Time  response  and  high  efficiency  can  be  boosted  by  using  superconducting 
nanowire single-photon detectors.

Very  recently,  we  developed  a  low-loss,  multi-level,  free-space  electro-optical 
network for single-photon applications [Švarc2024, Mazin2025] that combines bulk 
optics with a FPGA-controlled high-voltage driver to realize polarization switching 
with 25 programmable levels (0–500 V), 7% optical loss per loop cycle, 23 dB 
extinction ratio, and 16 ns switching time. We employed a two-crystal KD*P Pockels 
cell inside a 60 ns optical delay loop (~18 m) driven by a 300 MHz-clocked Cyclone-
V FPGA (3.3 ns timing granularity and 31 ns electronics latency) and a custom high-
voltage switch that provides 25 distinct transmittance settings via level combinations. 
We reached stable generation of up to 16 balanced time-bin patterns with near-
uniform probabilities (channel relative entropy of 0.9991) and demonstrated arbitrary 
control  of  time-bin  intensities  (e.g.,  a  linear  decay).  Overall,  our  platform 
significantly improves time multiplexing, retaining very low loss relative to prior 
free-space electro-optic modulation approaches, see Fig. 2.3. We also developed 
custom  timing  electronics  for  universal  pulse  control  [Hošák2018]  and  delay 
generation [Mazin2021].

Figure 2.3. (a) Scheme of the loop-based time-switching network and (b) results of various 
time-bin configurations [Švarc2024, Mazin2025]. Legend: laser diode (LD), single-photon 
avalanche diode (SPAD), polarizing beam splitter (PBS), half-wave plate (HWP), quarter-
wave plate (QWP). Image by G. Mazin [Mazin2025].
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2.2.  Photonic  detectors:  Toward  resolving  individual 
photons

Single-photon detectors are fundamental  for ultra-sensitive sensors and photonic 
detection in general [Hadfield2009, Buller2010, Eisaman2011, Migdal2013]. They 
are able to register the arrival of individual photons with high efficiency (detection 
probability) while keeping false detections low. Many single-photon detectors follow 
the  same  high-level  bistability  operational  principle:  The  device  is  held  in  a 
metastable state, which stores energy that can be released when the state is disturbed 
by absorbing a photon. The microscopic excitation pushes the biased detector over its 
threshold.  A positive-feedback  mechanism turns  that  single-photon  event  into  a 
macroscopic change in current or voltage. External electronics senses the electrical 
pulse, shapes it to a logic-level “click”, and then brings the device back to its initial 
state so it can detect the next photon.

There are two main types of single-photon detectors frequently used nowadays: 
single-photon  avalanche  diodes  and  superconducting  nanowire  single-photon 
detectors.  Single-photon  avalanche  diodes  (SPADs) [Cova1996,  Cova2004, 
Migdal2013] are based on the use of a semiconductor avalanche diode that is reverse-
biased to create an avalanche breakdown (Geiger mode), see Fig. 2.4. The avalanche 
triggers the output detection event and, simultaneously, the quenching process to reset 
the diode before another detection process. SPADs provide very good performance at 
room temperature, especially for visible and near-infrared light (silicon technology), 
but mediocre for infrared light, such as the telecom region (InGaAs/InP technology). 
They reach efficiency as high as 75% for the visible and near-infrared regions (30% 
for telecom wavelengths) and false detection rate down to 10 counts per second in the 
visible and near-infrared regions (104 cps for telecom). Free-running silicon SPADs 
typically have a dead time of dozens of nanoseconds and temporal jitter of hundreds 
of picoseconds, with a possible improvement down to dozens of picoseconds when 
sacrificing the efficiency. SPADs can be easily integrated in larger arrays due to the 
use  of  a  common semiconductor  technology,  with  vast  applications  in  imaging 
[Zappa2007, Bruschini2019, Hadfield2023, Elmalem2025, Ronceray2025].

Superconducting  nanowire/nanostrip  single-photon  detectors  (SNSPDs) 
[Natarajan2012, Hadfield2016, Zadeh2021, Lita2022, Venza2025] are based on the 
use of  a  superconducting wire  that  is  cooled to  the subcritical  temperature,  see 
Fig. 2.5. An absorbed photon breaks Cooper pairs, forming a resistive hotspot where 
current is diverted, giving a measurable voltage. The detector resets once the hotspot 
cools. The first SNSPD was presented by Gol’tsman et al. [Gol’tsman2001] and has 
been massively commercialized in the last decade. SNSPDs can detect single photons 
with system efficiencies exceeding 95% [Reddy2020] and with noise levels as low as 
10  false counts per second [Shibata2014, Shibata2017, Chiles2022], see Fig. 2.6.⁻⁵  
They also reach lower temporal jitter down to a few picoseconds (especially when 
equipped with cryogenic amplifiers) [Korzh2020] and higher repetition rates than 
SPADs, at the expense of significantly more complicated operation conditions. A 
significant challenge remains in reaching these performances simultaneously and in 
the long term without aging-induced decay. Scaling of SNSPD arrays is also an issue 
[Hadfield2023];  only  recently  a  500x800  pixel  SNSPD  camera  was  developed 
[Oripov2023].
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Figure 2.4. (a) A single-photon avalanche diode (SPAD) is shown with distinct regions for the 
photo-absorption and carrier multiplication processes [Eisaman2011]. The reverse voltage is 
applied to accelerate the electrons toward the multiplication region, where the avalanche 
evolves.  A front-illuminated  geometry  with  an  antireflection  (AR)  coating  to  improve 
efficiency  is  illustrated,  but  back-illuminated  designs  are  also  used.  (b)  Bistability  of 
photocurrent is shown when SPAD is operated above the breakdown voltage (VBD), i.e., in 
Geiger mode. During a quenching process, the voltage is reduced below VBD for a short 
period of time, quenching the avalanche and resetting the SPAD. (c) A device structure of a 
thick-junction  Si  SPAD  optimized  for  high  detection  efficiency  and  low  dark  counts 
[Cova2004, Hadfield2009]. (d) Artist’s impression of a SPAD array with an example of the 
corresponding cross-section for a substrate isolated SPAD in a conventional CMOS process, 
depicting some of the key components (diode anode/cathode and corresponding p-n junction, 
multiplication region in which the avalanche is triggered, the substrate, and isolation between 
individual SPADs) [Bruschini2019].

Figure  2.5.  (a)  Schematic  showing the  generation of  a  transient  hotspot  in  a  nanowire 
following the absorption of a single photon: (1) supercurrent flows in the nanowire; (2) a 
photon  is  absorbed  by  a  single  electron  that  relaxes,  creating  a  hotspot  of  excited 
quasiparticles;  (3)  vortex motion breaks superconductivity  across  the nanowire;  (4)  the 
normal domain grows along the length of the nanowire leading to a large resistance; (5) as 
current is diverted, the nanowire relaxes back into the superconducting state. (b) Microscope 
images  of  a  fast  SNSPD [Korzh2020],  showing the  nanowire  path  and geometry.  The 
nanowire is embedded in a coplanar waveguide structure; GND is the electrical ground and 
OUT is the bias and output connection to the nanowire. Image courtesy of R. H. Hadfield,  
Nat. Photonics 14, 201 (2020).
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The main disadvantage of  single-photon detectors  is  inability  to  distinguish the 
number of photons in a given light pulse. Despite the widespread effort in reaching at 
least partial photon-number resolution with SPADs [Kardynał2008, Thomas2010, 
Thomas2012]  and  SNSPDs  [Cahall2017,  Los2024,  Schapeler2024,  Endo2025], 
single-photon detectors are still considered as binary (on-off) detectors due to their 
bistable  operation.  In  the  context  of  this  thesis,  the  work  Schapeler  et  al. 
[Schapeler2024] stands out; it used a standard SNSPD hardware complemented with 
optimal detector readout based on dimensionality reduction via principal component 
analysis. While reaching discrimination only between one- and two-photon events 
and very poor resolution up to five photons, it represents an example of advanced data 
processing (unsupervised learning in this case) to gain more information from raw 
detection signals.

Photon-number-resolving detectors target the number of photons in an optical signal. 
There are several different types of photon-number-resolving detectors, including 
cryogenic transition-edge sensors (TES), multiplexed single-photon detectors, and 
multi-pixel  silicon  photomultipliers.  TES  detectors [Irwin2005,  Hadfield2016, 
Lita2022] are based on the use of a thermally-isolated superconducting film that is 
cooled to a very low temperature ≤100 mK. The film, biased on the steep edge of 
resistance curve, is heated by absorption of photons so the resistance rises sharply, 
converting the absorbed energy to a µA-level current in a superconducting quantum 
interference device (SQUID) readout.  TESs reach efficiency > 95% for  a  broad 
wavelength range. Their dynamic range of photon-number resolution is limited to 
approximately 30 photons by the finite inherent energy resolution (overlap between 
energy detection channels).  Also,  they are very slow (a few 100s of kHz) with 
significant  time  jitter  (dozens  of  nanoseconds),  which  negatively  impacts  their 
application in communications and quantum technology. Recently, TES operation 
rate was extended to 800 kHz using machine learning approaches, namely supervised 
and unsupervised classification and clustering [Li2025].

Figure 2.6.  Performance  records  from  experimental  SNSPD  demonstrations  on  four 
characteristic metrics: dark count rate (a), system detection efficiency (b), jitter (c), and 
maximum count rate (d). Axes (a) and (c) display the reciprocal of the metric described 
following  the  way  the  metrics  appear  in  the  figure  of  merit  introduced  by  Hadfield  
[Hadfield2009]. The inner lines trace the trade-off between two metrics. Achieving a record 
on one metric typically implies unbalancing a trade-off, leading to a degraded coupled metric. 
The  text  on  the  inner  lines  indicates  the  manuscript  where  the  experimental  record  is 
presented. Image and caption by Venza and Colangelo [Venza2025].
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Multiplexed photon-number-resolving detectors operate by distributing an incident 
multiphoton  optical  signal  across  a  sufficiently  large  number  of  single-photon 
detectors. The multiplexing ensures that each detector receives only a small fraction 
of the total signal, such that the probability of multiple photons impinging on the 
same single-photon detector is minimized. By registering simultaneous detection 
events (coincidences) among different detectors, the scheme infers the presence and 
number of multiple photons in the original optical signal. The multiplexing approach 
to PNRD was for the first time proposed by Paul, et al. [Paul1996, Sperling2012]. 
Implementations  include  temporal  [Banaszek2003,  Achilles2003,  Fitch2003, 
Řeháček2003, Tiedau2019] and spatial [Hloušek2019, Hloušek2024a] multiplexing 
with  bulk  on–off  detectors,  integrated  on–off  detector  arrays  [Divochiy2008, 
Allevi2010a, Kalashnikov2011, Mattioli2016, Kröger2017, Zhu2018, Cheng2023] 
(Fig. 2.7), or configurations combining a few detectors with inherent photon-number 
resolution [Calkins2013, Harder2016, Eaton2023]. Multiplexed PNRDs with bulk 
detectors excel in low crosstalk and offer limited scalability to higher number of high-
efficient  detection  channels  [Hloušek2019,  Hloušek2022,  Hloušek2024a, 
Večerka2025]; see also Chapter 4. Temporal multiplexing can reduce the number of 
physical detectors needed, but it increases the number of effective detection channels 
at the cost of reduced measurement speed. Minimizing losses and achieving balanced 
performance in temporal multiplexers require careful optimization [Mičuda2008] or 
even active signal switching [Tiedau2019, Švarc2019, Mazin2025]. Using a single 
on-off detector for optical signals significantly longer than the dead time of the 
detector represents an extreme case typically applicable to continuous-wave signals 
or proof-of-concept detectors [Straka2018b, Banner2024]. Alternatively, instead of 
temporal multiplexing, a single on-off detector can be “multiplexed” or modulated in 
detection  efficiency  providing  a  larger  number  of  effective  detection  outputs, 
allowing  for  photon  statistics  retrieval  [Mogilevtsev1998,  Rossia2005, 
Zambra2005].

Integrated  multi-pixel  PNRDs,  also  termed  silicon  photomultipliers (SiPM) 
[Acerbi2019,  Gundacker2020],  consist  of  an  array  of  silicon SPADs,  similar  to 
imaging SPAD arrays but without individual pixel readout. They can easily have 
thousands of  detection channels  but  suffer  from a  significant  crosstalk  between 
individual pixels,  relatively low fill-factor,  and limited efficiency, particularly in 
near-infrared and infrared regions. Moreover, the integrated multi-pixel PNRDs have 
limited  or  no  reconfigurability,  making  channel  balancing  virtually  impossible. 
Consequently,  these  detectors  require  detailed  characterization  and  sophisticated 
numerical  postprocessing  to  correct  for  the  imperfections  [Kalashnikov2011, 
Kröger2017]. A promising alternative is the on-chip integration of independent on–
off cryogenic detectors like SNSPDs [Mattioli2016, Zhu2018, Cheng2023], though 
their  performance  for  diverse  classical  and especially  nonclassical  light  sources 
remains to be demonstrated. Recently, a PNRD consisting of integrated 100 SNSPDs 
was presented by [Cheng2023], however, showing significant discrepancy between 
measured and expected data even for classical weak coherent and thermal states, see 
Fig. 2.7.

The various photon-number-resolving detection techniques can be combined, for 
example by multiplexing TES detectors or using both time and spatial multiplexing, 
to  improve  their  overall  dynamic  range  [Calkins2013,  Harder2016,  Eaton2023]. 
Photon-number-resolved measurements currently reach about 100 photons, mainly 
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for  classical  states  [Eaton2023,  Cheng2023,  Hloušek2024a].  Further  research  is 
needed to go beyond this limit and approach the performance of true linear detector 
with photon-number resolution.

Figure 2.7. (a) Schematic illustration of the 100-pixel quasi-PNR detector structure based on 
the spatiotemporal-multiplexed SNSPD array  [Cheng2023]. The high-frequency detector 
signals are read out through the bus line consisting of the series-connected nanowire detectors 
and delay-line sections (blue color), whereas the bias currents of the fired detector pixels are 
recovered via the low-frequency reset loop formed by the on-chip inductor and resistor 
(orange color). (b) Overview optical micrograph image of the device. (c,d) Photon number 
probability distribution for thermal light. (e,f) Photon number probability distribution for 
coherent  light.  The Bose–Einstein and Poisson fits  deviate from the experimental  data, 
significantly in (f), due to the detector saturation effect. Monte Carlo simulation taking into  
account this effect (green diamond markers) decreases the deviation partially. Image and 
caption adapted from Chang, et al. [Cheng2023].

In addition to single-photon and photon-number-resolving detectors, there are also 
coherent detection techniques that are used to measure continuous variables, such as 
the quadrature components of a light  field.  These techniques include  homodyne 
detection, in which the light field is mixed with a local oscillator and the resulting  
strong fields  are  measured with two semiconductor  photodiodes.  The difference 
between their  photocurrents  is  proportional  to  the  quadrature  component  of  the 
measured optical signal.  Homodyne detection is a key technique for utilization of 
squeezed  states  of  light  [Breitenbach1997,  Furusawa1998,  Taylor2013,  Li2018, 
Tse2019, Acernese2019]. For fully time-resolved detection of a pulsed signal, the 
homodyne  detector  readout  is  done  individually  for  each  pulse  [Smithey1993, 
Hansen2001, Haderka2009, Kumar2012]. This method is particularly useful for the 
complete  characterization  of  highly  nonclassical  quantum  states,  such  as  those 
generated  by  nonlinear  processes  excited  by  ultrafast  lasers  [Lvovsky2001, 
Zavatta2004,  Ourjoumtsev2006,  Lvovsky2009,  Lvovsky2020,  Fadrný2024].  The 
major  challenge  in  quantum homodyne  detection  is  achieving  sufficiently  high 
signal-to-noise ratio and precise balancing. These requirements are hard to fulfill 
especially for large bandwidths [Kawasaki2025]. Furthermore, the local oscillator is 
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often not available for light emitted from single-emitter sources, such as individual 
atoms, molecules, or quantum dots, and the only options are self-homodyning or 
iSCAT techniques [Wrigge2008, Špačková2022].

2.3. Statistical properties of light

Detection statistics of the output detection channels of a photon-number-resolving 
detector does not coincide exactly with photon statistics of the incident light. The 
main reason is a finite number of detection channels, i.e., limited dynamic range. 
Other  causes  include  less-than-unity  detection  efficiency,  noise,  and  channel 
crosstalk. With sufficiently large detection statistics and accurate calibration of the 
detector, the actual photon statistics can be retrieved to some degree of confidence 
[Fiurášek2025]. There is a whole research subfield targeting the efficient photon-
statistics retrieval that covers direct inverse methods [Tikhonov1995, Starkov2009] 
as  well  as  statistical  methods  [Dempster1977,  Vardi1993,  Banaszek1998, 
Mogilevtsev1998,  Řeháček2003, Rossia2005,  Zambra2005,  Marsili2009, 
Hloušek2019].  As  a  state-of-the-art  method,  we  can  mention  expectation-
maximization algorithm with weak entropic regularization developed by our team 
[Hloušek2019], allowing for highly accurate photon-statistics readout from spatially 
multiplexed  [Hloušek2019,  Hloušek2024a]  and  time-multiplexed  [Banner2024] 
detectors, see Chapter 5.

Despite this progress, retrieving the full photon statistics is an inherently ill-posed 
inverse  problem,  involving  open  questions  on  optimal  regularization  and  bias-
variance trade-off. Instead, only partial information can be targeted, such as global 
statistical  parameters.  The  statistical  feature  extraction includes  moments, 
nonclassical and quantum non-Gaussian characteristics, and classification of various 
classes  of  light.  For  example,  we  experimentally  verified  new  methods  of 
nonclassical multi-photon state classification [Straka2018a,  Lachman2019]. These 
methods represent initial steps toward accurate sensing of multiple single-photon 
emitters, a task currently dominated by multiparameter estimation methods [Li2023]. 
However, the resilience of the reported approaches to losses, background noise, and 
different  emission  probabilities  of  the  emitters,  has  to  be  improved.  Recent 
developments in machine learning have enabled classification between two statistics 
[You2020], but the full-scale applications of artificial intelligence methods for photon 
statistics retrieval and statistical feature extraction have yet to be demonstrated.

2.4. Detector response and calibration

Another major challenge is the complexity of photonic detector operation. Detector 
responses are nonlinear and lack precise theoretical modeling. The performance of 
single-photon detectors is affected by many low-level processes participating in the 
conversion  of  a  single-photon  signal  to  a  macroscopic  electronic  output.  The 
particular detection imperfections and their modeling are specific to SPADs and their 
quenching  circuits  [Stipčević2013,  Kornilov2014,  Wang2016a,  Straka2020]  or 
SNSPDs  [Marsili2016,  Akhlaghi2009,  Akhlaghi2011]  due  to  their  different 
operational principles. These imperfections cause a nonlinear relation between the 
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incident photon rate and observed detection rate. Our team recently developed a 
direct  single-source  measurement  of  the  absolute  nonlinearity  of  single-photon 
detectors with unprecedented accuracy [Hloušek2023]. We discovered a surprising 
supralinear behavior of SPADs and showed that it cannot be explained using known 
theoretical models. We also characterized sub- and supralinear operation regimes of 
SNSPDs and uncovered the supralinearity under faint continuous illumination. The 
results  identify  new  detector  anomalies  that  supersede  existing  knowledge  of 
nonlinear effects at the single-photon level, which underlines the need to characterize 
the  response  of  single-photon  detectors  by  direct  measurement,  see  Chapter 4. 
Another level of complexity comes from the fact that single-photon and photon-
number-resolving  detectors  are  nonclassical,  i.e.,  they  perform  projections  onto 
strongly nonclassical quantum states. The nonclassicality characterization is usually 
performed using an indirect, tedious, and poorly scalable process of quantum detector 
tomography [Lundeen2009,  Zhang2012, Schapeler2025]. Instead, we developed a 
direct  method  for  detector  nonclassicality  certification  requiring  the  minimum 
resources [Hloušek2021, Grygar2022].

There  is  a  rapidly  increasing  demand  for  accurate  photonic  detection  and, 
particularly,  photon counting in communication,  metrology, and imaging – from 
benchmarking of optical and quantum sources to optical receivers, from counting and 
imaging of single emitters to computed tomography. In short,  the field urgently 
requires detectors with large dynamic range, their accurate calibration, and robust 
retrieval techniques resistant to detector imperfections.

2.5. Vector properties of light

Polarization of light plays a central role across many scientific disciplines, such as 
imaging [Jameson2010,  Qi2017,  Rimoli2022],  sensing  [Zhan2021],  ellipsometry 
[Liu2021, Wen2024], optical communications [Wang2016b, Chen2016], topological 
photonic  devices  [Abbaszadeh2021],  and  quantum  information  processing 
[Flamini2019, Slussarenko2019]. In particular, the polarization state of light emitted 
by anisotropic specimens encodes valuable information about material structure and 
optical properties. This principle has driven a broad range of biomedical applications, 
where polarization provides structural and morphological insights into biological 
tissues  and  enables  label-free  detection  of  pathological  changes  [Qi2017, 
Brasselet2019].  Polarization-resolved  endoscopy  and  imaging  techniques  have 
become particularly useful for detecting, classifying, and staging cancerous lesions in 
organs such as the stomach, colon, prostate, and larynx [Doradla2013, Qi2023].

In the quantum regime, polarization represents an important information carrier for 
quantum communications and photonic quantum processors and simulators. Photonic 
quantum bits (qubits) are commonly encoded in polarization states of a single photon 
[Flamini2019,  Slussarenko2019].  Nonclassical  correlations,  i.e.,  quantum 
entanglement,  between  polarization  states  of  individual  photons  represent  an 
essential resource for quantum information processing and quantum metrology, see 
Section 2.6. Almost all seminal works in quantum information processing utilized 
polarization of light for carrying or processing information: quantum teleportation 
[Bouwmeester1997], entanglement swapping [Pan1998], quantum key distribution 
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[Ursin2007,  Liao2017,  Yin2017],  quantum  logic  gates  [O'Brien2003],  one-way 
quantum  computing  [Walther2005],  and  quantum  simulators  [Lu2009, 
Schreiber2011, Aspuru-Guzik2012, Cardano2016, Pitsios2017, WangK2019]. This 
broad range of applications,  from medicine to quantum science and technology, 
collectively  motivates  accurate  preparation  and  rapid,  reliable  measurement  of 
polarization across power levels and operating environments.

Polarization can be manipulated by mechanical retarders, electro-optic modulators 
(free-space  or  integrated),  or  liquid  crystal  devices.  Mechanical  birefringent 
components achieve high accuracy but are slow and vibration-prone. Free-space 
Pockels cells provide high-speed operation and are widely used in switching, routing, 
and quantum applications [Spagnolo2008, He2017, Takeda2019], but their large size 
and  requirement  of  high-voltage  drivers  hinder  integration.  Integrated  photonic 
polarization controllers enable ultrafast reconfiguration [Altepeter2011], though at 
the cost of insertion losses and challenging calibration due to waveguide coupling.

Liquid crystals represent a practical compromise for polarization manipulation: they 
allow low-voltage operation, stability without moving parts, and compatibility with 
compact free-space and imaging setups. Parallel-aligned nematic liquid crystal cells 
are  commonly  used  as  voltage-tunable  retarders  for  polarization  preparation 
[Adamson2007,  Peters2005],  modulation  [Zhuang1999,  Defienne2021, 
Lohrmann2019,  Villar2020],  measurement  [Bueno2000,  DeMartino2003, 
Peinado2010,  Adamson2010],  and  implementation  of  quantum  channels 
[Orieux2013]. However, accurate modeling of liquid crystal response remains an 
open problem due to alignment imperfections, depolarization, and nonlinear voltage 
dependence [Yariv1984, Coy1996, Marquez2000, Marquez2001, Yamauchi2005]. 
The modeling challenge is particularly severe for twisted nematic liquid crystals 
(TNLCs),  widely  used  in  display  technology,  whose  complex  action  combines 
retardation and rotation.  Recently,  we tackled this  challenge and developed two 
approaches  for  precise  calibration  of  TNLCs  for  high-fidelity  polarization  (and 
polarization  qubit)  preparation,  manipulation,  and  measurement.  The  core 
experimental technique is based on a sequence of twisted nematic liquid crystals 
calibrated and controlled by an evolutionary (genetic) optimization [Bielak2021] or 
bidirectional  learning  based  on  artificial  neural  networks  [Vašinka2022].  These 
methods are now routinely used for controlling the polarization state of light in many 
other research projects, see Chapter 7.

Optical multiplexers and networks can be used for polarization measurement, similar 
to photon statistics detection. Several ordered polarization projections are performed, 
spatially multiplexed or in a time sequence, using birefringent networks [Ling2006], 
TNLCs [Bielak2021], or metasurfaces [WangK2018, Rubin2022]. The individual 
projections need to be carefully calibrated. Alternatively, polarimetry with disordered 
networks has recently been demonstrated, see below. Complete characterization of 
quantum states and devices, including those utilizing polarization of light, relies on 
complex  detection  protocols,  such  as  quantum  state  tomography [Vogel1989, 
Ježek2003, Hradil2004, Paris2004]. The tomography consists of many individual 
projections or detection channels (quorum), which have to be accurately known, from 
which the full quantum state is reconstructed. If the experimentally implemented 
measurement projections deviate from the expected ones, which is always the case, 
the accuracy of the tomographic characterization is compromised. The only solution 
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suggested so far to calibrate the constituent measurements is quantum measurement 
tomography. Unfortunately, the measurement tomography requires accurately known 
probe states, which is also not feasible in real-world applications. This proverbial 
chicken-or-egg scenario in quantum tomography has remained unsolved until our 
recent result on measurement-device-agnostic quantum tomography [Stárek2025].

The  number  of  required  projections  and  computational  complexity  of  quantum 
tomography scale exponentially with a number of qubits in the characterized system 
[Häffner2005, Barreiro2005, Monz2011, Song2017, WangX2018]. Because of this 
unfavorable scaling, the largest system characterized experimentally by full quantum 
state tomography to date contains only ten qubits [Song2017]. Several methods have 
been developed to make this scaling more favorable, by imposing an a priori structure 
or  symmetry  to  the  system  [Gross2010,  Cramer2010,  Tóth2010,  Lanyon2017, 
Torlai2018,  Tiunov2020,  Danaci2021].  Furthermore,  optimal  tomographic 
approaches often require impractical entangled measurements. The detailed accuracy 
analysis  of  local  measurement  schemes  is  missing,  as  are  their  experimental 
demonstrations for a large number of detection channels. The ultimate accuracy limit 
has not yet been reached. Poor scalability of the full quantum tomography may be 
addressed  by  directly  detecting  polarization  and  correlation  features like 
depolarization, purity, coherence, and various entanglement quantifiers. 

While  polarization measurements can be  relatively  straightforward in  controlled 
laboratory conditions, accurate and reliable characterization under realistic, complex 
scenarios remains highly challenging. Low light intensities represent the first major 
difficulty: reduced photon numbers lead to poor signal-to-noise ratios, making it 
difficult to extract meaningful polarization information from noisy data. A second 
challenge arises in high-speed measurements, where short acquisition times reduce 
the number of collected photons. Increasing the illumination power could mitigate 
this, but it is constrained by delivery limitations and, critically, by the photodamage 
threshold  of  sensitive  samples.  Incorporating  single-photon  detectors  improves 
accuracy in polarization-state reconstruction protocols, yet their relatively large size 
and lack of in-situ or even in-vivo integrability pose significant limitations. A third 
challenge emerges in constrained spaces, where compact setups are essential but 
alignment  and  placement  of  optical  components  are  severely  restricted.  These 
combined conditions  present  a  serious  obstacle,  especially  for  invasive  medical 
procedures  such  as  microendoscopy  [Turtaev2018,  Wen2023],  environmental 
monitoring [Valentino2022, Běhal2022], and internal or in-situ materials inspection 
[Deng2021, Coppola2024].

To overcome these limitations, one promising direction is to exploit light propagation 
in disordered media for polarization sensing. When coherent light traverses a strongly 
scattering medium, multimode interference generates  a  granular  speckle  pattern. 
Although seemingly degrading, this speckle pattern encodes detailed information 
about the input field [Rotter2017, Bertolotti2022, Cao2022, Vynck2023, Cao2023]. 
By analyzing speckle structures with suitable post-processing techniques, one can 
retrieve information about  the polarization state  of  the incident  light  [Juhl2020, 
Facchin2020].  Although  considerable  progress  has  been  made  in  advancing 
disordered-media-based optical methods [Pierangeli2023, Stibůrek2023, Goel2024], 
the  development  of  a  compact  polarimeter  capable  of  fast,  reliable,  and single-
photon-sensitive operation remained an open challenge until recently [Bielak2025]. 
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We employed a short piece of a few-mode fiber that maps the polarization state to a 
random scattering pattern, which is sparsely sampled with a fiber array to leverage 
fast single-photon detection. This all-fiber design greatly enhances detection speed, 
sensitivity, and data throughput. Crucially, it can enable simultaneous detection of 
multiple  optical  parameters,  potentially  including  quantum  correlations  and 
entanglement.

2.6. Nonclassical correlations and entanglement

Quantum entanglement manifests  as  nonclassical  correlations (stronger than any 
classical  ones)  between measurements  performed on individual  subsystems of  a 
larger  physical  system  [Einstein1935,  Bell1964].  These  effects  are  central  to 
fundamental tests of quantum mechanics, including direct experimental verification 
of quantum nonlocality [Hensen2015, Shalm2015, Giustina2015]. The critical role of 
entanglement has also been demonstrated at  the opposite end of the complexity 
spectrum,  in  macroscopic  phase  transitions  [Osterloh2002,  Osborne2002, 
Amico2008,  Bohnet2016,  Khemani2017,  Valdez2017,  Kokail2021,  Joshi2023, 
Karamlou2024]. Beyond foundational aspects, entanglement is an essential resource 
for  quantum  information  processing  and  enables  quantum  advantage 
[Asavanant2019, Larsen2019, Arute2019, Larsen2021, Madsen2022, Evered2023, 
Google2023].  Modern  quantum communication  networks  also  rely  crucially  on 
entanglement  sources  [Wengerowsky2018,  Yin2020,  Guccione2020, 
BassoBasset2021]. Consequently, characterizing entanglement is paramount for both 
fundamental  research  and  quantum  technology  applications  [Horodecki2009, 
Erhard2020, Eisert2020].

Reliable entanglement quantification remains an open problem in quantum physics. 
Direct  measurements  of  entanglement  can  be  realized  by  exploiting  quantum 
interference  of  two  (or  more)  identical  copies  of  a  system,  see  Fig. 2.8 (a) 
[Horodecki2003,  Fiurášek2004,  Walborn2006,  Islam2015,  Kaufman2016].  This 
nonlocal multi-copy strategy is rooted in measuring nonlinear functionals of quantum 
states [Filip2002, Ekert2002]. However, such measurements are experimentally very 
demanding,  which  has  motivated  single-copy  approaches  based  solely  on  local 
measurements, such as quantum tomography.

Quantum tomography provides a full description of a quantum state, including its 
entanglement, see Fig. 2.8 (b) [Paris2004]. However, the number of measurements 
required for tomography grows exponentially with the number of qubits or degrees of 
freedom, making the approach inherently unscalable [Häffner2005, Barreiro2005, 
Monz2011, Song2017, WangX2018]. When a few-parameter state model is assumed, 
quantum  estimation  can  be  used  to  optimally  infer  entanglement  [Brida2010a, 
Brida2011,  Benedetti2013].  Another  route  to  emulate  quantum correlations with 
fewer  resources  uses  neural-network  quantum  states  [Carleo2017,  Deng2017, 
Torlai2018, Carleo2018, Hartmann2019, Reh2021]. This approach, however, suffers 
from  the  sign  problem,  whose  resolution  requires  additional  assumptions 
[Szabó2020,  Westerhout2020].  Neural-network quantum-state  methods have also 
been applied to tomography under nonideal experimental conditions [Torlai2018, 
Torlai2019,  Tiunov2020,  Palmieri2020,  Danaci2021].  Still,  the  amount  of 
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information needed to represent a generic quantum state to a given accuracy remains 
an open question [Rocchetto2019, Gebhart2023, Du2025].

Figure  2.8.  (a)  Principle  of  a  nonlocal  two-copy strategy to  directly  measure  quantum 
entanglement. (b) Indirect characterization of entanglement via quantum state tomography 
based on local measurements.

Instead of  characterizing the entire  system, one can target  only mean values of 
selected observables, substantially reducing the required number of measurements. 
This strategy, known as shadow tomography [Aaronson2018], can also be used to 
estimate the entanglement entropy of a small subsystem by effectively reconstructing 
its reduced state [Huang2020, Struchalin2021]. An alternative approach estimates the 
second-order  Rényi  entropy  of  a  subsystem  from  random  measurements 
[vanEnk2012, Elben2018, Brydges2019, Elben2023]. However, these methods do 
not quantify entanglement distributed across the entire system.

Entanglement witnessing is a viable alternative to tomographic methods when the 
goal  is  only  to  distinguish  entangled  from  nonentangled  states  (or  between 
entanglement classes) without quantifying the degree or structure of entanglement. 
Nevertheless, witnessing may still require full knowledge of the underlying quantum 
state, as in the positive partial transpose criterion [Horodecki2009]. A witness cannot 
be measured directly, but it  can be approximated via a completely positive map 
[Horodecki2002], which is essentially equivalent to full quantum state tomography 
[Fiurášek2002,  Carmeli2016].  Other  witnessing  strategies  use  minimal  local 
decompositions  [Guhne2002,  Barbieri2003],  semidefinite  programming 
[Audenaert2006,  Jungnitsch2011],  entanglement  polytopes  [Walter2013],  or 
correlations  from  randomized  measurements  [Ketterer2019,  Knips2020]. 
Entanglement  witnessing  can  also  be  assisted  by  neural-network  classifiers 
[Gao2018, Harney2020, Roik2021, Du2025]. Despite these advances, witnessing 
typically  provides  only  witnesses  or  lower  bounds  and  often  relies  on  prior 
information about the state.

In summary, the relation between the entanglement present in a physical system and 
the  correlations  accessible  through  measurements  on  its  subsystems  is  highly 
nontrivial  [Kaszlikowski2008,  Mičuda2019].  Full  entanglement  characterization 
using single-copy local measurements appears achievable only via complete quantum 
state  tomography  and  therefore  entails  an  exponential  scaling  of  the  required 
measurements [Fiurášek2002, Carmeli2016, Lu2016, Yu2020].
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Our  team  recently  demonstrated  deep-learning-based  direct  quantification  of 
polarization  correlations  and  entanglement  from incomplete  local  measurements 
[Koutný2023]. We focused on all pairwise correlations quantified by concurrence 
[Horodecki2009]  and  the  adjacency  matrix  of  quantum  mutual  information 
[Valdez2017]. We successfully tested this approach for photonic sources based on 
parametric generators and quantum dots, outperforming state-of-the-art methods in 
accuracy and speed. See Chapter 6 for details. However, the scaling to systems with a 
high number of  qubits,  genuine multipartite  entanglement,  measurement  cost  of 
entanglement  quantification,  and  measurement-device  independence  are  still 
missing. In summary, major open challenges remain for polarization and correlation 
sensing  in  demanding  scenarios  and  quantum-limit  conditions,  with  quantum 
entanglement detection as the ultimate case.

2.7. Single emitters and nanosensors

Although single-photon detection, optical networks, and photonic correlations can 
already boost precision on their own, coupling photons to single quantum emitters, 
such as single atoms, ions, or solid-state “artificial atoms”, adds matter-based degrees 
of freedom that can sense external fields or store quantum states, with their own 
fluorescence  offering  a  low-noise  readout  for  metrology,  sensing,  and  imaging. 
Neutral atoms and charged ions confined in optical or electromagnetic traps are 
exemplary single-photon emitters whose optical transitions reach transform-limited 
linewidths and long coherence times. Realizing this performance demands ultra-high-
vacuum chambers, trapping fields, many lasers for cooling and control, and often also 
cryogenic  cooling.  Although  unrivaled  for  time  metrology  [Marshall2025]  and 
quantum information [vanLeent2022, Mose2023, Guo2024, Main2025], the trapped-
ion implementation complexity limits their use in sensing and imaging, particularly in 
materials and live systems.

Single emitters embedded in solid-state media, such as color centers in crystals, 
quantum  dots,  or  organic  molecules,  are  promising  building  blocks  in  modern 
photonics. These systems have a wide range of applications, from single-photon 
sources for secure communications [Eisaman2011, BassoBasset2021, Toninelli2021] 
to markers in biomedical imaging and sensing [Sahl2017,  Barry2020,  Lelek2021, 
Amawi2024, Roesel2025]. Solid-state single emitters offer scalability, vacuum-free 
operation, and even room-temperature operation. Their energy level separation and 
other parameters can be controlled by the manufacturing process and external stimuli, 
such as light, electric and magnetic fields, mechanical strain, or the presence of other 
nanoparticles.

Organic dye molecules represent an important example of solid-state single emitters, 
which are bright single-photon sources and possess non-trivial interaction with light 
and  external  stimuli  [Toninelli2021,  Roesel2025].  They  can  be  integrated  into 
photonic chips [Ren2022, Rattenbacher2023] and prepared even without clean-room 
facilities.  However,  the  fine-structure  spectral  features  of  organic  molecules  are 
hidden at room temperature due to vibrational state transitions and coupling to the 
environment. As a result, spectrally sensitive measurement schemes are limited to 
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cryogenic conditions, which are experimentally demanding and restrictive in the 
context of sensors, especially for sensing in living organisms. Using single molecules 
as nanosensors operating at room temperature represents a novel and challenging 
research direction with broad application potential. The measured photoemission rate 
of a single molecule was shown to witness the presence of oxygen [Naito2006], 
determine local acoustic vibrations in nanomechanical devices [Xie2022], and the 
transport effects of a single electron in a protein using the method of single-molecule 
fluorescence (Förster) resonance energy transfer (FRET) [Lerner2018], see Fig. 2.9.

Figure 2.9. Dynamic structural biology using single-molecule FRET. Left: Principle of FRET 
as a molecular ruler. In a system with a pair of dyes, after the donor dye (D) is excited, it  
transfers the excitation energy to a nearby acceptor dye (A; top) with an efficiency (E) that  
depends on the sixth power of the distance between the dyes (bottom). Right: Use of FRET to 
study structural dynamics at the single-macromolecule level. The experimental setup (top), a 
combination of single-molecule fluorescence microscopy and spectroscopy, can be used to 
determine conformational states or dynamics in solution or on immobilized molecules. Here 
E is calculated per each single-molecule burst of photons, and bursts (n) are accumulated in E 
histograms  (middle)  or  for  different  time  bins  to  form  a  single-molecule  E  trajectory 
(bottom). Figure and caption by E. Lerner, et al. [Lerner2018].

The  most  advanced  application  of  organic  molecules  currently  lies  in  imaging. 
Single-molecule localization microscopy is a workhorse of today’s super-resolution 
microscopy [Sahl2017, Lelek2021]. In stochastic optical reconstruction microscopy 
(STORM)  [Rust2006],  photoactivated  localization  microscopy  (PALM) 
[Betzig2006], and MINFLUX microscopy [Balzarotti2017], fluorophores are driven 
to blink stochastically so that, in any given camera frame, only a sparse subset is  
active. PALM uses photoactivatable fluorescent proteins that are switched on in small 
batches,  imaged,  and  then  irreversibly  bleached.  STORM  uses  reversibly 
photoswitchable organic dyes and chemical buffers to keep most emitters dark while 
only a few are temporarily switched on. Each visible emitter produces a diffraction-
limited spot  whose center  can be  fitted  (typically  with  a  Gaussian point-spread 
function (PSF) model using maximum likelihood or least squares) to estimate its 
position with precision that  scales  roughly as  σ/√N (σ:  PSF width,  N:  detected 
photons,  with additional  terms from pixelation and background).  Repeating this 
activation–imaging–localization sequence over many frames builds a dense set of 
molecular coordinates; rendering those coordinates yields a super-resolved image 
that surpasses the diffraction limit because emitters are separated in time rather than 
in space, see Fig. 2.10. Stochastic/photoactivated switching can be combined with 
other super-resolving techniques, such as light-sheet microscopy, to improve the 
resolution even further [Chen2022, Bodén2024]. Instead of emitter fitting, machine 
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learning  has  been  successfully  used  for  emitter  reconstruction  and  localization 
[Nehme2018, Speiser2021] with various pros and cons [Belthangady2019].

Figure 2.10. Comparative summed-molecule TIRF (A) and PALM (B) images of the same 
region within a cryo-prepared thin section from a COS-7 cell  expressing the lysosomal 
transmembrane protein CD63 tagged with the PA-FP Kaede. Figure and caption by E. Betzig, 
et al. [Betzig2006]. Structures well below 100 nm can be clearly resolved using PALM.

However, these methods have practical limits. They are slow because hundreds, if not 
thousands,  of  individual  frames  are  required  to  collect  enough  non-overlapping 
localizations,  which hinders live-cell  and high-throughput  studies.  High labeling 
density increases spot overlap and degrades localization unless activation duty cycles 
are  kept  extremely  low,  further  increasing  acquisition  time.  Accurate,  unbiased 
localization also depends on careful calibration of the optical system and detector: 
PSF width and shape (including aberrations and 3D astigmatism), pixel size and 
magnification, camera gain and read noise, and even priors about the sample such as 
emitter  density  all  affect  estimates  and  can  introduce  bias  if  misspecified 
[Belthangady2019]. It would be desirable to achieve comparable resolution from a 
single frame even for dense samples, and to have a device-agnostic super-resolution 
approach that does not rely on extensive, microscope-specific calibration. We have 
recently solved these issues and developed a single-frame device-agnostic super-
resolution  imaging  aided  by  deep  learning  [Vašinka2025a,  Dostálová2025a, 
Vašinka2025b], see Chapter 7.

The common detection strategies in single-molecule sensing rely on on–off counting 
using a single-photon detector [Lerner2018, Xu2019]. Photon-counting histogram 
and  number-and-brightness  methods  employ  the  same  detection  hardware  but 
analyze the long-term evolution of the emission rate and its two lowest moments 
[Digman2008]. The spectroscopy of fluorescence lifetimes and photon-correlation 
measurements can reveal dynamics at a single protein level and lay a basis for modern 
microscopy methods [Datta2020]. Higher sensitivity and dynamic range are expected 
from  using  advanced  multi-detector  schemes  and  evaluating  photon-statistics 
features,  as  showcased  in  emitter  mapping,  localization,  and  counting  [Ta2015, 
Israel2017,  Straka2018a,  Qi2018,  Fishman2023,  Li2023,  Vasquez-Lozano2024, 
LiS2024, Dostálová2025b]. However, very little has been done experimentally in this 
direction.

Our team uses single terrylene and pentacene molecules self-aligned in thin crystals 
of  para-terphenyl  or  anthracene,  depending  on  the  preferred  molecule  dipole 
orientation. The density of the molecules can be set by their concentration in the 
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solvent  prior  to  spin-coating.  Alternatively,  other  organic  dye  molecules  (DBT, 
DBATT), colloidal quantum dots, and hexagonal boron nitride defects are considered 
as potential sensors at room temperature. Especially DBT represents a promising 
alternative to terrylene as its emission lies close to 0.8 μm, where the absorption of 
biological tissues is minimal, ultrafast titan-sapphire lasers perform best, and single-
photon detectors reach the highest efficiency. Currently used terrylene and pentacene 
are both compatible with our custom inverted fluorescence microscope setup with a 
532 nm excitation laser. The microscope allows for wide field and confocal imaging, 
and  the  possibility  of  total-internal-reflection  illumination.  It  is  equipped  with 
effective collection (numerical aperture of 1.4) and common detection techniques, 
such  as  spectral  analysis,  scientific  cameras,  and  Hanbury–Brown-Twiss 
autocorrelation measurement. The microscope is also augmented with a 8-channel 
photon-number-resolving detector to retrieve the full photon statistics even from 
large molecular clusters on various time scales. Photoinduced oxidative bleaching of 
organic molecules might represent a problem for long acquisition times, but can be 
mitigated by introducing additional polymer layers or actively exploited for sensing. 
The key statistical features and the full photon statistics are imaged across a sample 
by means of its scanning.

2.8. Artificial intelligence: Optimal control and readout

Machine learning, a subfield of artificial intelligence (AI), has emerged as a powerful 
tool for data analysis and modeling with a wide range of applications. There is a long 
history of transferring ideas between machine learning and physics. In 2024, the 
Nobel Prize in Physics was jointly awarded to John J. Hopfield and Geoffrey E. 
Hinton for foundational discoveries and inventions that enable machine learning with 
artificial neural networks. Hopfield introduced a model of associative memory as a 
network  of  binary  “neurons”  with  symmetric  coupling  weights  [Hopfield1982]. 
Dynamics converge to energy minima of a global energy function, analogous to 
magnetic spin systems (Ising models). Hinton extended the Hopfield-type ideas into 
probabilistic models, notably the Boltzmann machine, where neurons are stochastic 
(e.g.,  logistic  activation)  and  weights  define  an  energy  function  [Ackley1985]. 
Learning in Boltzmann machines is often phrased in terms of minimizing Kullback–
Leibler  divergence  or  free  energy  (in  restricted  Boltzmann  machines 
[Smolensky1986, Hinton2002]) between model and data distributions, using ideas 
analogous to thermodynamics, statistical ensembles, and partition functions.

In recent years, machine learning has made remarkable progress in natural language 
and  image  processing,  complex  systems  control,  and  many  other  applications 
[LeCun2015,  Bommasani2021].  Machine  learning  tasks  are  often  grouped  into 
regression and classification. Regression predicts a numeric value from given input 
features, such as a 0–10 quality score of wine based on chemistry measurements 
[Cortez2009]  or  penguin  body  mass  using  flipper  length,  bill  depth, 
etc. [Gorman2014]. Classification assigns each input example to a category (class), 
such as cats vs. dogs classification from images [Elson2007] or mosquito species 
classification from wingbeat sounds recorded on smartphones to support disease 
control [Mukundarajan2017]. Both tasks use labeled examples during training, and 
inputs and outputs can have many components. A related third family is generative 
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modeling, which learns the structure of the data to produce new, realistic samples 
similar to those it was trained on.

Figure 2.11. A schematic contrasting traditional algorithmic programming with the data-
driven, experience-based approach central to machine learning. Instead of hand-coded rules 
(program), machine learning models learn abstractions by extracting shared patterns from 
data. Image by A. Dawid, et al. [Dawid2025].

Data  availability  shapes  the  type  of  learning.  In  supervised  learning,  a  model 
(machine learning program) is trained on labeled examples (input–output pairs) to 
predict outputs or assign categories [LeCun2015], see Fig. 2.11. It is powerful and 
widely used but often limited by the cost and difficulty of obtaining accurate labels,  
and it typically needs large, well-curated datasets. In unsupervised learning, models 
work with unlabeled data to discover structure, such as clusters or lower-dimensional 
representations [Kramer1991, Hinton2006], see Fig. 2.12 (d); generative methods 
can even expand the feature space or synthesize new samples. This can reveal patterns 
when  labels  are  scarce  or  unknown.  Similar  to  unsupervised  approaches,  self-
supervised learning uses unlabeled data to create supervisory signals via pretext 
tasks,  such  as  agreement  under  augmentations  [Zbontar2021].  The  learned 
representations are then used for downstream tasks, such as classification, regression, 
or anomaly detection. In reinforcement learning, there is no fixed dataset at the start. 
An agent interacts with an environment, receives feedback about success or failure, 
and uses that feedback to improve its decisions over time, see Fig. 2.12 (e). Other 
schemes include active learning, which selects the most informative examples to 
reduce  labeling  effort,  and  semi-supervised  learning,  which  combines  many 
unlabeled samples with a small labeled set to boost performance.

To encode a data transformation (from input features to output targets) or learned 
algorithm (agent behavior), deep neural networks are often used, see Fig. 2.12 (a, b, 
c). They consist of multiple layers of interconnected artificial neurons and act as 
highly  nonlinear  transformations  parametrized  by  a  large  number  of  trainable 
parameters. Such networks can asymptotically approximate an arbitrary continuous 
function on a compact set [Cybenko1989, Hornik1991, Leshno1993, Barron1993, 
Pinkus1999, Lu2017]. An artificial neuron [McCulloch1943, Rosenblatt1958] takes 
several input values, multiplies each by a weight, adds a bias term, and then passes the 
result through a nonlinear activation function to produce an output, see Fig. 2.12 (a). 
The activation (e.g., sigmoid, tanh, ReLU) is what lets networks model nonlinear 
relationships; without it, stacked neurons would collapse to a single linear mapping. 
In a layer, many neurons operate in parallel on the same inputs to extract different 
features;  stacked  layers  let  the  network  build  up  from simple  patterns  to  more 
complex ones, see Fig. 2.12 (b). The network parameters (weights and biases) are 
efficiently  learned  using  (stochastic)  gradient  descent [Robbins1951, 
Rosenblatt1958,  LeCun2015],  see  Fig.  2.12  (c).  The  parameters  are  adjusted  to 
reduce a loss computed on the training data, i.e., information the model can see during 
learning.  The loss  is  task-dependent  and somewhat  flexible:  for  example,  mean 
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squared error or mean absolute error are common in regression, while cross-entropy 
is  typical  for  classification.  The  loss  can  also  include  regularization  terms  to 
discourage overly complex models. In stochastic gradient descent [Bottou2010] and 
its variants, such as Adam and NAdam [Kingma2015, Dozat2016], parameters are 
updated using the loss and gradient computed on small, randomly sampled mini-
batches at  each step,  with many such steps making up an epoch.  The resulting 
gradient noise makes update directions fluctuate, which can help the optimizer pass 
through saddle points and escape sharp, narrow minima [Feng2021], though theory 
shows that  even deterministic gradient descent can still  avoid strict  saddles and 
converge to minimizers under mild conditions [Lee2016]. Using mini-batches also 
cuts the cost of each update and makes training on large datasets feasible on limited 
hardware [Bottou2010]. Deep neural networks can generalize from the learning stage 
– once trained, they can perform surprisingly well even for inputs unobserved during 
the learning stage. The basic principles of deep neural network operation are well 
known, but  the full  span of  their  generalization ability is  the subject  of  current 
research [Belkin2019, Kawaguchi2022].

Figure 2.12. Basics of neural networks and machine learning techniques. (a) Operation of a 
single artificial neuron, where inputs xi are combined with weights wi, optionally a bias is 
added, and the result is passed through an activation function providing the output y. (b)  
Structure of a neural network with several dense layers illustrating how information flows 
from input to output through multiple hidden layers. (c) Evolution of the network parameters 
θ (including weights and biases) across the cost function landscape using stochastic gradient 
descent. At each update step (orange arrows), the gradient of the average cost with respect to 
θ (gray dashed line) is approximated by the gradient evaluated on a randomly chosen data  
batch. The optimized parameters  correspond to the minimum of the averaged cost function.θ̂  
(d) Example of an unsupervised classification task, where unlabeled input data are assigned 
to distinct categories. (e) Reinforcement learning scenario, in which an agent interacts with 
an environment by taking actions, receiving rewards, and improving its policy over time. 
Image by M. Krenn, et al. [Krenn2023].

In contrast to fully connected networks that do not induce any prior symmetry or 
structure,  there  are  other  deep  learning  modalities  with  particular  symmetries. 
Convolutional neural networks [LeCun1998] enforce translation invariance, making 
them natural  for  image-like data.  Equivariant  neural  networks [Cohen2016] can 
encode rotational or permutation invariance, which is crucial in physical systems 
where such symmetries reduce the effective dimensionality of the learning problem. 
A particularly  important  class  are  graph neural  networks [Scarselli2009],  which 
respect permutation invariance of graph nodes. This makes them ideally suited to 
modeling molecules, crystals, and quantum many-body systems, where the physical 
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system is naturally represented as a graph with nodes (sites, atoms, spins) and edges 
(bonds, interactions) [Gilmer2017, Jumper2021, Reiser2022].

By combining two neural networks (encoder and decoder) in sequence or in parallel, 
various deep learning modalities can be produced with applications in unsupervised 
or  self-supervised  learning.  A  serial  arrangement  forms  an  autoencoder 
[Kramer1991],  which  learns  to  compress  data  into  a  latent  representation  and 
reconstruct it. Variational autoencoders extend this idea by imposing a probabilistic 
structure on the latent space, enabling smooth sampling and generation of new data. 
Generative adversarial networks use an adversarial game between a generator and a 
discriminator  to  produce  highly  realistic  synthetic  data  without  explicit 
reconstruction  of  the  input.  A pair  of  similar  networks  trained  in  parallel  on 
augmented data to maximize their prediction correlations can reduce information 
redundancy, such as in SimCLR, BYOL, SimSiam, and Barlow Twins [Chen2020, 
Grill2020, Chen2021, Zbontar2021]. For applications in natural sciences, however, 
the augmentation has to comply with the physical properties of the studied systems 
[Zhu2022, Wang2022, Zimmermann2023].

The combination of AI and photonics has the potential to enable new approaches to 
imaging  and  sensing  [Rivenson2017,  Barbastathis2019,  Ballard2021,  Qiao2021, 
Yuan2023, Freire2023].  Machine learning models can extract  useful information 
from complex photonic data and enable new methods for inventing, controlling, and 
optimizing photonic devices [Ma2021, Rodríguez2024, Krenn2025]. In the opposite 
direction,  photonics  can readily implement  many machine learning architectures 
toward  neuromorphic  hardware  [Shastri2021,  LiR2024,  ZhangZ2025].  Various 
machine  learning  modalities  have  found  applications  in  quantum  physics  and 
photonics relevant to the topic of this work [Carleo2019, Kudyshev2021, Freire2023, 
Krenn2023, Dawid2025, Acampora2025, Du2025]. Restricted Boltzmann machines 
were  exploited  for  quantum  state  modeling  and  reconstruction  [Carleo2017, 
Torlai2018, Tiunov2020, Du2025], and deep fully connected neural networks for 
correcting  systematic  experimental  errors  during  the  photonic  measurements 
[Palmieri2020].  Extraction and classification of high-level features directly from 
experimental  data  can  also  benefit  from  machine  learning  techniques,  which 
outperform state-of-the-art methods in accuracy and speed. For example, an adaptive 
linear element neuron was used for identification of light sources based on their  
statistics [You2020], unsupervised machine learning isolation forest algorithm was 
exploited  for  anomaly  detection  of  single  proteins  [Dahmardeh2023],  and  deep 
neural networks were used for entanglement quantification [Koutný2023, Du2025]. 
Convolutional networks found many applications in imaging. They were used to 
boost super-resolution microscopy based on the localization of single fluorescent 
molecules, such as Deep-STORM and DECODE [Nehme2018, Speiser2021], and 
improve optical metrology aided by scattering media [Gupta2020]. Autoencoders 
were applied to unsupervised learning of quantum phase transitions [Wetzel2017], 
phase recovery and holographic image reconstruction [Rivenson2018], site-resolved 
microscopy  of  neutral  atoms  in  optical  lattices  [Impertro2023],  and  with  skip 
connections  (U-Net)  also  for  supervised  image  segmentation,  denoising,  and 
reconstruction [Ronneberger2015]. An autoencoder-like pair of deep neural networks 
was used for optimal bidirectional control of photonic devices [Vašinka2022].
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Despite the notable progress, there are still open questions and challenges in the 
integration of machine learning and physics, such as efficiency and data sufficiency, 
generalization  ability  versus  “dreaming”,  incorporating  physical  constraints, 
transferability (and device independence), predicting uncertainties, explainability or 
even interpretability. The major challenge is the need for efficient data acquisition and 
processing. Many machine learning models are data-driven and require large amounts 
of high-quality training data to achieve good performance. However, acquiring such 
data can be time-consuming or even impossible with current technology, especially in 
the case of quantum photonics, where the signals of interest may be weak and difficult 
to measure. When possible, we mitigate this problem by learning from numerically 
simulated patterns, which brings two main benefits: 1. a large amount of data can be 
numerically generated much faster than using an experimental setup, 2. we do not 
learn systematic imperfections and artifacts of the particular experimental setup. 
Generalization is  a  model  ability  to  make  correct  predictions  on  new  but  in-
distribution data.  It  comes from learning stable patterns rather  than memorizing 
examples. “Dreaming” (often called hallucination) is what happens when the model 
freewheels producing fluent but unfounded outputs [Hoffman2021], see Fig. 2.13. It 
typically happens under distribution shift, weak grounding, or aggressive sampling. 
Deep neural networks with high capacity and good regularization can generalize well, 
yet they can still dream confidently when asked to extrapolate without evidence. 
Practical antidotes are to enforce constraints and checks, detect out-of-distribution 
inputs, and report uncertainties together with outputs. Another challenge is the need 
to develop physically meaningful models that take into account the unique features of 
physical  systems  (physical  priors)  [Karniadakis2021].  For  example,  quantum 
photonic  systems  are  subject  to  constraints  such  as  positive  semi-definiteness, 
probability conservation, and symmetry properties, which must be incorporated into 
machine  learning  models  to  ensure  their  physical  validity.  Consequently,  the 
transferability of well-developed large models, such as language processing or image 
generation, to physical systems is severely limited.

Uncertainties in deep learning are estimated by having the model predict a probability 
distribution over the target rather than a single value [Kendall2017]. The network 
outputs both the usual prediction (e.g., a mean or a normalized probability map) and 
one or more uncertainty parameters (e.g., a variance for Gaussian targets [Nix1994, 
Sluijterman2024]  or  Dirichlet  concentrations  for  probability  maps  [Sensoy2018, 
Malinin2018]). These parameters are learned directly from data by minimizing the 
appropriate negative log-likelihood, so no explicit “uncertainty labels” are required 
[Nix1994, Kendall2017, Amini2020]. At inference, total predictive uncertainty can 
be decomposed into aleatoric and epistemic components, separating noise captured 
by the predicted likelihood from variability due to the fitted parameters. The first term 
is  available  in  a  single  forward  pass  via  the  learned  variance  or  concentration 
[Nix1994, Sensoy2018, Amini2020]. The second can be estimated, without changing 
the training target, using techniques that expose parameter variability (e.g., keeping 
stochastic regularizers active at test time, training independent ensembles, or using 
local posterior approximations around the fitted weights) [Kendall2017]. This unified 
view—choose a likelihood, have the network output its parameters, and account for 
parameter variability when needed—covers most practical recipes for uncertainty 
quantification in current applications of deep learning [Liu2025].
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Finally, there is a need to develop machine learning models with a higher degree of 
interpretability. Many machine learning models are black boxes that can be difficult 
to interpret for humans and may not provide insights into the mechanisms underlying 
their  generalization  ability  and  performance.  Recently,  symbolic  regression  and 
dimensionality  reduction  were  proposed  for  interpretable  modeling  in  physics 
[Cranmer2020]. An analogous strategy for photonic detectors and sensors is yet to be 
developed. If full interpretability is not within reach, particularly for deep neural 
networks, we should aim at explainability. It refers to methods that provide post-hoc 
explanations of models that are not intrinsically interpretable. An illustrative example 
of  explainability  approach  is  a  method  termed  SHapley  Additive  exPlanations 
(SHAP) [Lundberg2017, Lundberg2020]. It provides a principled, game-theoretic 
framework that decomposes each model prediction into additive contributions from 
individual input features relative to a baseline prediction. To obtain a global measure 
of  relevance,  SHAP feature  importance values are  used,  defined as  the average 
absolute SHAP values across all data points. These values quantify how strongly a 
particular feature, on average, shifts the model output in its natural prediction scale 
away from the baseline [PonceBobadilla2024].

Figure 2.13. (a) Under the right conditions a properly trained deep neural network can predict 
a super-resolved micrograph from a blurry diffraction-limited (or lower resolution) image. 
(b) However, if the neural network encounters unknown specimens, or known specimens 
imaged with unknown microscopes, it can produce nonsensical results. Image and caption by 
D. P. Hoffman, et al. [Hoffman2021].

Most machine learning models in physics and particularly photonics are tailored for a 
specific  measurement  or  imaging  apparatus,  such  as  a  combination  of  optical 
response, signal-to-noise ratio, etc. The model has to be retrained if any specification 
of the apparatus changes  [Belthangady2019], i.e., it  lacks a  device-independence 
property.  Only very recently,  our  team presented a  first  step toward completely 
device-agnostic super-resolution imaging approach [Vašinka2025a, Dostálová2025a, 
Vašinka2025b]. Its generalization to multiparametric sensing is the subject of further 
work. Also, a systematic study of required detection channels and model complexity 
for target accuracy is lacking. In summary, AI shows strong potential for photonic 
detection and sensing, yet many open challenges remain.
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3. Single-photon detector non-linearity

Single-photon detectors are indispensable tools in 
quantum  technology,  sensitive  and  quantum-
enhanced  metrology  and  advanced  biomedical 
imaging,  enabling  the  detection  of  individual 
photons.  Crucially,  the  performance  of  these 
detectors is often assumed to be linear, meaning 
that the output detection rate scales proportionally 
with the incident photon flux. However, as shown 
in  recent  works  [Akhlaghi2011,  Kauten2014, 
Straka2020,  Hloušek2023,  Mark2024],  this 
assumption  may  not  always  hold.  This  chapter 
presents a detailed summary of the direct,  high-
accuracy  experimental  study  that  revealed 
anomalous  nonlinear  behavior—particularly 
supralinearity—in  widely  used  single-photon 
detectors,  specifically  silicon  single-photon 
avalanche  diodes  (SPADs)  and  superconducting 
nanowire single-photon detectors (SNSPDs).

The presented results are based on the work:
 J. Hloušek, I. Straka, and M. Ježek, Experimental observation of anomalous 

supralinear response of single-photon detectors, Appl. Phys. Rev. 10, 011412 
(2023).

In conventional optical measurements, linearity of the detector ensures that relative 
comparisons  of  light  intensity  levels  are  meaningful.  A prime  example  is  the 
measurement of sample transmittance, where intensity readings with and without the 
sample should differ only by the true attenuation factor, as shown in Fig. 3.1 (a). Any 
deviation from linearity introduces systematic errors, potentially degrading accuracy 
of the measurement. While correction models taking into account dark counts, dead 
time, and recovery dynamics can mitigate this issue, they depend on the validity of 
underlying theoretical assumptions. Existing models have limited predictive power 
and are often applicable only in narrow regimes. The importance of linear detection 
becomes  critical  in  quantum-enhanced  applications,  such  as  quantum-enhanced 
metrology,  where  nonclassical  states  of  light  are  employed  to  surpass  classical 
sensitivity bounds [Giovannetti2004, Giovannetti2006, Giovannetti2011]. Shaping 
the statistics of light and using nonclassical optical signals as measurement probes 
allow  for  increasing  the  precision  of  length  measurements  [Slussarenko2017], 
imaging and particle tracking [Brida2010b, Ono2013, Israel2017, Moreau2019], and 
spectrophotometry  [Kalashnikov2016,  Whittaker2017].  The  optical  transmittance 
measurement assisted by correlated photons and single-photon detectors can serve as 
a prominent example of a quantum-enhanced measurement scheme [Jakeman1986, 
Sabines-Chesterking2019].  Nonlinear  detector  responses  not  only  bias  flux 
measurements  but  also  distort  photon  statistics,  impeding  the  realization  of  the 
quantum advantage. Notable experiments susceptible to detection nonlinearity are the 
tests  of  Born’s  rule  in  quantum  mechanics  [Sinha2010,  Sollner2012,  Magana-
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Loaiza2016,  Kauten2017,  Cotter2017].  Precise  experimental  characterization  of 
detection nonlinearities  beyond limited theoretical  modeling (model-independent 
characterization) is of paramount importance for advanced applications of single-
photon  detectors.  In  this  context,  we  introduced  an  approach  that  resolves 
nonlinearities as small  as 0.1% across seven orders of magnitude in count rate,  
without requiring calibrated references or time-resolved detection [Hloušek2023].

SPADs and SNSPDs operate in a binary mode, registering discrete voltage or current 
pulses  in  response  to  absorbed photons.  Their  detection  output,  a  count  rate  R 
(number of detection events per second), depends on both the actual photon flux Φ 
and  internal  detection  mechanisms.  Traditional  models  predict  a  ∫-shaped 
nonlinearity curve (sublinearity) due to a combination of background noise at low 
flux and dead-time saturation at  high flux,  see Fig. 3.1 (b).  However,  we found 
deviations from this shape—most notably, an unexpected supralinear region where 
the detection rate increased faster than proportionally with the incident flux. This 
supralinear response had previously been observed only under specific conditions in 
classical  silicon  photodiodes  [Schaefer1983,  Tanabe2016]  and  SNSPDs 
[Kerman2013, Marsili2016]. Yet no existing SPAD or SNSPD model could account 
for  such  behavior  under  continuous  low-power  excitation.  These  discrepancies 
highlight the need for experimental model-independent characterization.

Figure 3.1. (a) Optical transmittance measurement of a sample relies on comparing two levels 
of  intensity  captured by a  detector.  Any deviation from the  ideal  linear  detection then 
critically affects the measurement accuracy. Nonlinearity is a particularly vexing problem in 
quantum metrology when nonclassical  statistics  of  light  is  often required together with 
single-photon detectors. Their inherently nonlinear response distorts the photon statistics and 
makes it difficult to reach the quantum advantage. (b) Nonlinear behavior of a single-photon 
detector.  Apart  from  the  background  detections  and  saturation  effects,  single-photon 
detectors may exhibit supralinearity.

The core technique used in our study is an absolute (self-referenced), single-source, 
two-beam superposition method. A light source is split into two incoherent beams, 
labeled A and B, using a switched optical network. The detection rates RA, RB, and 
RAB are measured for the two individual beams and their superposition, respectively, 
see Fig. 3.2 (a). Nonlinearity is quantified via the deviation: Δ = (RA + RB)/RAB – 1, 
which follows an approximate V-curve in a log-log scale due to dark counts (left 
slope) and saturation (right slope). Δ > 0 indicates sublinearity and Δ < 0 indicates 
supralinearity.  A 50:50  split  of  the  A and  B  beams  is  used  for  robustness  and 
calibration independence.
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The experimental setup depicted in Fig. 3.2 (b) achieves high coherence suppression 
and power stability by employing a stabilized and isolated superluminescent diode, 
polarization-maintaining fibers, unbalanced actively switched Mach–Zehnder paths, 
and high-extinction polarization beam splitters. For SNSPDs, an additional bandpass 
filter and polarization optimization were used. Extra effort was made to reach 10−5 

power stability in the setup, including the fiber coupling stages. The acquisition time 
of each individual rate measurement was set to 20 s. The complete characterization of 
a single detector typically took 20 hours, with each measurement repeated 30 times 
for  40  different  rate  levels.  The  precision  was  found  to  be  limited  mostly  by 
fundamental Poissonian shot noise. The detailed description of the setup, its stability, 
acquisition procedures, and statistical analysis can be found in Appendices A–E and 
G of our work [Hloušek2023].

Figure 3.2. The single-source two-beam method for the absolute measurement of nonlinearity 
consisting of three measurements of the detection rate (a) and the simplified experimental  
scheme of the method (b).

The  three  actively  quenched  SPADs  (SPAD-1  to  SPAD-3)  and  one  passively 
quenched SPAD (SPAD-P) were tested. The data revealed statistically significant 
deviations from the expected V-shaped nonlinearity curves, see Fig. 3.3 (a). Notably, 
SPAD-3  exhibited  strong  supralinear  response  in  the  mid-range  detection  rates 
(104 – 105 cps),  inconsistent  with  all  known models  (see  Table I  and  Fig. 11  in 
[Hloušek2023]).  Even  after  applying  dead-time  corrections  and  comparing  with 
independent  recovery  time  measurements,  supralinearity  persisted.  Alternative 
modeling attempts, including paralyzable/non-paralyzable dead time mixtures and 
empirical corrections for afterpulsing, failed to account for the effect.

For  the  SNSPD,  the  response  was  measured  for  varying  bias  currents.  The 
nonlinearity  plot  (Fig.  3.3  (b))  exhibited  complex sub-  and supralinear  features 
depending on both rate and bias. At moderate rates (~104 cps) and subcritical bias 
currents, a consistent supralinear regime emerged. At higher rates (>106 cps), latching 
and  saturation  effects  became  dominant.  Prior  explanations  of  supralinearity  in 
SNSPDs included AC coupling artifacts at very high rates ≥ 10 Mcps [Kerman2013] 
and multiphoton absorption under ultrashort pulsed illumination with mean photon 
numbers ≥ 0.1 [Marsili2016]. However, the observed supralinearity at rates as low as 
103 cps under continuous-wave excitation lacks precedent and points to intrinsic 
physical  mechanisms,  possibly  involving  complex  relaxation  dynamics  of  the 
detection hotspot.
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Figure 3.3. (a) Nonlinear response of the tested SPADs showing the supralinear tendency for 
all actively quenched detectors (SPAD-1 – SPAD-3) with unambiguous supralinear behavior 
for  detector  SPAD-3.  Each point  was measured 30 times,  and the error  bars  show the 
corresponding standard error of the mean. The solid line represents a theoretical model. 
(b) The measured nonlinearity of the SNSPD for various values of bias current. For an 
operational current Ibias ≈ 25 µA (black markers), the response transitions from sublinear (due 
to dark counts for detection rates below 103) to supralinear (detection rates from 2×103 to 
2×105), and back to sublinear regime (due to saturation for detection rates larger than 2×105), 
ultimately strongly decreasing the detected rate with increasing photon flux (because of 
latching for rates above 107).

Recent  work  by  Mark  et  al.  further  investigates  the  origin  of  supralinearity  in 
SNSPDs under continuous-wave illumination [Mark2024], using a method based on 
incoherent beam superposition similar to that of [Hloušek2023]. They test both a 
standard dead-time model and an extended model including two-photon detection 
events, finding that only the latter reproduces the experimental data. However, the 
best fit requires assuming an effective dead time of more than a hundred nanoseconds, 
far longer than typical hotspot recovery times, indicating that even this extended 
model does not realistically capture the detector physical response. Consequently, 
two-photon absorption is a plausible mechanism to explain SNSPD supralinearity, 
but only if unexpectedly long or complex relaxation dynamics are assumed, beyond 
what standard SNSPD models predict.

The  findings  strongly  indicate  that  the  established  single-photon  models  are 
insufficient to capture the full range of detector behaviors under practical conditions. 
For SPADs, supralinearity challenges assumptions even in well-understood devices. 
For  SNSPDs,  the  observed  behavior  demands  new  modeling  approaches  that 
consider memory effects,  rate-induced bias changes,  and multiphoton absorption 
effects.

Our results have broad implications. Any optical measurement relying on single-
photon detector linearity—be it classical radiometry, quantum metrology, or tests of 
fundamental physics—must consider direct calibration of the detector nonlinearity. 
Furthermore,  our  calibration  approach  is  directly  applicable  to  next-generation 
detectors based on low-dimensional materials (e.g., graphene, MoS ), quantum dots,₂  
and  Josephson  junctions  [Guo2020,  Gu2019,  Zhang2021].  Many  such  systems 
operate  in  the  counting  regime and show evidence  of  strong and bias-sensitive 
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nonlinearity. For example, photogating-based detectors have been shown to exhibit 
sub- and supra-linearities even at very low photon flux [Chen2018].

In summary, in the study [Hloušek2023] we established a new experimental standard 
for quantifying and understanding nonlinear responses in SPDs. By circumventing 
reliance on theoretical response models, it reveals previously unknown behaviors that 
must  be  accounted  for  in  accurate  photon  detection  in  photonics  and  quantum 
technologies.
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4. Photon statistics detection, 
nonclassicality sensing,
and emitter counting

Advancing photonic detection from binary single-photon detection to true photon 
counting marks a paradigm shift, enabling applications from quantum technologies to 
biomedical imaging. Photon-number-resolving detectors (PNRDs) are central to this 
progress. Beyond the experimental challenges of implementing and characterizing 
PNRDs, a key difficulty lies in processing detection data to recover photon statistics 
across the widest range of photonic states—from classical chaotic and coherent light 
to  strongly nonclassical  states  with reduced amplitude noise  (squeezed light)  or 
photon number uncertainty (Fock states). Current state-of-the-art detectors have been 
demonstrated mainly for states with low mean photon numbers or for larger classical 
states, typically with modest fidelities. Direct certification of nonclassicality, without 
reconstructing photon statistics, is also critical for benchmarking photon sources, 
quantum readout of matter systems, counting quantum emitters, and other advanced 
sensing and imaging. While such certification has been demonstrated, it remains 
generally suboptimal, particularly for larger states and under realistic experimental 
conditions with noise. This chapter presents a detailed summary of experimental 
achievements developing a large, accurate, and reconfigurable PNRD, cutting-edge 
photon statistics retrieval method, and direct certification of nonclassicality of multi-
photon states.

The presented results are based on the works:
 J. Hloušek, M. Dudka, I. Straka, and M. Ježek, Accurate detection of arbitrary 

photon statistics, Phys. Rev. Lett. 123, 153604 (2019);
 J. Hloušek, J. Grygar, M. Dudka, and M. Ježek, High-resolution coincidence 

counting system for large-scale photonics applications, Phys. Rev. Applied 
21, 024023 (2024).

The following works are also briefly summarized:
 I. Straka, L. Lachman, J. Hloušek, M. Miková, M. Mičuda, M. Ježek, and R. 

Filip, Quantum non-Gaussian multiphoton light, npj Quant. Information 4, 4 
(2018);

 L. Lachman, I. Straka, J. Hloušek, M. Ježek, and R. Filip, Faithful hierarchy 
of  genuine  n-photon  quantum non-Gaussian  light,  Phys.  Rev.  Lett.  123, 
043601 (2019).

The  aim of  a  PNRD is  to  access  the  photon-number  distribution  p={pn} of  an 
incoming optical signal rather than just detect its presence. Since most practical 
single-photon detectors are binary devices, the photon-number resolution is achieved 
by splitting  the  incoming light  into  multiple  spatial  or  temporal  channels,  each 
detected  independently  with  a  binary  single-photon  detector.  This  multiplexing 
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distributes photons probabilistically among the channels so that multi-photon arrivals 
produce multi-detector click events. These coincidence detections are evaluated by an 
electronic  circuit.  The  measured  detection  statistics  c={cm}  (probabilities  of 
simultaneous clicks of m detection channels) are then related to pn via a known linear 
transformation, c = D p, where D is detection matrix dependent on the number of 
channels, detection efficiency, noise, and other parameters of the PNRD. By inverting 
this  transformation—carefully,  to  avoid  ill-posed  inversion  artifacts—one  can 
reconstruct the photon-number distribution of the input state or assess the statistical 
features of the detected light. The whole workflow is shown in Fig. 4.1 (a).

The  multiplexing  of  our  PNRDs  is  implemented  using  a  discrete  spatially-
multiplexed optical network constructed from cascaded tunable beam splitters. Each 
tunable beam splitter consists of a half-wave plate (HWP) and a polarizing beam 
splitter (PBS). Rotating the HWP changes the polarization and thus the splitting ratio 
at  the  PBS,  allowing  continuous  and  precise  adjustment  of  power  distribution 
between output modes. By cascading these tunable splitters, the incoming optical 
mode can be divided into M spatial channels in a balanced (absolute error below 
~0.3%) or arbitrary ratio configuration. The PNRD is fully reconfigurable, meaning 
both the number of output channels and their splitting ratios can be precisely tuned 
without replacing optics. This allows adaptation to different source characteristics, 
balancing of channel efficiencies, and even specialized configurations with fewer 
channels  for  direct  evaluation  of  certain  correlation  or  nonclassicality  measures 
without full statistics retrieval.

Figure 4.1. (a) Experimental setup of the PNRD based on a discrete optical network with full 
reconfigurability and continuous tunability of splitting ratios, pulse-height spectrum of the 
analog output  of  the  detector,  and scheme of  photon-statistics  retrieval  [Hloušek2019]. 
Measured (blue bars) and the corresponding theoretical photon statistics (green dots) for (b) 
thermal state mean photon number of approximately 5, (c) two-photon-subtracted thermal 
state, (d) single-photon, and (e) heralded nine-photon state that emulates emission from a 
cluster  of  single-photon emitters.  (Inset)  Wigner  function evaluated from the  measured 
statistics. Note that the data agree with theory even beyond the number of channels of the 
PNRD (M=10).

Light in each output channel of the optical network is delivered to a single-photon 
avalanche diode (SPAD) in free space or coupled into anti-reflection-coated optical 
fibers (depending on the experiment).  Typical  parameters of SPADs used in the 
PNRD: detection efficiency 55–70% at 0.8 µm, timing jitter 200–300 ps, and dead 
time 20–30 ns. The overall system efficiency of the ten-channel PNRD was around 
50(1)%. Ultra-low-loss optics and superconducting nanowire detectors (instead of 
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SPADs)  can be  used to  boost  the  system efficiency above 85%. The electronic 
circuitry  processes  the  binary  detection  signals  from all  detection  channels  and 
determines the number and, optionally, identity of detectors firing in each optical 
pulse window. The implementation evolved from analog fan-in circuitry to fully 
digital coincidence logic.

In the first implementation [Hloušek2019, Hloušek2022], the SPAD outputs were 
standardized and synchronized by 300 MHz discriminators and passive delay lines, 
and fed into a splitter/merger that summed electrical pulses from all channels while 
preserving their relative timing. The circuit  produced a multilevel analog output 
where each voltage level corresponded to a specific number of simultaneous clicks (0 
to M). The output was visualized and processed by an oscilloscope. Alternatively, the 
passive merger was replaced by an array of active fan-in/out units with bandwidth of 
250 MHz.  The circuitry  was designed to  be  crosstalk-free,  synchronized across 
channels,  and with  latency < 30 ns  (including SPAD response),  enabling  use  in 
feedback and quantum communication tasks. The setup operated in a gated pulse 
regime (≤ 5 MHz repetition) to suppress dark counts and afterpulsing.

Later  we introduced a coincidence counting unit  based on fast  positive emitter-
coupled logic and programmable delay lines [Hloušek2024a]. This system accepts up 
to 16 channels (+ gate input), shapes each SPAD signal into a well-defined digital 
pulse, and aligns them temporally with <10 ps timing resolution. The coincidence 
window is  tunable  from sub-100  ps  to  20  ns.  Two  modes  are  supported:  Full 
histogram mode  records  a  complete  2M-element  histogram of  all  possible  click 
patterns with full channel resolution (up to 65 536 combinations for M=16). Reduced 
histogram mode records total coincidence numbers only (M+1 numbers), without 
channel  identities,  enabling  higher  processing  rates.  For  balanced  PNRD,  the 
normalized reduced histogram gives the detection statistics cm.

The coincidence unit can handle input rates up to 1.5 GHz (limited by delay line 
speed), with an overall event processing rate of 2–3 million events/s depending on 
mode. It achieves ultralow coincidence error probability (< 10−7) and allow real-time 
feed-forward triggering to other experimental hardware [Švarc2020, Hloušek2024b]. 
When even higher temporal resolution and data throughput are required, and the feed-
forward capability can be sacrificed, a time-to-digital converter (time tagger) can be 
used instead of the coincidence unit.

Figure  4.2.  Pulse-height  spectrum  of  the  analog  output  of  the  PNRD  reported  in 
[Hloušek2019] for coherent states of various mean photon number n  = 1 (a), 5 (b), and 20⟨ ⟩  
(c). The spectra are plotted in log scale to emphasize the perfect energy resolution and the 
absence of any crosstalk effects or background noise. The relative magnitude of these adverse 
effects is below 10-5 and has been further reduced in more recent experiments.
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The  use  of  independent  detectors  combined  with  a  well-balanced 
merging/coincidence  circuit  completely  eliminates  crosstalk  between  histogram 
channels, ensuring accurate resolution of discrete photon numbers up to the total 
number of channels, as shown in Fig. 4.2. In addition, operating the detector in a 
pulsed  regime  with  a  repetition  rate  below  approximately  5  MHz  effectively 
suppresses dark counts and afterpulses. The interval between measurement runs can 
be reduced to slightly more than the recovery time of the single-photon detectors, 
provided that  afterpulsing is  negligible or  decays rapidly,  as  in superconducting 
nanowire single-photon detectors. As a result, the presented PNRD measurements are 
inherently  free  from  systematic  errors  such  as  channel  crosstalk  and  temporal 
correlations, and do not require challenging detector tomography [Lundeen2009].

Retrieving the photon statistics pn, n = 0, 1,…, ∞, corresponding to a measured click 
statistics cm, m = 0, 1, …, M, represents the core problem of photon-statistics sensing. 
This  generally  ill-posed  problem suffers  from underdetermination  and  sampling 
error. Fortunately, we have additional constraints facilitating the retrieval; i.e., the 
photon-number  probabilities  are  non-negative,  normalized,  and  typically  non-
negligible only within a finite range. We have developed a novel approach, termed the 
expectation-maximization-entropy  (EME)  method,  based  on  an  expectation-
maximization  iterative  algorithm  weakly  regularized  by  a  maximum-entropy 
principle.  The initial  zeroth iteration is uniform for sufficiently large nmax,  much 
greater than mean number of photons in the detected state. Each subsequent iteration 
is computed using the previous iteration, measured detection statistics c={cm}, and 
the  detection  matrix  D via  the  extremal  equation  derived  by  maximization  of 
likelihood functional regularized by entropy of photon statistics p={pn}, see the main 
text and supplemental materials of [Hloušek2019]. The supplement also includes the 
detailed derivation of the EME method and its comparison with a pure maximum-
likelihood (the  expectation-maximization  algorithm),  and a  direct  pseudoinverse 
approach.

The strength of the entropic regularization is controlled by a parameter  λ, which 
scales roughly as 1/√N with the number of analyzed state copies (optical pulses); in 
our case  λ≈10-3. The exact optimum for given set of states can be determined by 
numerical simulations. Further research work is needed to remove the ambiguity of 
choosing the value of λ. In general, entropic regularization may appear as artificial 
smoothing of the retrieved photon statistics. However, pure maximum-likelihood 
reconstruction (without regularization) is known to bias solutions toward being more 
sparse (higher purity) than the true state, particularly when only a small number of 
copies is available [Schwemmer2015, Silva2017]. This bias arises in all methods that 
enforce positivity [Kalev2015]. Entropic regularization compensates for this effect, 
driving the reconstructed statistics closer to the true distribution.

To show the accuracy and the robustness of the EME method, we performed a 
numerical analysis for various photon statistics with different mean photon numbers. 
We compared the EME method with the EM and direct pseudoinversion. EME was 
found to be a unique estimator that guarantees non-negativity and the absence of 
numerical artifacts in the retrieved photon statistics. Total variation distance between 
the retrieved distribution and the true one is  on the order of 10−3,  one order of 
magnitude smaller than in the case of the other approaches. Numerical simulations 
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yield average fidelity values F = 0.9996 using the EME algorithm and F = 0.997 using 
the maximum-likelihood approach, again an order of magnitude improvement in 
infidelity. We also found that the EME convergence is 10–1000× faster than the plain 
EM approach. For details, see supplemental materials of [Hloušek2019].

In  experimental  demonstration,  we  analyzed  coherent  states,  thermal  states, 
multimode  thermal  states,  single-photon  and  multiple-photon-subtracted  thermal 
states, and nonclassical multiphoton states. Furthermore, we have varied the mean 
number  of  photons,  the  number  of  modes,  and  the  number  of  subtracted  or 
superimposed photons. From this vast set of measured states, 25 of them are shown in 
Fig. 4.3, covering various values of mean photon number n  and autocorrelation⟨ ⟩  
parameter g(2), evaluated from the measured photon statistics, g(2) = n(n-1) / n⟨ ⟩ ⟨ ⟩2. 
Photon-statistics sensing provides faithful g(2) values for states, where the commonly 
used  Hanbury  Brown–Twiss  measurement  would  fail  due  to  high  multiphoton 
content [Stensson2018]. The unprecedented accuracy is achieved despite leaving all 
systematic errors (residual imbalance of the PNRD, dark counts of SPAD detectors, 
jitter of the electronics, etc.) uncorrected and operating with raw data.

The coherent states measured by the PNRD show almost perfect Poissonian statistics 
with g(2) = 1 up to n  = 20 with average fidelity  = 0.996. For the thermal states we⟨ ⟩ F̄  
measured almost ideal Bose-Einstein photon statistics depicted in Fig. 4.1 (b) with 
g(2) = 2 up to n  = 5 with F = 0.997. We varied the number of the collected thermal⟨ ⟩  
modes, which yielded a signal governed by Mandel-Rice statistics, going from Bose-
Einstein to Poisson distribution as the number of modes increased. Multiple-photon 
subtraction from the thermal state was implemented using a beam splitter with a 5% 
reflectance. When a (multi)coincidence was detected by a multichannel single-photon 
detector in the reflected port, the heralded optical signal in the transmitted port was 
analyzed by the reported PNRD. A typical result of two-photon subtraction is shown 
in Fig. 4.1 (c). Increasing the number of subtracted photons results in a transition from 
super-Poissonian  chaotic  light  to  a  Poissonian  signal  [Allevi2010b,  Zhai2013]. 
Furthermore, we generated multiphoton states by mixing incoherently several single-
photon  states  from  spontaneous  parametric  down-conversion  using  time 
multiplexing. Np successive time windows, where a single photon was heralded, were 
merged into a single temporal detection mode. This source emulates the collective 
emission from identical  independent  single  emitters  [Straka2018a,  Ta2015].  The 
resulting photon statistics measured for these highly nonclassical multiphoton states 
corresponds extremely well to the ideal attenuated Np-photon states, see Figs. 4.1(d) 
and 4.1 (e) for Np = 1 and 9 with F = 0.999. Also the g(2) parameter computed from the 
measured photon statistics perfectly agrees with the theoretical model 1 − 1/Np, see 
Fig. 4.3.
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Figure 4.3. The autocorrelation parameter g(2) evaluated from the measured photon statistics 
(solid marker) and the corresponding ideal statistics (empty marker) of various optical signals 
with mean photon number n  [Hloušek2019]. Shown are the coherent states with g⟨ ⟩ (2) = 1 
(blue triangle up), thermal states (also termed chaotic light) with g (2) = 2 (red circle), Mth-
mode thermal states with Mth = 1, 2, 4, 10 (violet triangle down), and m-photon-subtracted 
thermal states for m = 0, 1, 2, 3 (black circle). The cases of Mth = 1 and m = 0 coincide with the 
thermal state. Furthermore, the emission from a cluster of Np single-photon emitters is shown 
for Np = 1,…,9 with g(2) = 1 − 1/Np (green squares).

Improving the whole experimental workflow, mainly the electronics circuitry, of the 
PNRD in [Hloušek2024a] allowed us to further increase the dynamic range and 
accuracy of photon-statistics sensing. We reached a fidelity larger than 0.999, i.e.,  
errors as small as 10−3, over the range of photon numbers up to 60, see Fig. 4.4. 
Currently,  the  largest  PNRD  developed  in  our  lab  consists  of  20  SPADs 
[Večerka2025]. Their spatial multiplexing is still in free-space, as described above, 
but significantly miniaturized. The whole 20-channel PNRD occupies an area of 
60×60 cm, less  than the original  10-channel  PNRD presented in  [Hloušek2019, 
Hloušek2024a], see Fig. 4.5. Furthermore, the SPAD detectors employed are built in 
house  including  biasing,  active  quenching,  and  temperature  stabilization.  The 
detection  signals  are  processed  by  a  concidence  unit  with  up  to  32  channels, 
providing  a  complete  information  about  coincidence  patterns  and  the  reduced 
histogram without channel identity, enabling higher processing rates.

Figure 4.4.  (a)  Retrieved (blue bars)  and theoretical  (green circles)  photon statistics  of 
coherent state (left panel) and thermal state (right panel) with mean photon numbers of  
n⟨ ⟩coh = 10.21(1) and n⟨ ⟩th = 8.41(3) [Hloušek2024a]. (b) Accuracy of the retrieved photon 

statistics: fidelity as a function of mean photon number n . Shown are the coherent states⟨ ⟩  
(blue circles) and thermal states (red pentagons). Note the vertical scale; all fidelities are 
higher than 99.9%.
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Figure 4.5. (a) Photo of the 20-channel photon-number-resolving detector with free-space 
fully  reconfigurable  multiplex  and  two  arrays  of  custom-built  single-photon  avalanche 
diodes. The whole PNRD system is fitted on a 60x60 cm optical breadboard. (b) A sneak peek 
of the in-house-built 32-channel coincidence unit assembly. Photos from our lab (QOLO).

To conclude, we demonstrated a fully reconfigurable,  near-ideal photon-number-
resolving detection scheme combining custom optoelectronics with a novel EME 
photon-statistics retrieval method. The design is free of systematic errors, which are 
either  negligible  or  can  be  tuned  away,  and  achieves  accuracy  beyond  the 
conventional channel limit of PNRDs. We measured a wide variety of photonic states, 
from highly nonclassical light to large coherent and chaotic signals, retrieving photon 
statistics directly from raw data with no detector characterization and only the EME 
algorithm. This calibration-free operation is critical, as the full detector tomography 
at  such  scale  (M=20,  nmax≈100)  is  extremely  challenging.  Despite  uncorrected 
imperfections and variability of the input, the method consistently delivers fidelities 
larger than 99.8% for photon numbers up to 100, with g(2) values accurate to within a 
fraction of a percent. While demonstrated with common SPADs, the workflow is 
applicable to any on–off detector technology. The multichannel architecture also 
supports straightforward on-chip integration, with possible gains in speed, efficiency, 
and compactness expected from superconducting nanowire single-photon detectors 
integrated with waveguide platforms.

Besides photon-statistics sensing, we have used the developed PNRD for a direct 
assessment of strongly nonclassical (quantum non-Gaussian) properties of quantum 
states of  light  [Straka2018a,  Lachman2019].  The reconfigurability of  the PNRD 
allows changing the number of detection channels, which proved crucial for testing 
various  orders  of  quantum  non-Gaussianity  criteria  hiearchy,  see  Fig.  4.6 
[Straka2018a]. Furthermore, a smaller variant of the PNRD with 8 channels (and 
detection  efficiency  reaching  70%)  is  currently  used  for  sensing  the  emission 
statistics  and  statistical  feature  extraction  of  single  organic  molecules 
[Dostálová2025b]. We integrated the PNRD with a custom-built  single-molecule 
high-numerical-aperture microscope and acquired the emission statistics and its long-
term dynamics of single terrylene molecules and their clusters. We aim for improved 
emitter  counting  strategies  and  novel  techniques  of  super-resolution  imaging. 
Another current research focuses on significantly increasing the effective number of 
PNRD detection channels. The goal is to accurately retrieve photon statistics of large 
photonic states up to thousands of photons, entering the mesoscopic region. We will 
combine the  technology of  spatial  multiplexing with  an actively-switched time-
multiplexed networks developed by our group [Švarc2019, Švarc2023, Švarc2024, 
Mazin2025] and modulation of PNRD properties.
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Figure 4.6. (a) A general proposal of the experimental quantum non-Gaussianity (QNG) 
witness [Straka2018a]. Multi-photon light is collected and brought to a balanced PNRD 
detector with m+1 channels, where coincidences cm and cm+1 are compared to the QNG 
threshold. (b) Table of QNG depths (in dB), defined as the maximum attenuation, for which 
the quantum state is still QNG. The horizontal axis shows the number of single-photon states 
that comprise the measured state. The vertical axis represents the order m of the QNG 
criterion  used  to  measure  the  state.  Solid-colored  tiles  represent  points  with  positively 
measured QNG despite statistical uncertainties. For points above the diagonal, the depth 
estimates are conservative and lower than the actual QNG depth, because cn+1 is no longer 
caused solely by noise. The upper white region represents combinations of measured states 
and criteria that did not show QNG. Orange stripes denote measurements where statistical 
uncertainty intersects with the QNG criterion border, making the result inconclusive. Data in 
the gray region contain no detections at all.
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5. Optimal preparation, control,
and sensing of polarization states
of light

This chapter presents our recent progress in ultra-
accurate  and  fast  preparation,  control,  and 
measurement  of  light  polarization  at  the  single-
photon level.  We will  show that  twisted nematic 
liquid crystal devices, when carefully calibrated, can 
achieve polarization preparation and measurement 
with  fidelities  reaching 99.9%, enabling compact 
and  precise  polarimetry.  Furthermore,  machine-
learning  techniques  can  overcome  the  complex 
response  of  such  devices,  yielding  bidirectional 
control with infidelities of 10-4 and enabling local 
and  remote  single-photon  polarization  state 
preparation.  Finally,  we  will  present  an  all-fiber 
sensor  for  highly  accurate,  fast,  and  in-situ 
polarization sensing.

The presented results are based on the published works:
 M. Bielak, R. Stárek, V. Krčmarský, M. Mičuda, and M. Ježek, Accurate 

polarization  preparation  and  measurement  using  twisted  nematic  liquid 
crystals, Opt. Express 29, 33037 (2021);

 D. Vašinka, M. Bielak, M. Neset, and M. Ježek, Bidirectional deep learning of 
polarization  transfer  in  liquid  crystals  with  application  to  quantum state 
preparation, Phys. Rev. Applied 17, 054042 (2022);

 M. Bielak, D. Vašinka, and M. Ježek, All-fiber microsensor of polarization at 
single-photon level aided by deep-learning, Laser Photonics Rev. e01775 
(2025).

Aiming  at  preparation  of  arbitrary  polarization  states  of  light,  we  developed  a 
polarization modulator based on a sequence of twisted nematic liquid crystal (TNLC) 
cells  harvested  from  commercial  liquid  crystal  displays  [Bielak2021].  For  the 
experimental  demonstration,  we  selected  the  Lumex  LCD-S101D14TR  seven-
segment reflective TNLC display (33×50 mm) as the best trade-off between segment 
size  and  overall  compactness,  see  Fig.  5.1 (a).  The  central  segment  has  an 
approximately rectangular 15×4.5 mm clear aperture, which is perfectly sufficient for 
collimated optical beams with mode field diameter up to 2.5 mm. Because reflective 
TNLC displays cannot be used directly in transmission or as unitary elements, we 
removed the reflective backing, protective films, polarizers, and auxiliary layers, 
leaving  the  bare  glass  cells.  Three  such  cells  were  then  stacked  to  provide 
independent polarization transformations as shown in Fig. 5.1 (b). We mounted the 
cells on a printed-circuit assembly that integrates a microcontroller, 16-bit DAC, and 
voltage amplifier, see Fig 5.1 (c). Each cell is driven by a symmetric 1 kHz square 
wave (50% duty cycle) with 0–10 Vpp amplitude (we refer to the amplitude simply as 
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a control voltage), applied between the segment electrode (G) and the common back 
electrode (COM). The resulting TNLC device can address the polarization state of a 
single or even several parallel optical beams arranged in a line or a matrix in complex 
quantum  information  processing  circuits  [Lanyon2009,  Mičuda2013,  Xiao2017, 
Xiao2020, Stárek2018a, Stárek2018b].

We then modeled a single twisted-nematic cell as a cascade of infinitesimal retarders 
with an overall rotation and twist, and we replaced the common arctangent law for 
voltage-dependent  retardance  with  a  logistic  form  that  described  the  measured 
retardance–voltage behavior more faithfully. Experimentally, we prepared a fixed 
input polarization, rotated the cell, scanned the control voltage, and tomographically 
read out the output using a reference polarimeter. The data showed that a single cell  
maps  the  input  only  onto  a  one-dimensional  trajectory on the  Bloch (Poincaré) 
sphere, so a single element cannot reach arbitrary pure states. Despite fitting, the 
forward model still exhibited systematic deviations from measurements and varied 
across nominally identical cells, likely due to edge fields, multiple reflections, and 
thickness inhomogeneity. We therefore concluded that no available forward model 
achieves sufficiently high fidelity with experimental data over all states, motivating 
the model-free calibration and multi-cell architecture used later in the work.

Figure 5.1. (a) Seven-segment liquid crystal display layout; elements of the digit are labeled 
from A to G, the decimal point as DP, and the common back electrode as COM. (b) Scheme of 
the presented TNLC device consisting of three TNLC cells (LCc); dark blue blocks show the 
active segments and the red arrow represents the optical beam. (c) Photo of the TNLC device 
mounted  on  printed-circuit  board  containing  the  electronic  driver  and  communication 
interface [Bielak2021].

To overcome the intrinsic modeling difficulties of TNLCs, we implemented a model-
free calibration procedure based on an evolutionary (genetic) algorithm that directly 
optimizes applied voltages. By cascading three TNLC cells, we realized arbitrary 
transformations of horizontally polarized input light into well-defined target states. In 
total,  we prepared 120 states uniformly distributed across the Bloch sphere and 
verified their quality through independent measurements, achieving an average state 
fidelity of 0.999 with angular deviations < 0.5°, see Fig. 5.2 (a). We also demonstrated 
a preparation of mixed polarization states by combining deterministic settings with 
randomized sequences, thus enabling controlled depolarization with tunable degree 
of polarization. Calibrations proved stable under typical lab drifts: no measurable 
change for cell-temperature variations within ±3 °C or laser-wavelength changes 
within ±5 nm.

We further presented the use of the TNLC device as a reconfigurable polarimeter. To 
evaluate  its  performance,  we  tested  both  minimal  tomography  (based  on  four 
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projective measurements arranged in a tetrahedral  configuration on the Poincaré 
sphere) [Řeháček2004] and overcomplete tomography (based on six measurements 
corresponding to the eigenstates of the Pauli operators: horizontal, vertical, diagonal, 
antidiagonal,  right-  and  left-handed  circular  polarizations).  Polarization 
reconstructions were carried out using maximum-likelihood estimation [Ježek2003, 
Hradil2004], ensuring physically valid density matrices. Our results showed that the 
TNLC polarimeter achieved reconstruction fidelities exceeding 0.999, comparable to 
those obtained with conventional motorized waveplate-based systems. Importantly, 
electronic reconfiguration allowed us to perform complete tomography sequences 
within about one second, roughly an order of magnitude faster than reference setups 
relying on mechanical rotation of birefringent elements. The reconfiguration times 
are detailed in Fig. 5.2 (b).

Figure 5.2. (a) Demonstration of the Bloch (Poincaré) sphere coverage using the reported 
TNLC device  [Bielak2021].  The target  states  are  represented by red points,  and green 
markers show the states prepared by the TNLC device. The sphere is visualized in the  
Hammer map projection.  (b)  Transition times  in  milliseconds  between initial  and final 
polarization projections of the TNLC device.

Finally, we demonstrated the utility of our device in quantum optics experiments at 
the single-photon level.  Specifically,  we applied the TNLC-based polarimeter to 
perform tomographic characterization of a three-qubit Greenberger–Horne–Zeilinger 
(GHZ) state generated by a photonic quantum Toffoli gate [Stárek2018a]. Using the 
overcomplete  Pauli  tomography  and  maximum-likelihood  reconstruction,  we 
obtained a state fidelity of 0.936 with respect to the ideal GHZ state, which is in 
excellent  agreement  with  results  from  standard  waveplate  tomography.  This 
experiment confirmed that TNLC-based devices are capable of ultra-accurate and fast 
polarization  preparation  and  measurement  even  under  demanding  single-photon 
conditions, highlighting their promise as robust, vibration-free, and fast tools for both 
classical polarimetry and advanced quantum information processing.

In subsequent work published in 2022, we presented bidirectional deep-learning 
control of the three-cell TNLC device, learning both the direct mapping (voltages → 
polarization state) and the inverse mapping (target state → voltages) [Vašinka2022]. 
A  fully  connected  direct  network  (predictor),  trained  on  tomographically 
reconstructed  polarization  states,  predicts  output  states  with  ~4×10  average⁻⁴  
infidelity, clearly outperforming linear and radial-basis interpolation baselines and 
delivering faster inference, while remaining robust as the dataset scales. For the 
inverse problem, we fixed the trained direct model and learned an inverse network 
(controller) that is validated in state space through the frozen forward model. This 
compound pipeline achieves ~2×10  average infidelity on unseen targets—again⁻⁴  
orders of magnitude better than interpolation—while maintaining low computation 
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cost. Analysis across model sizes shows these deep networks generalize well even in 
the over-parameterized regime, reducing the amount of calibration data needed for 
high accuracy.

The  proposed  bidirectional  learning  represents  a  universal  approach  to  optimal 
control of quantum devices, not just TNLC polarization modulators. Typically, a 
quantum device is controlled by various classical signals—voltages, currents, radio-
frequency fields, digital signals, etc. These signals affect the device operation and its 
quantum performance, whether in prepared quantum states or performed quantum 
operations. The transformation from control signals (e.g., voltages) to quantum states 
(described by density matrices) can be described by a direct predictor, such as a neural 
network trained on experimental data. However, the general goal is different: finding 
optimal control signals for a given quantum state. This inverse transformation maps 
the  target  quantum  state  to  a  set  of  control  signals.  When  trained  directly  on 
experimental data, it may struggle with ambiguity. Namely, different control settings 
may lead to the same quantum state. In addition, the training error is evaluated in the 
space of control signals, which has an arbitrary structure. The number and ranges of 
control  signals  are technical  parameters  without  a  unified,  fundamental  physical 
interpretation. For example, when comparing two similar devices, one with three 
control voltages (overall error 20 mV) and another with four control voltages (error 
30 mV), the latter can perform better despite the nominally higher error. Daisy-
chaining the inverse and direct models removes these issues, because the mapping is 
performed from the space of target quantum states to the space of actually prepared 
states, see Fig. 5.3. Here the training error is evaluated in quantum-state space using 
physically meaningful metrics such as fidelity. The compound network architecture 
resembles  an  autoencoder  trained  in  an  unsupervised  regime  [Kramer1991, 
Hinton2006]. The supervision is implicit, provided by the already trained direct part, 
while the control signals play the role of the latent variables. After training, the first 
part of the autoencoder is extracted, yielding the optimal controller.

Figure 5.3. Representation of the compound model created by connecting the inverse model 
(controller) to the already-trained direct model (predictor) [Vašinka2022]. The inverse part 
transforms parameters of a polarization density matrix to three control voltages. The direct 
part then converts these voltages back into a polarization state. The direct part is fixed during 
the learning process, and only the inverse part is trainable.

The learned controller was then experimentally validated at the single-photon level, 
see Fig. 5.4. Locally, the TNLC device prepared >1000 target states (forming the UP 
logo on the Bloch sphere) with six-projection tomography confirming an average 
fidelity ≈ 0.998 to the modeled targets, see Fig. 5.5 (b). Remotely, using entangled 
photon pairs  from a  Sagnac  source,  two-qubit  tomography showed high-quality 
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entanglement, and numerically propagated measurement operators yielded remote 
state preparation with average fidelity ≈ 0.988, see Fig. 5.5 (c). Together, these results 
demonstrated  ultra-accurate,  fast,  and  scalable  polarization  control—from 
continuous analog voltages to local and remote single-photon state engineering.

Figure 5.4. (a) Scheme of heralded single-photon polarization state preparation using the 
idler photon (lower red path) for heralding. The components denoted as (b) are not present in 
this  configuration.  The  PPKTP  crystal  inside  a  Sagnac  interferometer  is  pumped 
unidirectionally (blue line). The heralded signal photon (upper red line) in the horizontal  
polarization state  (after  polarizer  P)  is  transformed by the  LC device  and analyzed by 
quantum tomography using wave plates (HWP and QWP), a polarizer (P), and a single-
photon detector (SPD). The coincidence detection events of the signal and idler detectors are 
acquired by a counter. (b) Setup for remote quantum state preparation using an entangled pair 
of  photons.  The  components  denoted  as  (a)  are  not  present  in  this  configuration.  The 
generation of entangled photon pairs requires bidirectional pumping of the PPKTP crystal. 
The signal photon is projected to a target polarization state by the TNLC device and the  
polarizer. The polarization state of the idler photon is analyzed by quantum tomography.

Figure 5.5. Visualization of the polarization states forming the Palacký University logo on the 
Bloch sphere [Vašinka2022]. (a) The target states for which we predict the optimal control 
voltages using the inverse part of the compound model. (b) The logo consisting of measured 
polarization states from heralded single-photon preparation, applying the predicted control 
voltages.  (c)  Polarization  states  obtained  in  the  process  of  remote  single-photon  state 
preparation.

Recently, we introduced an all-fiber, single-shot polarization sensor that reconstructs 
complete  polarization  states,  including  partial  polarization,  at  single-photon 
sensitivity [Bielak2025]. The sensor maps the polarization state of incident light onto 
a coarse speckle field generated by a short few-mode fiber and reads out only sparse 
samples of that field, see Fig. 5.6. Specifically, we collected light at the front face of a 
5 cm step-index SMF28 fiber (NA 0.14, 8.2 µm core) chosen to keep the sensing area 
minimal  while  still  supporting  several  interfering  modes;  other  few-/multimode 
fibers, including shorter ones, would also work provided they generate polarization-
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dependent speckle. After ~5 mm free-space propagation, seven GIF625 multimode 
fibers (62.5 µm cores) arranged in a 375 µm-diameter honeycomb array sampled the 
speckle and routed the signals to independent single-photon detectors (SPADs). We 
normalized  the  per-channel  counts  into  a  count  distribution  used  as  the  sensor 
measurement  outcome.  The experimental  scheme had two basic  interchangeable 
front-end configurations: (i) a twisted-nematic liquid-crystal (TNLC) device driven 
by  calibrated  voltages  (see  previous  part  of  this  chapter)  for  generating 
training/validation states, and (ii) application specimens (e.g., birefringent samples). 
In all cases, the modified beam was coupled into the same 5 cm few-mode fiber, with 
the speckle sampled and detected as above.

Figure 5.6. A visual representation of the all-fiber polarization sensor [Bielak2025]. Polarized 
light  emitted  from a  specimen is  collected by a  short  piece  of  a  few-mode fiber.  The  
intermodal interference generates a granular speckle pattern at the output (inset; inverted 
intensities). Several isolated samples of this pattern impinge on a fiber array and propagate to 
a  corresponding  number  of  single-photon  detectors.  The  recorded  detections  are 
electronically  processed  using  deep-learning  methods  to  characterize  the  incident 
polarization state.

For  data  acquisition  and  calibration,  we  prepared  ~30,000  polarization  states 
uniformly over  the Bloch sphere using a  fiber-coupled 0.8 µm CW diode laser 
attenuated to the single-photon level, a linear polarizer, and the TNLC device to apply 
targeted unitary transformations. We calibrated the TNLC device via bidirectional 
learning [Vašinka2022]. We then measured each prepared state with our sensor to 
obtain the associated count distribution, typically collecting on the order of 1.5×105 

detections per channel in 50 ms. To cover mixed states, we extended the dataset by 
weighted-summing  count  distributions  of  orthogonal  preparations,  operationally 
equivalent  to  measuring  the  corresponding  partially  polarized  states,  thereby 
populating the full volume of the Bloch sphere for downstream model training and 
evaluation.

We used the dataset to train a fully connected deep neural network for reconstructing 
the polarization state given the associated count distribution. Specifically, we trained 
a fully connected neural network (four hidden layers) to map normalized counts to a 
physically  valid  polarization  state  by  outputting  a  triangular  2×2  matrix  whose 
Cholesky product, after trace normalization, yielded the density matrix (polarization 
coherence  matrix).  We  optimized  the  network  with  the  Adam  optimizer  on 
experimentally  acquired  data  and  selected  hyperparameters  using  a  separate 
validation set that maximized state fidelity; performance was finally reported on a 
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held-out test set. This end-to-end scheme let us work and score in the state space (via 
fidelity/infidelity), rather than in the arbitrary space of detector counts, and returned 
either  the  coherence  matrix  or  its  equivalent  Bloch  parameters  for  downstream 
analysis.  The  trained  sensor  achieved  an  average  infidelity  ~8×10  (10th–90th⁻⁴  
percentile  [5×10 ,  2×10 ³]),  close  to  the  preparation-limited  accuracy  and⁻⁵ ⁻  
corresponding to a ~0.01 error per Stokes parameter. As an external benchmark, we 
scanned a 1951 USAF birefringent target and compared the output of our sensor to a 
rotating-waveplate polarimeter, finding an average fidelity ≈0.987 between the two 
methods and estimating a spatial resolution of ~6(5) µm from edge fits.

We evaluated speed and data throughput by sweeping the acquisition window and 
photon budget. The sensor reached 0.999 average fidelity at 33 Hz, enabling accurate 
real-time operation. Alternatively, we measured >2,000 states per second with only 
10  detected photons in a single shot while maintaining >0.99 fidelity. Crucially,⁴  
accuracy is governed by the number of detected photons, not the nominal repetition 
rate; substantially higher rates are attainable by replacing SPAD detectors with faster 
SNSPDs.

In open-lab conditions and without special stabilization, the sensor with a 5 cm few-
mode fiber remained stable for a week without recalibration. Using a shorter 12 mm 
long few-mode fiber encased in a ceramic ferrule further extended stability to >1 
month, with a measured drift slope of 4.7×10  day ¹ (~2×10  h ¹). The robustness⁻⁴ ⁻ ⁻⁵ ⁻  
stems from the short propagation length, the rigid ferrule mount, and the use of a few-
mode, coarse speckle that is less sensitive to bending and thermal gradients. Because 
sufficient  intermodal  mixing  occurs  over  only  a  few hundred  wavelengths,  the 
sensing fiber can be shortened to <1 mm to improve stability further. When needed, 
fully automated recalibration restores peak performance within an hour.

We demonstrated the application potential of the all-fiber polarization sensor in three 
settings. First, we show imaging capability on a dense connective tissue (AmScope 
PS25W). We replaced the calibration stage with the specimen, positioned the few-
mode fiber tip near the tissue, raster-scanned the area with motorized stages, and 
measured the polarization at each point as Bloch parameters (renormalized Stokes 
parameters). The polarization map, rendered as a false-color RGB image, revealed 
the characteristic anisotropic patterns that are invisible in a conventional intensity 
image  and  agreed  with  a  stand-alone  polarization  microscope  (with  crossed 
polarizers),  see Fig. 5.7.  We then targeted dynamic,  weakly scattering biological 
specimens by measuring a floating Actinoptychus heliopelta diatom. Using the same 
optical arrangement, we tracked the spatial modulation of all three Bloch parameters 
as the organism traversed the field of view, distinguishing the diatom signal from the 
background. This analysis can count the number of living specimens, estimate their 
size and morphology, and classify them based on their birefringent properties.

Beyond biological samples,  the sensor can also find applications for fast in-situ 
material inspection, local strain analysis, and microcrystal growth monitoring. We 
showcased high-speed in-situ polarimetry by recording a voltage-driven transition in 
twisted-nematic liquid crystals, see Fig 5.8. With 5 ms acquisition windows, the 
sensor  captured a  smooth transition from horizontal  to  vertical  polarization that 
completed in ~50 ms, resolving the full trajectory of all Bloch components in real  
time—capability that is inaccessible to rotating-waveplate systems. Together, these 
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studies establish the sensor as a compact tool for static imaging, dynamic biological 
monitoring, and fast in-situ material characterization at low photon fluxes.

Figure 5.7. Visualization of dense connective tissue [Bielak2025]: (left) an intensity image, 
(middle) a scan using the all-fiber polarization sensor, (right) an image using a stand-alone 
polarization microscope. The resulting Bloch parameters of the all-fiber scan are represented 
as an RGB false-color image. The three highlighted pixels characterize the purple and green 
segments in the polarization structure alongside a reference background polarization. Their  
respective  Bloch parameters  are  A = (0.34,  −0.43,  0.82),  B = (−0.90,  0.05,  0.06),  and 
C = (−0.04, −0.18, 0.98).

Figure 5.8. Time-resolved measurement of a polarization transition induced by voltage-
controlled twisted nematic liquid crystals [Bielak2025]. The all-fiber sensor continuously 
captures  the  complete  polarization  information  with  a  5  ms acquisition  window at  the 
approximate power level of 105 detected photons. The transition from horizontal to vertical 
polarization is represented through the evolution of the three Bloch (normalized Stokes) 
parameters, each shown in a different color.
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6. Quantum correlation sensing

Quantifying entanglement in a physical system is central to both foundational studies 
and  quantum  technologies,  yet  conventional  approaches  often  rely  on  a  priori 
knowledge of the system or resource-intensive procedures such as indirect quantum 
state tomography and collective measurements. Recently, we addressed this gap by 
using deep learning to quantify entanglement from local, incomplete measurement 
data. In this chapter, we will present our breakthrough results at the boundary of 
quantum physics and AI. We will introduce the application of deep artificial neural 
networks to directly estimate the degree of entanglement and quantum correlations in 
generic,  partially  mixed  states  from an  informationally  incomplete  set  of  local 
projective measurements. The networks are trained entirely on numerically simulated 
data to prevent technical biases and speed up the workflow. They deliver quantitative 
estimates  with  errors  up  to  an  order  of  magnitude  lower  than  state-of-the-art 
tomographic  methods,  even  under  substantial  undersampling,  thereby  reducing 
measurement overhead while avoiding full quantum state reconstruction. Beyond 
fixed measurement settings, we will discuss a convolutional architecture that ingests 
heterogeneous  measurement  data  and  performs  independently  of  the  specific 
measurement device or chosen projectors, enabling estimation without retraining 
across  different  experimental  scenarios.  Our  approach  does  not  require  a  full 
description  of  the  underlying  quantum  state,  scales  favorably  with  system 
complexity, and integrates naturally with existing experimental pipelines. We will 
further demonstrate immediate practical value for certification and benchmarking of 
entanglement  sources,  showcasing  results  with  photonic  states  generated  via 
spontaneous parametric down-conversion and with a semiconductor quantum dot.

The presented results are based on the work:
 D. Koutný, L. Ginés, M. Moczała-Dusanowska, S. Höfling, Ch. Schneider, 

A. Predojević, and M. Ježek, Deep learning of quantum entanglement from 
incomplete measurements, Sci. Adv. 9, eadd7131 (2023).

The publication was selected for the journal cover.
Media coverage: Physics World, PHYS.ORG, La Nueva Espana, etc.

Even in a well-understood system, such as a pair of qubits, a reliable quantification of 
entanglement requires full state tomography [Fiurášek2002, Carmeli2016, Lu2016, 
Yu2020]. In photonics this means recording all combinations of the three local Pauli 
bases, i.e., 36 local projectors. Omitting some projectors in this measurement scheme 
degrades  tomographic  reconstructions  and,  in  turn,  entanglement  estimates.  We 
therefore proposed to bypass state reconstruction altogether and to learn the degree of 
entanglement  directly  from  incomplete  local  data  using  deep  neural  networks 
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(DNNs) [Koutný2023]. To demonstrate the advantage of the DNN approach, we used 
two target quantifiers tailored to the regimes we studied. For bipartite qubit systems, 
we quantify entanglement with the concurrence, widely used in experiments and 
bounded between zero (separable) and one (maximally entangled) [Horodecki2009]. 
For scalability beyond two qubits, we use the quantum mutual information matrix, 
which captures all two-party correlations and generalizes naturally to multipartite 
systems  [Valdez2017].  These  choices  let  us  evaluate  both  canonical  two-qubit 
sources and settings where a bipartite monotone is not readily applicable.

Figure  6.1.  Schematics  of  the  three  methods  used  to  infer  the  quantum  correlations 
[Koutný2023].  (A)  The maximum likelihood algorithm (MaxLik)  finds  the  most  likely 
quantum state ρ based on the measured data and an initial guess ρinit. (B) The green DNN 
represents a fully connected neural network that infers directly the concurrence and the 
mutual information from specific measurements (specific measurement projectors), whereas 
(C) the blue DNN works with an arbitrary set of measurement projectors. The input for the 
former is the measured data. The measurement-independent DNN has a convolutional first 
layer and takes as input both the data and the measurement description.

We implemented three different approaches to determine the concurrence and the 
mutual information from an incomplete set of data. We show them schematically in 
Fig.  6.1.  First,  as  a  baseline  we  implemented  maximum-likelihood  (MaxLik) 
tomography [Ježek2003, Hradil2004]: starting from a maximally mixed seed, the 
algorithm iteratively updated the density operator to maximize the likelihood of the 
observed  frequencies  and  then  computed  the  desired  quantifier  from  the 
reconstructed  state.  For  incomplete  measurements,  we  adopted  a  correct 
renormalization  of  the  MaxLik  approach  [Hradil2004].  This  provided  a 
reconstruction-then-quantify  benchmark  that  is  known  to  work  excellently  with 
informationally  complete  data  but  to  deteriorate  when  measurement  data  are 
incomplete. We also compared the MaxLik to other reconstruction methods, such as 
maximum-likelihood maximum-entropy and semidefinite programming with L1 and 
L2 norms. However, the MaxLik provides the most accurate predictions across the 
board,  see  Supplementary  Materials  of  [Koutný2023].  Second,  we  developed 
measurement-specific  DNNs,  i.e.,  fully  connected  networks  trained  for  a  fixed, 
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predefined set  of  projectors.  These  networks  directly  output  the  concurrence  or 
mutual information from the measured data. Third, we introduced a measurement-
independent DNN whose first layer is convolutional and inputs both the measurement 
outcome and a machine-readable description of the corresponding projector; this 
architecture  allowed  us  to  predict  from  arbitrary  subsets  of  settings  without 
retraining.

For two-qubit and fixed-measurement models, we used fully connected networks 
with seven hidden layers containing (60, 40, 30, 30, 30, 20) neurons and on the order 
of tens of thousands of trainable parameters. We instantiated many such models, each 
matched to a particular subset of k measurement projections, from the full quorum of 
36 down to 4 projections. For the measurement-independent network, we paired each 
measurement  probability  with  a  vectorized  description  of  the  corresponding 
projection operator and used a convolutional first layer (50 kernels) with a stride 
chosen to prevent crosstalk between probability-projector pairs, enabling the same 
network to accept arbitrary subsets by zero-padding missing entries. We trained and 
validated the DNNs entirely on simulated data. We generated large training datasets 
by sampling approximately one million random two-qubit states that broadly covered 
partially mixed states: four-fifths followed the Bures-induced ensemble [Bures1969] 
and one-fifth were random Haar-pure states [Mezzadri2007] mixed with white noise. 
For each state we computed the ideal outcome probabilities for the chosen Pauli 
projectors and the target quantifier (concurrence or mutual information). This large, 
purely  simulated  corpus  ensured  that  the  learned mappings  were  not  biased  by 
device-specific noise or drifts in any particular laboratory setup. We shuffled and split 
the  data  into  800,000  training  and  200,000  validation  examples,  reserving  an 
independent 5000-state test  set.  The training minimized the mean absolute error 
(MAE) between the predicted and true quantifiers, averaged over the test set, using 
Nesterov-accelerated adaptive moment estimation (NAdam). We also averaged over 
several combinations of measurement projections. Because the number of possible 
measurement subsets of k projections selected from all 36 Pauli projections grows 
combinatorially, we evaluated the networks on randomly sampled subsets rather than 
exhaustively enumerating all combinations.

Figure  6.2.  Entanglement  quantification  error  for  the  two-  and  three-qubit  systems 
[Koutný2023].  The  mean  absolute  error  (MAE)  versus  the  number  of  measurement 
projections for (A) two-qubit concurrence, (B) two-qubit mutual information, and (C) three-
qubit mutual information. Red triangles depict MAE for the MaxLik, blue squares stand for 
the values of MAE computed from measurement-independent DNN, and, lastly, green circles 
represent the values of MAE computed from measurement-specific DNNs. The uncertainty 
regions are depicted in the corresponding colors and may overlap. The DNNs outperform the 
MaxLik approach in terms of entanglement quantification accuracy and its consistency, given 
by smaller errors and uncertainty intervals, even for substantially incomplete measurements.
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For performance assessment we compared MaxLik, measurement-specific DNNs, 
and the measurement-independent DNN on identically constructed test sets, always 
using the same incomplete local data. To capture variability across projector choices, 
we trained 12 independently  initialized measurement-specific  networks  for  each 
k = 36,…, 4 (with increment of 2) and reported the average and standard deviation of 
their  MAEs.  For  MaxLik  and the  measurement-independent  DNN we averaged 
MAEs over hundreds of random subsets. The results are shown in Fig. 6.2 (A,B) for 
concurrence and mutual information, respectively. With full data, MaxLik essentially 
recovered the true state and yielded negligible quantifier error, as expected. However, 
MaxLik error  increased rapidly once even a  few measurement  projections were 
omitted. In contrast, our measurement-specific DNNs remained accurate deep into 
the undersampled regime. With only two-thirds of the settings (24 projectors), they 
achieved  MAEs  around  the  percent  level  for  both  concurrence  and  mutual 
information, approximately an order of magnitude better than MaxLik under the same 
incompleteness,  and  with  substantially  tighter  uncertainty  bands  across  random 
subsets. The measurement-independent model, while typically less accurate than the 
measurement-specific  networks,  consistently outperformed MaxLik over a  broad 
range of k and offered the practical benefit of working with arbitrary measurement 
choices.  It  is  useful  for  quick,  on-the-fly  estimates  before  optionally  investing 
computation time in a projector-specific model.

We generalized our approach beyond two qubits by switching from concurrence to 
the mutual information as the correlation quantifier and by demonstrating that the 
DNN pipeline scaled naturally to larger systems. We began with three qubits, where 
the  mutual  information  forms  a  3×3  adjacency  matrix  with  three  independent 
elements  corresponding  to  the  three  possible  bipartitions  [Valdez2017].  A full 
tomographic determination of these three numbers would have required measuring all 
local  Pauli  settings  on  each  qubit,  i.e.,  216  projections.  Instead,  we  built 
measurement-specific DNNs that mapped incomplete sets of measured probabilities 
directly to the three components of the mutual-information vector, following the same 
design we had used for two-qubit mutual information, see Fig. 6.2 (C). Near the 
tomographically  complete  regime,  our  DNN  predictions  matched  the  MaxLik 
baseline on average. However, when we reduced the data to roughly one third of all  
three-qubit projections, the measurement-specific DNNs achieved about a fivefold 
lower  MAE  than  MaxLik,  averaged  over  random  states  and  random  subsets, 
indicating that the deep-learning-based approach retains far more information about 
correlations.

To assess computational demands and scaling, we analyzed the network sizes at a 
fixed measurement fraction (one quarter of all local Pauli projectors). The two- and 
three-qubit  measurement-specific  models  used approximately 37,000 and 42,000 
trainable parameters, respectively. We pushed this further by training four- and five-
qubit  measurement-specific  networks  (again  with  one  quarter  of  all  projectors), 
which required about 69,000 and 231,000 parameters. Because memory limited the 
dataset  size  at  higher  qubit  numbers,  we  adopted  incremental  learning 
[Carpenter1991,  vandeVen2022].  After  convergence  on  one  batch  of  100,000 
examples, we generated a new batch and continued training from the best checkpoint. 
Even our largest models at this stage remain modest by modern standards: the five-
qubit measurement-specific network has slightly more than 230,000 parameters, and 
the entire training on a few million simulated samples fit on a single consumer-grade 
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GPU.  Once  trained,  the  inference  (i.e.,  mapping  measurement  data  to  an 
entanglement estimate)  is  extremely fast,  providing several  orders of  magnitude 
speedups  over  reconstruct-then-quantify  pipelines  such  as  the  MaxLik  and 
semidefinite-programming-based methods, which must be rerun from scratch on each 
new dataset.

The higher-qubit DNNs not only remained tractable but also improved the advantage 
over the MaxLik. Summarizing across system sizes at the same fractional sampling, 
the DNN MAE was lower than MaxLik by factors of about 2.2, 3.0, 3.8, and 4.3 for 
two, three, four, and five qubits, respectively (see Table 6.1). Based on this trend, we 
expect that if one keeps the ratio of MaxLik accuracy to DNN accuracy fixed, the 
required fraction of  projectors  relative to  full  tomography should decrease with 
system size.

Table  6.1.  The  summary  of  the  mutual  information  quantification  from  incomplete 
measurements  consisting  of  one-fourth  of  all  possible  Pauli  projectors  in  each  case 
[Koutný2023]. The MaxLik and the measurement-specific DNNs are compared up to five-
qubit quantum systems. The ratio of the mean absolute errors (MAEs) of the methods shows 
an increasing improvement in the performance of the DNN approach for entanglement 
quantification in higher-dimensional systems.

All the results presented so far were based on measurement probabilities. To analyze 
the sensitivity of entanglement quantification to sampling errors, we repeated the 
evaluation using data  sampled from multinomial  distribution based on the ideal 
measurement probabilities. The total number of samples corresponds to the number 
of measurement runs, i.e., state copies used. Figure 6.3 shows the performance of 
measurement-specific  DNNs  for  two-qubit  systems  and  1,000  and  10,000 
measurement samples, panels (a) and (b), per all used measurement projections, and 
the ideal probabilities (c). The results remain on par with those obtained in the case of 
the ideal measurement probabilities (infinite sampled data). Surprisingly, for a small 
number of the total detections (e.g., one thousand samples), the measurement-specific 
DNNs  outperform  Maxlik  and  other  methods  even  for  the  full  36-projector 
measurement.
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Figure 6.3. Two-qubit entanglement quantification error for various numbers of simulated 
measurement runs [Koutný2023]. The concurrence MAE versus the number of measurement 
projections for (a) 1,000 and (b) 10,000 measurement runs. For comparison, panel (c) shows 
MAE for the ideal measurement probabilities (same as in Fig. 6.2 A). Red triangles and green 
circles depict  MAE for the MaxLik and measurement-specific DNNs, respectively.  The 
uncertainty regions are depicted in the corresponding colors.

Furthermore, we validated the DNN-based quantification on real experimental data 
under non-ideal conditions and limited statistics. First, we measured polarization-
entangled  photon  pairs  produced  by  a  continuous-wave  spontaneous  parametric 
down-conversion (SPDC) source, see Fig. 6.4 (a). The source used a type-II, collinear 
beta-barium borate (BBO) crystal at 810 nm; we interfered the two correlated photons 
on a balanced beam splitter to conditionally prepare the singlet Bell state, see Fig. 6.4 
(b). For full reference data, we performed complete polarization tomography, i.e., all 
36 projective settings formed from local projections onto H/V, D/A, and R/L states, 
using a standard analyzer (quarter- and half-wave plates, a polarizer, single-photon 
detectors) and coincidence detection. To create controlled degradations, we varied the 
coincidence window and injected a weak classical field into one arm as a tunable 
noise channel with an attenuated laser diode [Straka2015]. This allowed us to record 
datasets ranging from nearly maximally entangled to weakly entangled outputs. The 
specific experimental datasets we analyzed in [Koutný2023] had concurrences of 
0.985 ± 0.001 and 0.201 ± 0.002.

On these SPDC datasets, we quantified entanglement with the DNNs and MaxLik 
while subsampling the number of measurements, see Fig. 6.4 (d,e). Across projector 
budgets  from  near-complete  down  to  far-incomplete,  both  DNN  approaches 
outperformed MaxLik for the nearly pure and the mixed states. Measurement-specific 
DNNs remained accurate deep into undersampling: their MAE stayed below about 
0.04  even  with  only  14  projectors.  The  measurement-independent  DNN  also 
surpassed MaxLik for the generic partially mixed case at essentially any number of 
projectors. The only notable exception appeared for the almost maximally entangled 
state: here the MaxLik outperforms the measurement-independent DNN. We attribute 
this to data sparsity: when randomly choosing few projectors on a nearly pure state, 
many outcomes had near-zero counts, which limited the predictive strength of the 
measurement-independent model (as the unused measurement inputs are also filled 
by zeros). At the same time, the MaxLik approach is biased toward pure states in the 
case of heavily undersampled data [Schwemmer2015, Silva2017], and the positivity 
constraint  tends  to  produce  sparse  (low-rank)  states  [Kalev2015],  which  can 
artificially inflate concurrence and reduce its reported error. This explains why the 
MaxLik curve could look optimistic in this corner case.
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Figure 6.4. (a) Spontaneous parametric down-conversion (SPDC) source and (b) the density 
matrix  plot  of  the  produced  entangled  state  reconstructed  by  the  full  quantum  state 
tomography. (c) Semiconductor quantum dot source based on the biexciton–exciton cascade. 
(d-f) Performance of the MaxLik and DNN-based approaches for experimental datasets. We 
show the dependence of the concurrence MAE on the number of measurement projections for 
(d-e) the SPDC source and (f) the quantum dot source. The concurrence of experimentally 
prepared  quantum  states  was  determined  from  the  full  MaxLik  tomography  to 
(d) 0.201 ± 0.002, (e) 0.985 ± 0.001,  and (f) 0.18 ± 0.01. The MAE for the measurement-
specific DNNs is depicted in green circles,  for measurement-independent DNN in blue 
squares, and for the MaxLik approach in red triangles.

The second experiment was based on a resonantly driven semiconductor quantum dot 
that  emitted  polarization-entangled  photon  pairs  through  the  biexciton–exciton 
cascade, see Fig. 6.4 (c). The device featured a quantum dot embedded in a circular 
Bragg grating cavity for efficient collection [Ates2012]. The quantum dot was excited 
via two-photon resonant excitation of the biexciton [Jayakumar2013]. The excitation 
pulses were derived from a pulsed 80-MHz repetition rate Ti:Sapphire laser. We 
spectrally filtered out pump scatter, separated the exciton and biexciton lines, and 
coupled both paths to single-mode fibers. We analyzed polarization with the same 
tomography hardware and protocol as in the SPDC system. In this solid-state source, 
the observable entanglement was primarily limited by the residual fine-structure 
splitting (FSS); the data used in the paper had concurrence 0.18 ± 0.01.  On the 
quantum-dot data, both DNN variants again outperformed MaxLik on average over 
incomplete measurement sets, see Fig. 6.4 (f). This was a stringent test because our 
networks had been trained only on ideal, simulated probabilities from noiseless states 
and  measurements.  Nevertheless,  their  inference  transferred  to  real,  imperfect 
experiments.  Taken  together,  the  SPDC and  quantum-dot  results  show that  our 
learning-based approach sustained lower errors than indirect reconstruction-based 
pipelines over a wide range of incomplete measurements and noise conditions.

In summary, we developed a learning-based route to quantify entanglement directly 
from incomplete  local  measurements.  We used  two estimators:  a  measurement-
specific DNN trained for a fixed set of projectors and a measurement-independent 
DNN that accepted arbitrary projectors by encoding both probabilities and projector 
descriptions. Against MaxLik tomography, both models achieved lower errors once 
measurements became incomplete; the measurement-specific DNN often reduced 
MAE by ~10×, while the measurement-independent model traded a small accuracy 
loss for flexibility. We generalized beyond two qubits by predicting the three-entry 
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mutual-information vector for three qubits, obtaining ~5× lower MAE than MaxLik 
with  about  one-third  of  all  settings.  At  a  fixed  fractional  budget  (¼  of  Pauli 
projectors), the advantage of the DNNs over MaxLik grew with system size. We also 
validated the DNNs on experiments: polarization-entangled pairs from an SPDC 
process  and  a  resonantly  driven  quantum dot.  Across  all  undersampling  levels, 
measurement-specific  DNNs  outperformed  MaxLik.  Simultaneously,  the  DNN 
inference was fast, enabling real-time estimation.

Looking  ahead,  AI  will  be  central  to  characterizing  emergent  phenomena, 
discovering new quantum phases, refining theories of strongly correlated systems, 
surpassing conventional numerics, and ultimately probing fundamental questions in 
quantum science [Du2025]. Systematic progress along these fronts will make AI an 
essential tool for unlocking the computational potential of quantum technologies 
[Acampora2025].

Missing  pieces  include  scaling  to  much  larger  qubit  numbers,  full  device 
independence  (our  measurement-independent  model  still  used  characterized 
projectors and was tested only for two qubits), dimensional independence (i.e., a 
single model applicable to various numbers of qubits), and confidence (uncertainty) 
prediction. Currently we push the DNN framework to regimes of more than 12 near-
pure qubits and more than 6 generic partially mixed qubits. We also explore various 
different entanglement metrics, going beyond pair-wise correlations and targeting 
genuine multipartite entanglement (convex-roof bounds). We have already fixed the 
issues of zero-padding measurement-device-independent models, and we currently 
discuss more AI-native ways toward device independence, such as symmetry-aware 
and graph-based architectures. Furthermore, we aim to predict uncertainties together 
with entanglement quantifiers within a single DNN model.

Complete device-agnostic modeling is perhaps the largest challenge. Are deep neural 
networks  predicting  a  complex  physical  quantity  able  to  generalize  completely 
beyond the scope of the measurement devices used for producing the training data? 
We hear similar  questions almost  every time when presenting this  project.  This 
motivates another research project, fully classical but also very complex, discussed in 
the next chapter.
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7. Device-agnostic super-resolution 
imaging

The  spatial  resolution  of  imaging  and  sensing  is  fundamentally  constrained  by 
diffraction of a signal used to transmit information from a sample to a detector. It does 
not matter whether we use photons or electrons, their wavelengths and the aperture of 
imaging systems limit the details we can observe. Super-resolution lets us distinguish 
structures smaller than the classical diffraction limit, revealing otherwise blurred 
details. Accessing this hidden spatial information enables new observations and more 
rigorous  tests  across  biology,  material  science,  and  astronomy.  Current  super-
resolution  methods,  however,  strongly  rely  on  prior  calibration  and  detailed 
knowledge of the imaging setup. Even when calibrated, the system response varies 
across the field of view and over time, degrading the robustness and accuracy of these 
device-specific approaches. Recently, we developed a device-agnostic deep-learning 
model  that  reconstructs  super-resolved  images  from a  single  diffraction-limited 
camera  frame  without  calibration  or  knowledge  of  the  optical  system.  We 
demonstrated superior reconstructions to classical deconvolution and current device-
specific deep-learning methods. The model was tested on astronomy and single-
molecule localization microscopy data, and on dense samples of organic molecules at 
room temperature and quantum dots at cryogenic temperatures. It recovered sub-
diffraction structures without any system-specific inputs, indicating a path toward 
universal, calibration-free super-resolution across instruments.

The presented results are based on the preprint:
 D. Vašinka, F. Juráň, J. Běhal, and M. Ježek, From stars to molecules: AI 

guided  device-agnostic  super-resolution  imaging,  arXiv:2502.18637, 
bioRxiv:2025.02.25.640182 (2025).

The following recent preprints are also briefly summarized:
 A. Dostálová, D. Vašinka, R. Stárek, and M. Ježek, Calibration-free single-

frame  super-resolution  fluorescence  microscopy,  arXiv:2505.13293, 
bioRxiv:2025.05.20.655080 (2025).

 D. Vašinka,  J.  Lee,  C.  Stalker,  V.  Mitryakhin,  I.  Solovev,  S.  Stephan,  S. 
Höfling,  F.  Eilenberger,  S.  A.  Tongay,  C.  Schneider,  M.  Ježek,  and  A. 
Predojević, Universal super-resolution framework for imaging of quantum 
dots, arXiv:2510.06076 (2025).

Numerous research and real-world applications rely on imaging point-like or single-
emitter sources. In biology, single-molecule localization microscopy reveals cellular 
structures  at  the  nanoscale  [Rust2006,  Betzig2006,  Balzarotti2017,  Lelek2021, 
Chen2022, Bodén2024]. In quantum physics, super-resolution characterizes quantum 
dots  [Lidke2005]  and  images  cold  atoms  in  optical  lattices  [McDonald2019, 
Impertro2023].  Astronomy  benefits  by  resolving  individual  stars  and  galaxies 
[Cava2018, Zhang2024].

Super-resolution can be obtained with linear inverse or Bayesian reconstructions 
[Bertero2021],  tomographic  synthesis  [Chen2022,  Luo2015,  Bianco2023],  and 
blinking-based localization [Rust2006, Betzig2006, Balzarotti2017]. Deep learning 

63



methods  have  been  extensively  used  [Rivenson2017,  Nehme2018,  Moen2019, 
Barbastathis2019, Speiser2021, vonChamier2021], and AI is even discovering new 
microscope designs [Rodríguez2024].  Broadly,  methods fall  into two categories: 
reconstruction and parameter estimation. Reconstruction aims to directly restore the 
whole super-resolved image [Bertero2021, Nehme2018], while estimation focuses on 
extracting key parameters and features, such as emitter localization [Speiser2021, 
Smith2010,  Hekrdla2025].  The  localization  performance  rapidly  decreases  for 
images  with  higher  number  of  overlapping  emitters,  which  typically  limits  its 
application to stochastically blinking or photoactivated samples. In the following 
discussion, we will focus exclusively on the former, more universal approach: image 
reconstruction.

Accurate single-image reconstruction hinges on a correct imaging model, especially 
the point spread function (PSF). PSF mismodeling degrades reconstructions; reliable 
PSFs typically  require  dedicated calibration with isolated emitters  and can vary 
across  the  field  of  view  [Booth2015,  Xu2020].  Blind  reconstruction  eliminates 
explicit calibration by assuming a parametric PSF and estimating it jointly with the 
object, but the resulting problem is non-convex, initialization-sensitive, and often 
underperforms  well-calibrated  non-blind  approaches  in  practice  [Campisi2007]. 
Deep-learning  reconstructions  inherit  similar  device  dependence:  the  learned 
mapping is tied to the training PSF, photon budget, background statistics, and emitter 
density. Deploying on a different imaging system usually requires new calibration 
data  and  retraining,  making  adaptation  costly  [Rivenson2017,  Nehme2018, 
Belthangady2019, Speiser2021].

In [Vašinka2025a], we developed a device-agnostic modeling network (DAMN) that 
reconstructs  super-resolved images of  point-like emitters  from a single intensity 
frame, see Fig. 7.1. The model needs no optical-parameter inputs, calibration, or 
retraining, and it accepts images of arbitrary size. DAMN is fully convolutional: 35 
hidden layers with 71 channels  and 7×7 kernels,  each followed by LeakyReLU 
[Maas2013, Xu2015] (slope 0.05) and 0.01 dropout [Srivastava2014]. An optional 
variant adds three upsampling layers that double each image dimension, yielding an 
eightfold increase in pixel count. Inputs are normalized to unit sum, and the output 
uses  a  softmax  to  keep  non-negativity  and  the  normalization  constraint.  The 
presented model architecture results from extensive optimization utilizing a mesh 
adaptive direct search using the Nomad library [Nomad2022], as well as numerous 
additional manual adjustments. 

We trained DAMN on numerically generated pairs of ground-truth objects and their 
resolution-limited  images,  see  Fig.  7.1.  The  simulation  spanned wide  ranges  of 
emitter power (1–105 photons), background (1–100), emitter concentration (5–500 
per 50×50 field), and PSF width (10−0.25–101.25 px ~ 0.5–17.75 px), using randomly 
either Gaussian or Airy shapes. The generation process of a single simulated data 
sample followed these steps. First, we generated the emitter concentration, followed 
by assigning each emitter  its  power  and pixel  position  in  the  image.  Next,  we 
performed a convolution with the point spread function to simulate the effects of 
finite resolution. Subsequently, shot noise was added to each pixel of the image. For 
the first time in the emitter visualization community, data with such a broad scale of  
imaging parameters were generated and used to train an artificial neural network. 
Also,  the  level  of  network  complexity  is  unprecedented  in  the  field  of  emitter 
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reconstruction and localization. Nevertheless, the model and dataset remain relatively 
modest compared to modern large language models, suggesting further potential to 
integrate  additional  features  and  parameters,  such  as  larger  upsampling,  PSF 
asymmetry and aberrations, etc.

Figure 7.1. Schematic representation of the DAMN approach and its application to intensity 
images  of  point-like  emitting  sources  [Vašinka2025a].  (a)  The  model  is  trained  using 
numerically simulated data pairs comprising resolution-limited noisy images alongside their 
super-resolved  counterparts.  Each  training  sample  represents  a  unique  combination  of 
underlying optical parameters, such as the width of the point spread function and the signal-
to-noise ratio. (b) Following training, this model is applied to enhance the resolution of 
experimental images acquired using a real-life imaging system.

The training used backpropagation with mean-square-error (MSE) loss (batch size 
128)  and the Adam optimizer  [Kingma2015],  while  mean-absolute-error  (MAE) 
monitors validation. The model has over 8 million trainable parameters and was 
trained incrementally  [vandeVen2022]  on  nearly  three  million  simulated  images 
(with a 25% validation set split) so that the data distribution continually refreshed. As 
a result, a single network (with one set of weights) generalizes across imaging devices 
and remains robust to parameter changes, spatial PSF non-uniformity, and temporal 
instabilities such as drift.

First, we evaluated the DAMN performance on simulated data. We compared DAMN 
to Richardson–Lucy deconvolution (Bayesian, uniform prior) supplied with the true 
PSF.  Performance  was  measured  on a  held-out  simulated  test  set  (not  used  for 
training) as the MAE between each reconstruction and its target, averaged over entire 
50×50 images, see Fig. 7.2. Curves show averages with 90% confidence intervals. 
Panels (a–c) plot MAE versus (a) emitter power, (b) PSF width, and (c) emitter 
concentration.  Panel  (a)  contains  dual  horizontal  axes  representing  the  varying 
emitter power using both the signal-to-noise ratio (SNR) and the peak-to-noise ratio 
(PNR). Across all three, DAMN (red) outperforms Richardson–Lucy (green) by up to 
two orders of magnitude despite using no device information. Panel (d) varies the 
PSF shape continuously from Airy to Gaussian at equal width. The performance of 
both methods remains approximately constant during this transition. Richardson–
Lucy is expected to be stable because it always receives the correct PSF profile. 
DAMN  was  trained  only  on  the  endpoints  (pure  Airy  or  pure  Gaussian),  yet 
generalizes smoothly to intermediate shapes, indicating robustness to unseen PSF 
profiles.
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Figure 7.2. The dependence of the mean absolute error on (a) the signal-to-noise ratio (SNR), 
(b) the width of a Gaussian point spread function (PSF), (c) the number of emitters in the  
image (concentration), and (d) the continuous transition between an Airy and a Gaussian PSF, 
respectively.  The  resulting  averages  of  the  Richardson-Lucy  algorithm (green)  and  the 
DAMN model (red) are accompanied by their 90% confidence intervals over the test set. 
Panel (a) includes a secondary horizontal axis recalculating the SNR values to the peak-to-
noise  ratio  (PNR).  Across  all  panels,  the  DAMN  model  consistently  outperforms  the 
Richardson-Lucy deconvolution by up to two orders of magnitude. The optical parameters 
not investigated in a given panel have the following values: SNR = 500, the average noise 
intensity = 10, the concentration = 50, and the Gaussian PSF with σ = 2 px.

We  also  validated  DAMN  on  experimentally  acquired  data  using  a  custom 
microscope that generates paired low-resolution inputs and the corresponding ground 
truth,  see Fig. 7.3.  A digital  micromirror device (DMD) encoded a binary mask 
defining emitter positions. Preparation optics re-imaged this mask into the sample 
plane  to  create  point-like  emitters.  A low-resolution  microscope  then  formed  a 
resolution-limited camera frame, further down-scaled to 50 × 50 to match the masks. 
Each camera image was paired with its DMD mask, enabling quantitative evaluation. 
Typical operating parameters were SNR ≈ 2300, average background ≈ 10, an Airy-
shaped PSF with σ ≈ 2.05 px (FWHM ≈ 3.4 px), and Rayleigh limit R ≈ 3.9 px. We 
recorded series across emitter concentrations and acquired a separate high-SNR low-
concentration calibration images only for the Richardson–Lucy algorithm to estimate 
the PSF. For more details on the experiment, see Methods section in [Vašinka2025a].
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Figure 7.3. Schematic illustration of the optical setup used to collect experimental data pairs 
[Vašinka2025a]. A ground-truth mask is imposed on the digital micromirror device (DMD) 
by  configuring  its  mirrors.  An  incoherent  illumination  light  reflected  by  these  mirrors 
impinges a high-resolution preparation system. The DMD-imposed mask is re-imaged into 
the  front  sample  plane  of  the  preparation  system,  creating  point-like  emitters  with  the 
intended spatial distribution. The imaging part of the setup, comprised of a low-resolution 
microscope  objective,  images  the  sample-plane  emitters  onto  a  camera.  The  resulting 
camera-captured intensity image and the DMD-imposed mask represent the experimental 
data pair.

Figure  7.4  (a)  plots  mean  absolute  error  versus  emitter  concentration:  dots  are 
experimental measurements; solid lines are matched-parameter simulations. Despite 
Richardson–Lucy being supplied the measured PSF, DAMN achieves far lower errors 
across all concentrations. Figure 7.4 (b) shows a representative frame with ~200 
emitters, its DMD mask, and reconstructions: DAMN closely reproduces the mask, 
resolving emitters spaced well below the Rayleigh limit, whereas Richardson–Lucy 
exhibits artifacts and misses sources.

Figure 7.4. (a) The red and green dots represent the mean absolute error between the DMD-
imposed masks and the super-resolved images reconstructed by each method. These errors 
were evaluated across various emitter concentrations. The accompanying continuous lines 
depict error values derived from simulated data using optical parameters estimated for our 
imaging system. (b) A typical camera image containing nearly 200 emitters, alongside its  
corresponding DMD-imposed mask and each method reconstructions.  The circled areas 
contain a magnified region for easier visual comparison. It is evident that the DAMN model 
significantly outperforms the Richardson-Lucy (RL) algorithm even in regions where the 
mutual  emitter  distance  is  well  below the  Rayleigh  resolution  limit  R  =  3.9  px  (inset 
scalebars).
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Furthermore, we explored the benefits of incorporating upsampling layers into the 
DAMN convolutional architecture. The modified network reconstructs images with 
an eightfold increase in dimensions, leading to an even more prominent improvement 
in  the  resolution.  We applied  this  model  to  an  astronomy image  of  the  galaxy 
NGC 300 by the European Southern Observatory [ESO2010], see Fig. 7.5 (a). Panel 
(b) depicts a magnified segment of the galaxy with marked regions of interest, while 
panel  (c)  presents  their  high-resolution  reconstruction  produced  by  the  DAMN 
model. Despite the stars in all three regions being below the resolution limit of the 
imaging  system,  the  DAMN reconstruction  clearly  reveals  them.  In  region  III, 
DAMN resolves two peaks separated by about 0.11 arcsec, suggesting a close pair 
that appears as one source in the original image. Confirming this hypothesis would 
require further analysis using additional data.

Additionally, we applied the same DAMN model, without retraining, to a publicly 
available dataset [SMLM-Challenge, Sage2015] acquired for the single-molecule 
localization microscopy challenge. Figure 7.6 depicts the performance evaluation 
using 500 tubulin images of 128 × 128 pixels with high molecule concentration, see 
panel (a) for an integrated image. Panel (b) shows a reference map from SOSplugin 
(least-squares localization with a Gaussian PSF) [Reuter2014], and panel (c) shows 
Deep-STORM  [Nehme2018],  a  device-specific  deep-learning  method  requiring 
setup details (camera, PSF model, SNR, density). DAMN needs none of this and 
directly produces a super-resolved tubulin image, see panel (d). Panel (e) visualizes 
the projection of a microtubule profile over the yellow segment, demonstrating the 
resolution  improvement.  Surprisingly,  the  device-agnostic  DAMN  without  any 
calibration or information on microscope parameters outperforms the state-of-the-art 
device-specific  Deep-STORM,  which  has  been  trained  on  calibration  data  and 
requires a detailed microscope characterization.

Figure 7.5. Demonstration of the DAMN model super-resolving capabilities on an astronomy 
image  of  a  dense  star  cluster  [Vašinka2025a].  (a)  Intensity  image  of  the  spiral  galaxy 
NGC 300 acquired by European Southern Observatory. (b) Magnified region of the galaxy, 
highlighting  key  areas  of  interest.  (c)  High-resolution  reconstructions  of  these  regions 
generated by the DAMN model, revealing details of individual stars. These reconstructions 
do not use any calibration data or prior information on the employed imaging system.
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Figure 7.6. Demonstration of the DAMN model on a high-concentration tubulin dataset from 
the single-molecule localization microscopy challenge [Vašinka2025a]. (a) A low-resolution 
image  integrated  from the  set  of  500  measured  images,  containing  numerous  emitting 
molecules. (b) A reference binary map of localized molecule positions derived from the 
dataset. (c) A reconstruction generated by Deep-STORM, a device-dependent deep-learning 
approach calibrated using detailed information on the imaging setup. (d) A super-resolved 
image produced from the calibration-free, device-agnostic model without prior information. 
Panels (b)-(d) include inset  images with a magnified region highlighting the resolution 
details. (e) Projection of the microtubule profile over the yellow rectangle segment.

Recently, we have applied the DAMN super-resolution framework for imaging of 
organic  molecules  and  semiconductor  quantum  dots.  Specifically,  in 
[Dostálová2025a], we used terrylene molecules at various concentrations embedded 
in a polyvinyl alcohol layer. These samples were imaged using a high-resolution 
fluorescence  microscope  (100×/NA 1.4)  and  scientific  CMOS  camera.  DAMN 
consistently outperformed Richardson–Lucy deconvolution, ThunderSTORM multi-
emitter fitting, and DECODE deep-learning localization method [Speiser2021]. The 
state-of-the-art methods were supplied with the measured PSF and other necessary 
information, while DAMN operated in a completely calibration-free regime. Our 
model resolved molecules separated by 35 nm at 580 nm wavelength (from a single 
frame acquired within 150 ms), corresponding to seven-fold resolution improvement 
beyond the Rayleigh limit. These results demonstrate fast, calibration-free, single-
frame super-resolution that is practical for dynamic or light-sensitive samples and 
broadly deployable on standard wide-field setups. Finally, in [Vašinka2025b], we 
validated the approach on low- and high-density In(Ga)As quantum dots and strain-
induced  dots  in  2D  monolayer  WSe2  at  cryogenic  temperatures  using  a  low-
resolution imaging system (NA 0.7) and electron-multiplying CCD camera, resolving 
overlapping  emitters  even  under  low  signal-to-noise  and  inhomogeneous 
backgrounds. Chiefly, strain-induced dots were reconstructed along an etched hole 
edge  with  deviations  of  only  9  nm,  significantly  below the  Rayleigh  limit.  By 
eliminating calibration and iterative acquisitions, this single-shot strategy enables 
rapid,  robust  super-resolution  for  nanomaterial  characterization  and  quantum 
photonic device fabrication.

To conclude, we demonstrated a device-agnostic deep learning approach to super-
resolution  of  emitters  that  eliminates  the  need  for  calibration  data  or  system-
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parameter  estimation.  Trained solely on numerically simulated data,  the DAMN 
model  reconstructs  super-resolved  images  from  a  single  camera  frame  without 
explicit knowledge of the optics, handles arbitrary image sizes, and remains robust to 
spatial nonuniformities and temporal drifts. On real-world data, from molecules to 
galaxies,  calibration-free  DAMN  consistently  outperforms  calibration-dependent 
super-resolution methods.

The model complexity (and thus its universality) is currently limited by available 
computational resources, yet it already outperforms state-of-the-art super-resolution 
methods. With greater resources, further gains are expected from richer simulations 
and larger architectures. By taking this first step, our work lays a foundation for 
universal,  optics-independent  image  reconstruction  across  domains.  Most 
importantly, the results confirm the feasibility of the device-independent concept in 
physics. Classical imaging served as a proof of concept, and we are now ready to 
explore device-agnostic learning in the quantum domain.
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8. Summary, outlook,
and open questions

The presented thesis  explored how to  turn  light  into  information with  maximal 
efficiency and minimal resources, and provided demonstrations of several bleeding-
edge photonic sensing and imaging solutions. We operate within a  unified sensor 
scheme: a  physical  input  (field,  sample,  emitter,  or  correlated source)  is  routed 
through an optical network (fixed or programmable, ordered or disordered, spatial or 
temporal)  that  produces  an  information-bearing  pattern.  Single-photon-sensitive 
detection acquires the raw statistics. A decoding stage (statistical estimators with 
known constraints or machine learning models trained on synthetic or experimental 
data) outputs the target quantity (photon statistics, polarization, entanglement, or 
emitter maps) without reconstructing unnecessary degrees of freedom. This encoder–
decoder view clarifies design trade-offs, guides what to calibrate (and what to avoid 
calibrating),  and explains  why deep learning can substitute  much of  the optical 
complexity  with  digital  processing.  In  sum,  by  treating  optical  networks  as 
programmable  encoders  and  computational  networks  as  adaptable  decoders,  we 
move a step closer to the ultimate goal of optical sensing: every photon counts, and 
every count becomes knowledge with as little calibration pain as possible.

8.1. What we learned

In Chapter 2, we surveyed the state-of-the-art in network-based photonic sensing, 
single- and multi-photon detection, vector-field metrology, nanoscale emitters, and 
AI-assisted readout. We also summarized enabling hardware and methods developed 
in our lab.

In Chapter 3, we established a direct, single-source standard for measuring detector 
nonlinearity, avoiding detector-dependent models, revealing previously unreported 
supralinearity in widely used single-photon avalanche diodes and mapping sub- and 
supra-linear regimes in superconducting nanowire single-photon detectors, including 
faint-illumination supralinearity. These findings correct the common assumption of 
linear or sub-linear response and set requirements for precision photon counting, 
metrology, and quantum experiments: characterize the detector response empirically 
and do not rely on textbook models.

In Chapter 4, we built  a large, reconfigurable, no-crosstalk spatially multiplexed 
photon-number-resolving detector and paired it with an expectation-maximization-
entropy  retrieval  algorithm.  The  algorithm  enforces  positivity  and  mitigates 
maximum-likelihood sparsity  bias,  yielding order-of-magnitude improvements  in 
fidelity and convergence over standard approaches. We validated the algorithm on a 
broad set of classical and nonclassical states and showed accurate estimates of the 
g(2) parameter  even  for  states  with  high  multiphoton  content.  High-resolution 
coincidence  electronics  rounds  out  a  practical,  metrology-grade  photon-number-
resolving detection pipeline.
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In Chapter 5, we demonstrated compact, fast, and accurate polarization control and 
sensing. Twisted-nematic liquid-crystal stacks enabled preparation and measurement 
of arbitrary polarization states with ~99.9% fidelity; bidirectional neural calibration 
further improved the fidelity to ~99.99% while simplifying control. We then realized 
an all-fiber polarimetric micro-sensor that maps polarization to speckle, samples it 
with  a  fiber  array,  and decodes  with  deep learning at  single-photon levels.  We 
demonstrated in-situ, fast, and robust polarization readout.

In Chapter 6, we introduced direct, learning-based quantification of entanglement and 
all  pairwise  correlations  from  incomplete  local  measurements,  bypassing  full 
tomography.  Two  deep  neural  network  variants  (measurement-specific  and 
measurement-independent)  consistently  outperformed  maximum-likelihood 
reconstructions even under massive undersampling, both in measurement projectors 
and state copies. We demonstrated the real-world performance in experiments based 
on spontaneous parametric down-conversion and a resonantly driven quantum dot. 
The  approach  offers  real-time  estimates  and  a  path  toward  scalable  correlation 
sensing,  while  highlighting  open  issues  in  higher-qubit  scaling  and  device 
independence.

In  Chapter  7,  we  developed  device-agnostic  deep-learning  super-resolution  that 
reconstructs sub-diffraction structures from a single image without knowledge of any 
system  parameters.  On  both  astronomy  and  single-molecule  data,  the  method 
surpassed the state-of-the-art baselines. The result is a concrete, working instance of 
measurement-device-independent inference in classical imaging and a template we 
aim to lift into quantum sensing.

Collectively,  these results  show that  photonic sensing benefits  from deliberately 
shifting complexity from optical parts of a sensor and its hardware calibration to 
computational  decoders,  preferably  universally  trained  on  synthetic  data.  Done 
correctly,  the  shift  increases  robustness,  reduces  calibration  debt,  and  pushes 
accuracy toward physical limits while retaining speed.

8.2. Outlook: toward programmable, multiparameter,
and self-calibrating sensors

A programmable, multiparameter encoder. The next step is to design optical networks 
that jointly encode several observables, such as photon statistics, spatial distribution, 
polarization,  and  correlations,  into  a  single  detection  signature.  Practically,  this 
means  combining  stable  (but  possibly  random)  interferometric  networks  and 
decoding with a multi-task model that outputs several target parameters from the 
same raw clicks.  The hardware and methods presented in this  work are natural 
building blocks for this integration.

Scaling  channels  and  dynamic  range. Accurate  statistics  for  mesoscopic  states 
(hundreds to thousands of photons) require many effective channels and low-loss 
routing. We plan to combine spatial multiplexing with active temporal networks and 
detector-property modulation to expand the dynamic range while keeping crosstalk 
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negligible.  A similar  goal  applies  to  other  degrees of  freedom of  light,  such as 
polarization and its correlations, where the number of measurement projections can 
be further increased. This will potentially improve the accuracy of the measurement 
to the ultimate quantum limit, support emitter counting at ultra-high densities, and 
allow large-scale, multi-parameter sensing.

Hybrid  statistical-neural  decoders. Pure  machine  learning  can  overfit  or  ignore 
constraints;  pure statistical  estimators can be slow or brittle.  A practical  path is 
hybrid: embed the physics (positivity, normalization, noise statistics) as differentiable 
layers or penalties, and let a compact network learn residual structure and denoise.  
Our  expectation-maximization-entropy  method  already  formalizes  a  hard-coded, 
principled  prior;  the  network  can  supply  learned  regularization,  uncertainty 
estimates, and fast amortized inference for repeated measurements.

From  calibration-lite  to  calibration-free. Our  device-agnostic  modeling  network 
demonstrates that training on vast physics-respecting simulations can remove the 
need for prior calibration of the measurement device while surviving real-world 
nonidealities.  The  same  idea  can  regularize  photon-counting  inversions  and 
correlation  estimators:  train  decoders  on  synthetic  distributions  pushed  through 
measured or simulated detector transfer matrices, and deploy without per-session 
detector tomography.

Reliability, uncertainty, and interpretability. For broader deployment in metrology 
and biomedicine, decoders must quantify confidence and expose salient features. 
Likelihood-based  training  and  Bayesian  deep  learning  can  provide  variances 
(concentrations)  as  latent  outputs.  Post-hoc  explainability  can  identify  which 
detection features drive outputs and flag distribution shifts. Such diagnostics will be 
essential for regulatory and scientific acceptance.

Real-time  and  adaptive  sensing. The  learning-based  sensing  suggests  a  broader 
paradigm:  inferring  the  target  quantity  (such  as  entanglement  measures  and 
correlation graphs) directly from incomplete, noisy local data, fast enough for closed-
loop experiments. Beyond producing a point estimate, the model also outputs an 
uncertainty and proposes the next measurement projection that maximizes expected 
information gain for the target. This active policy iteratively selects measurement 
projections  under  experimental  constraints,  updates  the  estimate  after  each 
acquisition, and stops once a preset confidence or error threshold is reached, enabling 
efficient, data-frugal sensing.

8.3. Open questions and challenges

Information flow in encoder–decoder sensors. We lack a general theory that tracks 
how  task-relevant  information  (e.g.,  Fisher  information)  propagates  through  an 
optical network and a neural decoder under realistic noise, loss, and model mismatch 
[Hüpfl2024,  Weimar2025].  Developing  tight,  experimentally  testable  bounds, 
covering randomized encoders and learned decoders, would guide both optical design 
(which mixing patterns and bandwidths to prefer) and training (which priors and 
augmentations to use to preserve information).
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Self-calibrating hardware via in-situ learning. Can we close the loop and train the 
photonic encoder itself by backpropagating a task loss into programmable optics 
(e.g.,  phase  shifters,  fast  polarization  elements),  while  the  decoder  adapts 
concurrently? Proof-of-principle optical neural networks exist, but integrating them 
with well-characterized detectors and stable, low-latency control remains to be done. 
A successful implementation would reduce explicit calibration to “bring-up only” and 
make sensors drift-tolerant by design.

Physics-aware  and  explainable  neural  decoding. How  best  to  embed  physical 
constraints  (positivity,  conservation laws,  Poisson counting,  monotonicities)  into 
trainable  architectures  without  sacrificing  speed  or  generalization?  Furthermore, 
deployable decoders must return credible intervals alongside point estimates and 
support  out-of-distribution  detection.  They  should  also  provide  human-legible 
attributions so experimentalists can debug failures and refine hardware. Tools from 
interpretable and explainable learning offer a starting point,  but domain-specific 
measures that respect optical symmetries, quantum-state constraints, and counting 
statistics are still missing.

Scaling  and  device  independence  in  the  quantum  regime. Our  entanglement 
estimators outperform tomography under undersampling for calibrated measurement 
projections and a few qubits, but full device independence and genuine multipartite 
quantification  at  scale  remain  open.  Symmetry-aware,  graph-based  models  and 
convex-roof surrogates are plausible directions, yet require careful validation on 
high-quality  experimental  datasets.  Translating  super-resolution  DAMN-style 
device-agnosticism into quantum sensing is another challenge. The need for massive 
computational  resources  for  multi-qubit  scenarios  and  device-agnostic  models 
represents a serious roadblock.
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ABSTRACT

The linearity of single-photon detectors allows accurate optical measurements at low light levels and using non-classical light in spectroscopy,
biomedical imaging, optical communication, and sensing. However, in practice, the response of single-photon detectors can exhibit intrigu-
ing nonlinear effects that may influence the performed measurements. Here, we demonstrate a direct single-source measurement of the abso-
lute nonlinearity of single-photon detectors with unprecedented accuracy. We discover a surprising supralinear behavior of single-photon
avalanche diodes and show that it cannot be explained using known theoretical models. We also fully characterize sub- and supra-linear
operation regimes of superconducting nanowire single-photon detectors and uncover the supralinearity under faint continuous illumination.
The results identify new detector anomalies that supersede existing knowledge of nonlinear effects at the single-photon level.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0106987

I. INTRODUCTION

A majority of radiometric, spectroscopic, imaging, and optical
communication methods rely on comparing two or more levels of
light intensity measured by a photodetector and assuming that its
response is proportional to the incident radiation. Transmittance mea-
surement represents the simplest example where the optical power is
detected with and without the sample under test, see Fig. 1(a). For an
ideal detector, the power ratio would be the same as the actual trans-
mittance of the sample. The measurement accuracy is, however,
impaired by any deviation from a perfectly linear response of the
detector. One can correct the detection imperfections on the condition
that the model of the nonlinear effect is known and accurate enough.

With the advent of ultra-sensitive detectors and quantum-
enhanced metrology, we tend to perform measurements at the ultimate
sensitivity levels dictated by the laws of physics.1,2 The goal is to reach
the quantum advantage regime—that is, to improve the sensitivity of
measurement beyond the shot-noise limit, or to relax the requirements
of the measurement, such as the minimum required detection efficiency.
Shaping the statistics of light and using nonclassical optical signals as
measurement probes allow for increasing the precision of length mea-
surements,3,4 imaging and particle tracking,5–9 and spectrophotome-
try.10,11 The optical transmittance measurement assisted by correlated
photons and single-photon detectors (SPDs) can serve as a prominent
example of a quantum-enhanced measurement scheme.12–15

The measurement precision at the single-photon level is severely
affected by the nonlinearity of the employed photonic detectors. The
reason is that the other systematic errors need to be eliminated to
reach the quantum regime, while the SPDs themselves maintain strong
inherent nonlinearity. One can observe a complex interplay of
detector-specific phenomena, such as dark counts, dead time, recovery
transition, multi-photon response, and latching. These effects cause
highly nontrivial nonlinear behavior that is much stronger compared
to classical photodiodes—see Fig. 1(b). Not only does the nonlinear
response distort the measurement of the average photon flux, but it
also distorts the measured photon statistics and prevents us from
reaching the ultimate precision of quantum-enhanced measurements.
Notable experiments susceptible to detection nonlinearity are the tests
of Born’s rule in quantummechanics.16–21

Here, we explore the nonlinearity of actively and passively
quenched single-photon avalanche diodes (SPADs) and a supercon-
ducting nanowire single-photon detector (SNSPD) for various bias
currents. The employed nonlinearity measurement does not require a
calibrated reference or time-resolved detection, which considerably
simplifies the task. The nonlinearity characterization is performed
with unprecedented accuracy; we reliably detect nonlinearities smaller
than 1:1000 and cover seven orders of magnitude of incident illumina-
tion. We discover a supralinear region of SPAD operation, which is
not consistent with any known theoretical models and has not been
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reported yet. We also characterize the nonlinear behavior of an
SNSPD with a complex structure of sub- and supra-linear operation
regions. We observed, for the first time, the supralinearity of an
SNSPD under continuous illumination at very low detection rates.

A. Single-photon detectors

Before discussing the main results, let us briefly review the funda-
mentals of SPDs and the basic principles of nonlinearity characterization.

SPDs convert single-photon absorptions into macroscopic vol-
tages or currents. The current state-of-the-art technology and techni-
ques that are available to achieve single-photon detection are built on
various device structures, materials, and non-trivial physical phenom-
ena. The ones enjoying the most widespread practical use are based on
avalanche diodes and superconducting circuits.22–26 Among these, we
investigate detectors that operate in a counting regime (Geiger mode);
that is SPADs and SNSPDs. There are also emerging SPDs based on
low-dimensional materials.27,28 Such detectors do not yet have estab-
lished detection models that could consistently model their

nonlinearity, which underlines the need to characterize their response
by the direct measurement.

SPD in a counting regime outputs an electronic pulse when one
or more photons are detected.22–26 The detection events (counts)
arrive at random times with a statistical distribution given by the
detected state and the response of the detector. The detection rate Rdet

is then a function of the incident rate R; the rate is given in units of
counts/s, or simply cps. Sometimes the detector outputs a pulse even
when no photon is detected due to various background contributions
(dark counts) or as a result of a previous detection (SPAD afterpulses).
Furthermore, the detector occasionally fails to detect photons because
it is not ready to do so after the previous detection event, such as dur-
ing dead time or a latched state. Figure 1(b) illustrates the nonlinear
behavior of an SPD. A simple expectation is a

Ð
-shaped sub-linear

dependence, where background count rate and dead time saturation
dominate on opposite sides of the power range. However, we found
that some detectors exhibit an S-shaped response where the slope gets
supralinear in the middle. Supralinearity has been reported for silicon
photodiodes for strong classical illumination,29–31 but current SPAD
models and measurements do not predict any such phenomenon. For
SNSPDs, supralinear behavior has been observed for very high rates
(� 10 Mcps) due to AC detector coupling32 and for short optical
pulses (mean photon number� 0.1) as a result of two-photon absorp-
tion.33 However, no observation of supralinearity of SNSPDs has been
reported under continuous illumination with the detection rate below
1 Mcps.

The particular detection imperfections are specific to SPADs and
their quenching circuits,23,24 or SNSPDs22,25,26 due to their different
operational principles. There is a great number of results in modeling
the response of a SPAD with the goal of including all the relevant fac-
tors.34–38 Their accuracy has been limited so far and many counter-
examples exist for which the measured SPAD response differs from
the theoretical model. Consequently, determining the nonlinearity of
the SPAD response and finding the optimum detection rate to access
the minimum achievable deviation from the ideal linear behavior rep-
resents a significant challenge. This issue is even more pronounced for
SNSPDs due to the lack of a precise theoretical model taking into
account all physical processes.33 A semi-empirical model was pro-
posed and tested with accuracy 10�2:39,40 Detector tomography based
on probing with precisely calibrated signals was suggested to thor-
oughly characterize a detector and obtain the corresponding positive-
operator-valued measure.40–48 However, if the tomography does not
include memory effects, the results can be compromised.49 The
approach presented in the rest of the paper does not rely on a theoreti-
cal model or detector tomography. Instead, we focus on a direct mea-
surement of the detector nonlinearity as a function of the detection
rate.

B. Nonlinearity characterization

The nonlinearity of various photodetectors, mainly photodiodes,
has been explored in great depth using relative and absolute measure-
ment methods.50 Relative methods require a calibrated reference
detector, calibrated attenuators, or time-resolved probe signals and
detection. Absolute measurements, which are generally preferred, are
based on a superposition method where the response of the detector is
evaluated separately for two signals and their total.29,51–56 The individ-
ual signals have to be incoherent to prevent optical interference. Often

FIG. 1. (a) Optical transmittance measurement of a sample relies on comparing
two levels of intensity captured by a detector. Any deviation from the ideal linear
detection then critically affects the measurement accuracy. Nonlinearity is a particu-
larly vexing problem in quantum metrology when nonclassical statistics of light is
often required together with SPDs. Their inherently nonlinear response distorts the
photon statistics and makes it difficult to reach the quantum advantage. (b)
Nonlinear behavior of a SPD. Apart from the background detections and saturation
effects, SPDs may exhibit supralinearity.
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two independent optical sources are used, for this reason,56 preferably
exhibiting short coherence lengths.55 Optionally, the two signals are
derived from the same source and superimposed in a slightly mis-
aligned interferometer.53,54 The direct absolute measurement of non-
linearity of a SPAD under continuous illumination was reported by
Kauten et al., and no statistically significant deviation from the stan-
dard model [Eq. (2)] was found.56 We use a single-source approach to
directly characterize major single-photon technologies, namely, pas-
sively and actively quenched SPADs, and SNSPDs for various values
of bias current. Our measurements reveal deviations from standard
models, as well as anomalous supralinearity.

II. DIRECT NONLINEARITY MEASUREMENT

We employ the absolute measurement strategy based on the
single-source two-beam superposition method. For a constant inten-
sity level of the optical source, we perform a series of three measure-
ments of the detector response, see Fig. 2(a). The beam is split into
two paths A and B that can be individually blocked. The detection
rates Rdet

A and Rdet
B are recorded for each path, and Rdet

AB is acquired
with both paths open. Nonlinearity is defined as a deviation from the
ideal linear response,

D ¼ Rdet
A þ Rdet

B

Rdet
AB

� 1: (1)

Our study considers two types of nonlinearity: sub- (D > 0) and
supralinearity (D < 0). The splitting ratio Rdet

A : Rdet
B is chosen to be

50:50. For the ultimate nonlinearity characterization, all splitting ratios
would need to be measured, but without calibration, 50:50 splitting
is the only one that can be set with certainty, as Rdet

A ¼ Rdet
B .

Furthermore, it harnesses the method’s invariance—a 10% deviation
from the 50% splitting leads to a � 4% relative error in D. This is in
contrast to using a 3 dB attenuator, where a 1% error in its transmis-
sion can change D by an order of magnitude (see the discussion in
Appendix D).

Our approach to the nonlinearity measurement does not require
an absolute calibration of a light source. The measured nonlinearity
(1) is a function of the detected count rate (in counts per second). This
is well-justified, as nonlinearity affects relative measurements of pho-
ton flux, where two detection rates are compared, and the correspond-
ing flux ratio needs to be accurately inferred. In order to correct for

the measured value of nonlinearity, we only need to know at which
detection rate it occurs.

The experimental setup is shown in Fig. 2(b). A stabilized super-
luminescence diode is the source, with a central wavelength of 810nm
and the spectral width exceeding 20nm. The signal is attenuated to
scan the input power over the full dynamic range of the detector. To
avoid phase interference, the beam is split and joined using polariza-
tion beam splitters (PBS), with a 35mm path difference that is several
orders of magnitude larger than the coherence length. The output of
the Mach–Zehnder is coupled into a single-mode optical fiber con-
nected to the active area of the SPD under test. The fiber coupling
guarantees the same spatial profile of the signals at the detector, but it
can decrease the overall stability. Therefore, extra effort was made to
reach 10�5 power stability of the setup including the coupling stages
(see Appendix B).

In the case of SNSPDmeasurements, the source spectrumwas fil-
tered to 12nm around 800nm, for which the detector is optimized.
The reduced spectral width corresponds to a coherence length shorter
than 30lm. The coupling fiber was equipped with a diagonal polarizer
and a polarization controller to set the optimal polarization for the
maximization of the SNSPD efficiency. In this case, the incoherence
relied solely on the Mach–Zehnder path difference.

The acquisition time of each individual rate measurement was set
to 20 s. The complete characterization of a single detector typically
took 20hours with each measurement repeated 30 times for 40 differ-
ent rate levels. The precision was found to be limited mostly by funda-
mental Poissonian variance (see Appendix C).

We measured three actively quenched SPADs (SPAD-1–3), a
passively quenched SPAD (SPAD-P), and an SNSPD for various val-
ues of bias current. The output of the detector under test is processed
by an FPGA-based counter with a 2.2 ns pulse-pair resolution that is
well below the dead time of any detector. For technical information,
see Appendix A.

III. RESULTS AND DISCUSSION
A. Single-photon avalanche diodes

Figure 3 shows the measured nonlinearity as a function of the
detection rate Rdet

AB for various SPADs. The typical log-log plot of the
SPAD nonlinearity D is V-shaped due to dark counts (left slope) and

FIG. 2. The single-source two-beam
method for the absolute measurement of
nonlinearity consisting of three measure-
ments of the detection rate (a) and the
simplified experimental scheme of the
method (b).
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dead time saturation (right slope). The nonlinearity reaches its mini-
mum value (10�3–10�2) for detection rates between 104 and 105 cps.

The established model of the detection rate Rdet takes into
account the dark count rate R0 and the non-paralyzable dead time
s,38,56 reading

Rdet ¼ f ðRÞ ¼ Rþ R0

1þ ðRþ R0Þs
; (2)

where R is the incident rate. The nonlinearity is measured in a bal-
anced configuration so that the incident rates are RA ¼ RB ¼ RAB=2.
If we substitute the detector model Rdet ¼ f ðRÞ given in Eq. (2), we
obtain the detection rates Rdet

A ¼ Rdet
B ¼ f ðf �1ðRdet

ABÞ=2Þ. The expected
nonlinearity as a function of the detection rate is

D Rdet
AB

� �
¼

2f 1
2 f
�1 Rdet

AB

� �� �
Rdet
AB

� 1: (3)

The parameters of this model are the dark count rate R0 and dead
time s. More elaborate models of actively quenched SPADs are dis-
cussed in Appendix F, although none provide a better fit than (2).

The data were fit with Eq. (3) in Fig. 3, and they are in significant
disagreement with the model, affirming the need for direct nonlinearity
measurement. The most prominent feature is the supralinear behavior
(D < 0) of SPAD-3 in Fig. 3, which is a hitherto unreported phenome-
non for SPADs. In fact, all actively quenched SPADs 1-3 exhibit system-
atically lower nonlinearities than expected in their minima, and
supralinearity appears after correcting for R0 and s (see Fig. 11 in
Appendix F). Additionally, the fit parameters R0; s do not agree with
values that were obtained from independent time-resolved
measurements.

A comparison of dead times and directly observed recovery times
is given in Table I. For actively quenched detectors (SPAD-1–3), the
measured recovery time sR also includes a brief detector reset time, so
must always be sR � s.57 Reset effects like twilight pulsing could,

therefore, explain the difference for SPAD-2 but not for the other
detectors SPAD-1 and SPAD-3.38 SPAD-P is passively quenched and
so the recovery and dead time values differ significantly. Such detec-
tors exhibit gradual efficiency recovery after each detection, which
would require a complex empirical model. As shown in Appendix F,
no other few-parameter models offer a better fit than (2).

Because not all systematic errors can be seen in Fig. 3, we evalu-
ated the v2 with the highest p-value being pSPAD�2 � 10�70. It means
that under the assumption that model (2) is valid and only the statisti-
cal error takes effect, the probability of obtaining the measured data or
any worse data would be equal to the p-value. This means that model
(2) already deviates from the measurement with high statistical signifi-
cance for 20 s integration times. Additionally, we applied standard rate
corrections on the data [inversion of (2)] to evaluate any residual non-
linearity, which reveals a significant mismatch even for Rdet

AB � 106 cps.
A detailed statistical analysis can be found in Appendix F.

We have also tested more elaborate response models such as Ref.
38 (including dead time, afterpulses, and twilight pulses), and a combi-
nation of paralyzable and non-paralyzable dead time58–63 developed
originally for Geiger–M€uller detectors. None of these can reproduce
the measured results or explain supralinearity, which is shown in
Appendix F. We also ruled out potential changes in dead time, dark
counts, efficiency, or afterpulsing as hypothetical explanations for the
observed supralinearity (see Appendix F).

Current evidence shows that SPADs do not always exhibit con-
stant dark counts,64 efficiencies,65 or recovery time (dead time þ reset
time).38 This means that state-of-the-art models are insufficient, leav-
ing the experimentalist with two options: (1) a detailed characteriza-
tion of the SPAD involving time-resolved measurements and circuit
analysis; and (2) direct nonlinearity measurement.

B. Superconducting nanowire single-photon detectors

Figure 4 shows the nonlinearity of the SNSPD with respect to the
bias current. Inset 4(a) shows the dependence of dead time and dark
counts on the bias. The property affected the most is detection effi-
ciency, shown in inset 4(b). The detection efficiencies were calculated
relatively to the manufacturer’s specification of 8663% for 25lA.
Inset 4(c) shows the measured nonlinearity D as a function of the total
detected rate Rdet

AB. Each data set corresponds to a different bias current,
where the plot markers match the respective points in inset 4(b).

The nonlinearity of the SNSPD is a combination of several phe-
nomena. For lower rates, the effect of dark counts is easily recogniz-
able. Around 104 cps, all sub-critical regimes (Ibias � 25 lA) begin to
exhibit supralinearity (D < 0). For higher count rates, two scenarios
are observed. Bias currents corresponding to the efficiency plateau

FIG. 3. Nonlinear response of the tested SPADs. The solid line represents theoreti-
cal model (3). Each point was measured 30 times, and the error bars show the cor-
responding standard error of the mean.

TABLE I. Comparison of directly measured dark counts R0 and recovery times sR
that were measured directly using time-resolved detection techniques38 and the dead
time values sfit and dark counts R0;fit that were the best fit of model (2).

SPAD-1 SPAD-2 SPAD-3 SPAD-P

R0 (cps) 88(3) 314(6) 20(2) 264(1)
R0;fit (cps) 83(4) 304(2) 17.5(7) 300(200)
sR (ns) 29.5(5) 47.0(5) 56.6(4) 517(6)
sfit (ns) 36.7(1) 40.2(4) 61(1) 1130(20)
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(20–25lA) lead to dead time saturation, while lower biases maintain
the supralinearity. Finally, for Rdet

AB > 106 cps, latching rapidly
increases for all but the lowest biases. This introduces strong saturation
and eventually results in an inverse detection response, where the
count rate decreases with increasing illumination.

Let us address the supralinear behavior, linked previously to
two effects. With decreasing bias current, two-photon and higher-
order detection efficiencies rise as indicated by detector tomogra-
phy.40 So far, the two-photon absorption of SNSPDs was observed
for ultra-short optical pulses in a picosecond regime with mean pho-
ton numbers � 0.1.33 Under continuous illumination, the multi-
photon absorption becomes challenging to model due to hotspot
relaxation dynamics.33 The second factor is the AC coupling of the
readout circuit—the settling of the bias current after each detection
results in rate-dependent efficiency. The supralinear behavior due to
the AC coupling was observed only for very high rates � 10 Mcps.32

Our results represent the first observation of the SNSPDs suprali-
nearity under continuous illumination with the detection rates as
low as 103 cps.

IV. CONCLUSION AND OUTLOOK

We designed and realized a direct measurement of single-photon
detection absolute nonlinearity with high accuracy over several orders
of magnitude of light intensity. We performed the measurement for
SPADs and SNSPDs. The measurement technique does not require a
calibrated single-photon source, a calibrated reference detector, or
time-resolved detection. Due to the method’s robustness, the nonline-
arity is not affected by technical issues, but rather reflects the detector
properties.

For all SPADs, we found significant disagreement of established
theoretical models with the measured data. We also discovered anom-
alous supralinear behavior of a SPAD. This phenomenon has been
neither predicted nor observed yet and cannot be explained in terms
of the known SPAD parameters. The SPADs in question were based
on silicon, but SPADs based on III–V materials (InGaAs/InP) possess
the same principle of operation and, therefore, exhibit similar nonlin-
ear phenomena as silicon SPADs, albeit of different magnitudes. We
expect that sublinear behavior would be generally stronger for the
InGaAs/InP SPADs than silicon SPADs due to higher values of dark
counts and dead time. Consequently, the chance of observing subtle
deviations, such as supralinearity, is expected to be lower.

For the SNSPD, we performed its detailed nonlinearity analysis
over 7 orders of magnitude of incident illumination and the full range
of relevant values of bias current, which goes beyond any SNSPD char-
acterization reported so far. We detected SNSPD supralinearity under
continuous illumination at unprecedentedly low detection rates down
to 103 cps, which has not been observed before. The results for both
SPADs and SNSPDs show that nonlinearity in single-photon detection
is a complex mixture of non-trivial phenomena, which have so far
eluded accurate theoretical description.

The direct SPD characterization can also be applied to emerging
detection techniques, such as those based on low-dimensional materi-
als. The results in this field suggest susceptibility to nonlinear response
as well.

Some of these detectors operate in a linear gain regime, such as
p-n junction arrays,66 2D-layer Schottky barriers,67 or quantum
dots.68,69 The results in Refs. 66–68 show that the overall nonlinearity
can be quite significant and dependent on the bias voltage. Until there
are direct nonlinearity characterizations performed for such detectors,
it is hard to speculate whether both sub- and supra-linearity could be
expected, but the published results suggest that both can be present.

Low-dimensional detectors based on photogating operate in a
counting regime.70,71 That means individual single-photon absorp-
tions are distinguished as quantized jumps in photocurrent. Due to
the long-lived traps responsible for the photogating effect, the trapped
carriers can accumulate even at low rates below 1 cps. Additionally,
trap decays cause reverse jumps in photocurrent that can, in principle,
interfere with detection readouts.70 Electronic noise contributes to
crosstalk in photon-number distinction. All these effects may contrib-
ute to nonlinearity, and the results in Ref. 70 suggest both strong sub-
and supra-linearity.

A Josephson-junction-based detector reported in Ref. 72 also
operates in a counting regime. The results therein only show

FIG. 4. (a) Dark counts R0, dead time s, and (b) detection efficiency g as a function
of bias current. The dashed line is the manufacturer’s specification. (c) The mea-
sured nonlinearity of the SNSPD for the values of bias current given by the respec-
tive markers in (b).
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nonlinearity due to dark counts, but a dedicated measurement may
reveal additional effects.

There are other photosensitive nanostructures73 that have not yet
been sufficiently characterized in terms of their response to incident
power. With all such emerging single-photon detection techniques,
the ability to perform direct self-contained characterizations is valuable
due to the lack of accurate theoretical or empirical models.

The findings presented in this work can be applied to radiomet-
ric, spectroscopic, imaging, and optical communication methods that
rely on precise assessment of illumination or transmission levels. We
have shown that correcting for nonlinear aspects based on state-of-
the-art response models is generally not sufficient, so the direct mea-
surement of nonlinearity becomes a necessity. Accurate detector cali-
bration is particularly critical for measuring photon statistics and
reaching the quantum advantage in quantum metrology. The pre-
sented results open the way for ultra-precise identification and mitiga-
tion of nonlinear effects in SPDs.
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APPENDIX A: EXPERIMENTAL SETUP

Figure 5 depicts the experimental setup for the absolute mea-
surement of nonlinearity using the single-source two-beam super-
position method. The light source is a temperature-stabilized
superluminescence diode (QPhotonics QSDM-810-2) in the con-
stant current mode with the central wavelength of 810 nm and the
spectral width exceeding 20 nm. Angled physical contacts (APC)
between optical fibers reduce back-reflections approximately by
60 dB and improve the stability of the source. Attenuation by sev-
eral orders of magnitude is needed to generate an optical signal in
the dynamic range of the tested detector. For this purpose, the opti-
cal beam is strongly attenuated by a series of neutral density (ND)
filters (Thorlabs NE530, NE520, NE513, and NE504) down to �107
counts per second. Continuous adjustment is realized by a metal
edge fixed to a linear translation motorized stage (LTME, Newport
MFA-CC) driven by a motion controller (SMC-100CC). The mov-
ing edge along with single-mode fiber coupling serves as variable
attenuation.

Since the splitting ratio of the interferometer is sensitive to
input polarization, the input beam is well polarized and coupled in
the slow axis of a polarization-maintaining fiber. The unbalanced
Mach–Zehnder interferometer consists of two polarizing beam
splitters (PBS) with extinction ratio TP : TS > 1000 : 1. The
Mach–Zehnder setup is used to split the attenuated beam into two
spatially separated beams that can be individually blocked and
superimposed again at the output. The combination of perpendicu-
lar polarizations and the path difference l¼ 35.4mm between the
individual arms ensure incoherent mixing at the second polariza-
tion beam splitter. Mechanical blocking of the two optical signals is
done by compact home-made optical shutters using a digital RC

FIG. 5. Experimental setup of the single-
source two-beam superposition method
for the absolute nonlinearity measure-
ment: the scheme includes the prepara-
tion of a stabilized and attenuated optical
signal, its polarization control, beam sepa-
ration and switching, and detector under
test.

Applied Physics Reviews ARTICLE scitation.org/journal/are

Appl. Phys. Rev. 10, 011412 (2023); doi: 10.1063/5.0106987 10, 011412-6

Published under an exclusive license by AIP Publishing

https://github.com/PepaHlousek/Nonlinearity
https://scitation.org/journal/are


servo (Savox SH-0262MG). A thin (0.5mm) metal flag with dimen-
sions of 15� 70mm attached to the servo shaft blocks the colli-
mated Gaussian beam that has a radius w0 ¼ 1:03 mm. To perform
the operation of opening or blocking the beam, it is necessary to
turn the servo by 15� with a total latency of 50ms. The RC servo is
controlled by a pulse width modulation signal generated by
Arduino Uno with a microprocessor AT-mega328. For more infor-
mation about the employed shutters, see Ref. 75. After the second
PBS, the output light is fed into a single-mode fiber and coupled to
the tested detector. Stray light is eliminated by a cutoff filter
(Semrock BLP01-635R-25).

We investigated the response of five SPDs: actively (SPAD-1-
3) and passively quenched (SPAD-P) thick-junction silicon single-
photon avalanche diodes (SPADs) and a NbTiN superconducting
(2.7 K) nanowire single-photon detector (SNSPD) with an AC read-
out and room-temperature amplifier. Namely, SPAD-1—Excelitas
SPCM-AQRH CD3432H, SPAD-2—Perkin Elmer SPCM-AQ4C
module s.n. 167, SPAD-3—Laser Components COUNT-20C-FC
D4967, SPAD-P—ID Quantique ID120 s.n. 1518006, and SNSPD—
Single Quantum Eos CS SNSPD system s.n. SQ071. The detectors
differ in many technical parameters and physical effects, such as
active area, photon detection efficiency, dark count rate, dead time,
and afterpulsing probability. The manufacturer’s specifications are
shown in Table II. The detector SPAD-P (ID Quantique ID120) dif-
fers from SPAD-1-3 not only by the passive quenching mechanism

but also by being a free-space module with tunable temperature and
bias voltage. All measurements were done at the temperature
�40 �C and bias voltage 180V.

The SNSPD possesses a limited spectral region of the maxi-
mum efficiency. For this reason, the wide emission of SLED was
reduced using a 12 nm bandpass interference filter (Semrock FF01-
800/12–25). Furthermore, the SNSPD is naturally sensitive to polar-
ization due to its nanowire structure. The optical beams of the
unbalanced Mach–Zehnder interferometer have orthogonal H/V
polarizations, so it is necessary to add a diagonally oriented linear
polarizer (LP) at the output to make them indistinguishable for the
detector. A fiber polarization controller (FPC) is used to optimize
the detection efficiency with respect to polarization.

Electronic output signals from the tested detectors were proc-
essed by an electronic counter. The most critical parameter is its
pulse-pair resolution, which has to be better than the recovery time
of all tested detectors. Initially, we were using a commercial
100MHz counter (ORTEC 974C), which was used to measure the
SPADs. Later, we developed an FPGA-based 230MHz counter with
a 2.2 ns pulse-pair resolution and digitally tunable threshold vol-
tages (QOLO Countex76) This counter was used to perform mea-
surements on the SNSPD, as well as additional measurements on
SPAD-1 and SPAD-3. Detectors SPAD-1 and SPAD-3 were mea-
sured using both counters with the same results.

APPENDIX B: STABILITY OF THE SOURCE
AND MEASUREMENT SETUP

Generally, intensity fluctuations of the light source can affect
the measurement accuracy. We investigated the stability of the
SLED and also the intensity stability at the output of the setup. We
performed a long-term measurement of optical intensity and evalu-
ated the Allan deviation77 to determine the integration time T for
which the measurement is least affected by intensity fluctuations.
Figure 6 shows the relative Allan deviation rAllan as a function of
the integration time T. The deviation is better than 10�5 for integra-
tion times from 10 s to 103 s. For the nonlinearity measurement
setup, optimal integration times are shifted toward shorter times

TABLE II. Manufacturer specifications for tested detectors. Parameters shown:
active area diameter A, photon detection efficiency g, dark count rate R0, dead time
s, and afterpulsing probability pa.

A (lm) g (%) R0 (cps) s (ns) pa (%)

SPAD-1 180 50 <100 28.7 0.1
SPAD-2 180 47 <500 50 0.3
SPAD-3 100 57 <20 55 0.31
SPAD-P 500 80 200 1000 negligible
SNSPD – 86 �10 �10 none

FIG. 6. Optical intensity fluctuations represented by the relative Allan deviation. Shown are (a) temperature-stabilized superluminescence diode (QPhotonics QSDM-810-2) in
the constant current mode and (b) signal from the same source transmitted through the experimental setup for the nonlinearity measurement.
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and the minimum relative Allan deviation gets worse, but still below
10�4 for integration times up to 6� 103 s. The raw data and their
processing are available on GitHub.74

APPENDIX C: MEASUREMENT UNCERTAINTY

1. Shot noise limitation

We performed an analysis of nonlinearity measurement uncer-
tainty rðDÞ to find its ultimate physical limits and find out whether
the data approach the fundamental nonlinearity resolution. The sta-
tistical uncertainty was calculated for the case of a balanced experi-
mental setup Rdet

A ¼ Rdet
B , measurement time T¼ 20 s for each rate,

and N¼ 30 repeated measurements.
The fundamental limit is represented by the shot noise of the

Poisson counting process, where the measured number of events
(RdetT) exhibits variance equal to the mean value. This implies the
standard deviation of the detection rate rðRdetÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
Rdet=T

p
. If we

introduce this standard deviation to each detection rate in the non-
linearity formula,

D ¼ Rdet
A þ Rdet

B

Rdet
AB

� 1; (C1)

through standard error propagation r2ðDÞ ¼
P

i ½rðRdet
i Þ � @D=

@Rdet
i �

2, we obtain the standard deviation,

rðDÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ DÞð2þ DÞ

Rdet
ABT

s
	

ffiffiffiffiffiffiffiffiffiffiffi
2

Rdet
ABT

s
: (C2)

The measured nonlinearity �D is averaged from N measurements, so
the standard deviation of the result is

r �Dð Þ ¼ rðDÞ=
ffiffiffiffi
N
p

: (C3)

This limit is compared to the experimental values in Fig. 7.
The measured standard errors of the nonlinearity for SPADs meet
their lower bound 10�4 for rates higher than 2� 105 cps [Figs.
7(a)–7(d)]. For higher rates, excess noise limits the measurement
uncertainty; it, nevertheless, remains below rð�DÞ < 10�3. In this
region, the mean nonlinearity value is larger than the uncertainty
by at least one order of magnitude. Insets 7(e)–7(l) show the non-
linearity measurement uncertainty of the SNSPD for several differ-
ent values of bias current. Latching rapidly increases for bias
current Ibias > 25 lA and brings extra uncertainty to the measure-
ment [Figs. 7(k) and 7(l)].

The shot noise limit is well applicable to Poisson count rates.
However, dead time saturation will further affect the measurement,
because the measured count rates become sub-Poissonian as they
approach the limit Rdet ! 1=sNP. Because the standard deviation of
accumulated counts is complicated to calculate analytically,38 we
are going to assume a sufficiently long integration time so that the

FIG. 7. The nonlinearity measurement standard error rð�DÞ of tested detectors (a) SPAD-1, (b) SPAD-2, (c) SPAD-3, (d) SPAD-P, and (e) and (f) SNSPD as a function of
detection rate Rdet

AB . Insets (e) and (f) show rð�DÞ of an SNSPD with respect to the bias current. The measured standard errors are plotted as black dots, and the lower bound
on the standard deviation is represented as a gray dashed line.
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number of accumulated counts is large: hni ¼ RdetT 
 1. This is a
reasonable assumption for high rates, where saturation occurs.
Then, we can make the following derivation.

Upon measuring n detections during a time T, we obtain the
average time between detections, Dt ¼ T=n. Because each realiza-
tion of Dt is independent, the average time Dt is normally distrib-
uted with a standard deviation rðDtÞ ¼ rðDtÞ=

ffiffiffi
n
p

according to the
central limit theorem. We assume Dt to be a dead time sNP plus an
exponentially distributed delay with a rate parameter k, which
makes hDti ¼ sNP þ 1=k and rðDtÞ ¼ 1=k. Because n
 1, the
standard deviation is small relative to the mean; rðDtÞ � hDti. As
a result, the mean rate Rdet ¼ 1=Dt is also normally distributed and
the standard deviation is scaled based on the slope around the
mean value,

rðRdetÞ ¼
���� @Rdet

@Dt

����rðDtÞ ¼ ðRdetÞ2rðDtÞ: (C4)

Due to the large number of detections, on the right side, we can
simplify Dt 	 hDti 	 1=Rdet, so

rðRdetÞ ¼ ð1� sNPR
detÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
Rdet=T

q
: (C5)

The resulting sub-Poissonian bounds are shown in Fig. 8 for
two dead time values to illustrate the cases of an actively and pas-
sively quenched detectors. The bounds do not make a difference
within the data range of Fig. 7.

2. Optimal measurement times

Here, we address the optimal allocation of measurement time
to minimize the uncertainty. Given the overall measurement time
TO per one sample of D, there exists an optimal distribution
between measuring Rdet

A ; Rdet
B , and Rdet

AB. Assuming a balanced split-
ting Rdet

A 	 Rdet
B , the minimum uncertainty of D is reached for

TAB ¼
TO

1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2=ð1þ DÞ

p ; (C6)

TA ¼ TB ¼
1
2

TO � TABð Þ: (C7)

In the regime where jDj � 1, the approximate ratios are
TA : TB : TAB ¼ 0:3 : 0:3 : 0:4. The assumption that we made on
the way is that the measurement time is long enough so that all the
accumulated counts Ci (i ¼ A; B; AB) are approximately normally
distributed. This holds if hCii ¼ Rdet

i Ti 
 1.

APPENDIX D: TWO-BEAM METHOD COMPARED
TO AN ATTENUATOR

Here, we illustrate the advantage of the two-beam method
compared to single-beam measurements. An analogous way of
characterizing nonlinearity is comparing the detection rates of two
intensity levels by employing an attenuator of power transmittance
g. The nonlinearity D essentially tests two quantities that should be

equal if the detector was linear; Rdet
A þ Rdet

B ¼
?
Rdet
AB. With an attenua-

tor, we can only measure the transmitted power Rdet
g and total

power Rdet
1 , whereas the lost power Rdet

1�g is inaccessible. We can,

however, analogously test Rdet
1�g¼

? 1� g
g

Rdet
g . Thus, we construct

nonlinearity,

Datt ¼
Rdet

g þ
1�g
g Rdet

g

Rdet
� 1 ¼ 1

g

Rdet
g

Rdet
� 1: (D1)

For g ¼ 1=2, this is equal to nonlinearity D (1).
Let us examine a scenario where we attempt to measure nonline-

arity for a balanced scheme, but there is a slight error in calibration,

g ¼ 0:5þ dg: (D2)

Because the value of nonlinearity may span many orders of
magnitude, let us examine its relative error, meaning the difference
proportional to the ideal value of D for g ¼ 0:5,

dD ¼
����Dð0:5þ dgÞ � Dð0:5Þ

Dð0:5Þ

����: (D3)

This will generally depend on the model of the detector and the
incident rate, so let us illustrate the basic behavior for a simple non-
paralyzing model with background R0 and dead time s,

Rdet
g :¼ RdetðgRÞ ¼ 1

1
gRþ R0

þ s
: (D4)

The nonlinearity for the two-beam measurement is then

DðgÞ ¼
Rdet

g þ Rdet
1�g

Rdet
1

� 1; (D5)

while, for the attenuator, an unknown error manifests only in the
measured intensity,

DattðgÞ ¼ 1
0:5

Rdet
g

Rdet
1

� 1: (D6)

Apart from g, these quantities depend on R, R0, and s. When exam-
ining the error, we look for the maximum over all incident rates R.
Thus, we obtain the maximum relative error (for both
nonlinearities),

FIG. 8. The effect of dead time saturation on the fundamental limit of uncertainty
resolution. The integration time is T¼ 20 s and the number of measurements
N¼ 30.
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dDmaxðdgÞ ¼ max
R

����Dð0:5þ dgÞ
Dð0:5Þ � 1

����: (D7)

Now, let us assume a small error in calibration dg� 1, so we
can consider polynomial contributions of dg. Let us also examine
the quantities for a certain realistic range of parameters,

0 < R0 < 103 cps; (D8)

0 < s < 10�6 s: (D9)

For dDatt
max, we make certain approximations, chiefly R0s� 1,

that yield the maximal rate R 	
ffiffiffiffiffiffiffiffiffiffiffiffi
2R0=s

p
and

dDatt
max 	

ffiffiffiffiffiffiffi
2
R0s

r
� dg: (D10)

On the other hand, the two-beam nonlinearity error scales
more favorably, and with a constant factor,

dDmax 	 4� dg2: (D11)

In practical terms, for a 1% deviation in beam splitter trans-
mittance, dg ¼ 0:01, the value of nonlinearity measured by the two-
beam method will change by dD � 0:04% for any realistic dead time
and dark counts.

If the same 1% error is applied to an attenuator, the error
depends on the detector parameters. For an extreme case of
R0 ¼ 103 cps and s ¼ 1 ls, the error is dDatt � 44%, whereas for
values corresponding more with modern SPADs, R0 ¼ 50 cps and s
¼ 30 ns, the value can change drastically by dDatt � 1200%.

By accessing the complementary optical power, the two-beam
nonlinearity offers a much more reliable measurement. The depen-
dence on the splitting ratio is quite weak, with the value of D chang-
ing by �15% within the range g 2 ð0:3; 0:7Þ relative to g ¼ 0:5.
Furthermore, the balanced splitting ratio is the only one that can be
calibrated with arbitrary precision, so it easily becomes the most
suitable measurement setting to use, as it represents the nonlinear
properties of the detector much more than any technical parameters
of the measurement.

APPENDIX E: REPEATABILITY OF THE MEASUREMENT

In 2014, we built the experimental setup for absolute measure-
ment of nonlinearity to characterize the detector response and since
then, we have performed nonlinearity measurements repeatedly. As
an example representing the consistency of the results obtained
from the presented method, we chose the actively quenched SPAD
from Laser Components (SPAD-3). This detector exhibits anoma-
lous supralinear behavior (D < 0) for all measurements. Figure 9
shows individual nonlinearity measurements separated by years
during which the detector was used in many other experimental set-
ups. The first measurement of nonlinearity was performed in
November 2014 using the Ortec counter (Fig. 9—blue). In January
2016, we repeated the measurement—again using the Ortec
counter—in order to confirm the supralinear response of the tested
detector (Fig. 9—green). This was the most accurate measurement,
with acquisition time 120 s for each individual rate measurement,
repeated 20 times. The last measurement was performed in
February 2021 using the Countex counter (Fig. 9—black).
Throughout the years, we have obtained consistent results.

APPENDIX F: THEORETICAL MODELS OF THE SPAD
RESPONSE FUNCTION

1. Correcting the data for dead time and background

There have been many SPAD response models proposed that
model saturation effects and noise.34–38,57,64,78 The model used to fit
the presented results considers a non-paralyzable dead time sNP,
dark count rate R0, and neglects afterpulsing. The rate of detection
events as a function of the incident rate R then follows a standard
formula,

fNP Rð Þ ¼ Rþ R0

1þ Rþ R0ð ÞsNP
: (F1)

In Fig. 10, we illustrate the effects of dead time and dark counts,
when this model is applied to nonlinearity (1). The left slope repre-
sents the background noise characterized by dark counts and the
right slope represents dead time saturation. Other theoretical mod-
els shown below yield similarly V-shaped nonlinearity D with anal-
ogous scaling.

To correct for nonlinearities under this model, one can apply
the formula,

Rcorr
i ¼ Rdet

i

1� Rdet
i sNP

� R0 (F2)

with i 2 fA; B; ABg to the measured detection rates. Figure 11
shows the nonlinearity values calculated from corrected rates. The
same data as presented in the main text are used, and the values of
R0 and sNP are taken from the least squares fits (see Fig. 12 and
Table III).

If model (F1) holds, then the corrected nonlinearity should be
close to zero. However, due to the Poissonian uncertainty (C5) and
the nonlinear nature of the formula (C1), there is a nonzero bias
(solid line in Fig. 11). The exact probability distribution of Dcorr

needs to be computed numerically for Rcorr
AB < 102 cps, because a

normal approximation no longer holds.74

FIG. 9. The repeatability of the nonlinearity measurement of the detector SPAD-3
throughout the years. The nonlinearity D is a function of the detection rate Rdet

AB ,
shown at different dates: black—February 2021, green—January 2016, and blue—
November 2014.
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Like in the main text, each point represents the average from
30 measurements. To test the compatibility of the corrected data
and model (F1), we test both the average value and the distribution
of the 30 samples for each point. The average nonlinearity is com-
pared to a 95% confidence interval, and the Kolmogorov–Smirnov

(KS) p-value of the distribution is denoted by the point color. The
p-value is a probability that, assuming the model holds, we would
obtain “worse” data than those measured, as parameterized by the
KS statistic (see Appendix G below). Very low p-values show that
statistical errors alone are unlikely to explain the data.

FIG. 10. Nonlinearity D as a function of the detection rate Rdet
AB for (a) a several different values of dark counts: R0 ¼ 10; 100; 1000 cps (s ¼ const.) and (b) dead time:

s ¼ 5; 25; 50 ns (R0 ¼ const.).

FIG. 11. Measured average nonlinearities after all detection rates are corrected for dead time and dark-count effects (F2) based on the best-fit values given in Table III. The
points represent 30-sample averages; the solid lines are the theoretical mean values assuming model (F1) holds; the blue area is a 95% confidence interval for the average
values. Point color shows the Kolmogorov–Smirnov p-value, which tests whether the 30 constituent samples come from the expected distribution. Dark points are very unlikely
to occur under the presumed model.

Applied Physics Reviews ARTICLE scitation.org/journal/are

Appl. Phys. Rev. 10, 011412 (2023); doi: 10.1063/5.0106987 10, 011412-11

Published under an exclusive license by AIP Publishing

https://scitation.org/journal/are


Many points show disagreement with the theoretical model,
with the difference standing out more in comparison to uncorrected
data (Fig. 12), especially for Rdet

AB � 106 cps.
Accordingly, basic model (F1) does not provide a satisfactory

explanation of the measured data, so we should justify its use as
opposed to other dead time models and quantify the effect of
afterpulsing.

2. Dead time models

The effect of dead time in Geiger-mode SPADs is akin to
Geiger–M€uller (GM) counters.58–62,78–82 Two basic types of

idealized models for dead time have been defined.59,60,79 Namely, it
is the paralyzable dead time sP model,

fP Rð Þ ¼ Rþ R0ð Þexp ð� Rþ R0ð ÞsPÞ; (F3)

and the non-paralyzable dead time sNP model (F1). For the non-
paralyzable case, each registered detection is followed by dead time,
during which no further events are registered. In the paralyzable
case, dead time follows every photon absorption, even those that
occur within a previous dead time and are not otherwise recorded.
This case covers the fact that secondary detections in GM tubes still
require quenching but are not recognized due to low voltage
output.

TABLE III. Comparison of directly measured dark counts R0 and recovery times sR, and dark counts and dead times sNP; sP, that were the best fits of individual response mod-
els. The last two columns show which scheme the hybrid models converge to.

Measured sNP model sP model

sNP-sP model sP-sNP modelR0 (cps) sR (ns) R0 (cps) sNP (ns) R0 (cps) sP (ns)

SPAD-1 88(3) 29.5(5) 83(4) 36.7(1) 80(40) 20.0(1) sNP model sNP model
SPAD-2 314(5) 47.0(5) 304(2) 40.2(4) 304(1) 38.9(3) sP model sP model
SPAD-3 20(2) 56.6(6) 17.5(7) 61(1) 17.5(6) 58.2(9) sP model sP model
SPAD-P 264(1) 517(6) 300(200) 1130(20) 400(500) 467 sNP model sNP model

FIG. 12. Nonlinearity data fits using two models: the sNP model (red) and the sP model (blue). Note the right-side turning point of the paralyzable model (blue), which is a con-
sequence of non-monotonous response to illumination.
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In the case of GM counters, single-parameter dead time mod-
els are just an approximation. Hybrid models were proposed by
combining paralyzable and non-paralyzable dead times.63 There are
two variants; the NP-P model,

fNP�P Rð Þ ¼ Rþ R0ð Þexp ð� Rþ R0ð ÞsPÞ
1þ Rþ R0ð ÞsNP

; (F4)

and the P-NP model,61,83

fP�NP Rð Þ ¼ Rþ R0ð Þexp ð� Rþ R0ð ÞsPÞ
1þ Rþ R0ð ÞsNP exp ð� Rþ R0ð ÞsPÞ

: (F5)

We have tested whether these theoretical models can be used
empirically to fit the measured nonlinearity data. We found that all
hybrid-model fits converge to either the paralyzable or non-
paralyzable case. Figure 12 shows both of these response models
applied to the measured nonlinearity of all detectors. A complete
list of the measured parameters and best-fit parameters is given in
Table III.

As in the main text, we evaluated v2 to demonstrate that inves-
tigated models significantly deviate from the measured nonlinearity.
In Table IV, we show the chi-squared per one degree of freedom,
v2=�, where � is the number of data points minus the number of fit-
ting parameters.

Both the v2 values and the plots in Fig. 12 show that the para-
lyzable and hybrid models do not offer a better explanation of the
data nor can they satisfactorily match the trend in the middle of the
graphs of SPAD-1–3, where all nonlinearities seem to be systemati-
cally lower.

3. Afterpulsing

Actively quenched SPADs exhibit afterpulsing and twilight
pulsing that affect the mean detection rate.38 Both effects can be
evaluated numerically,84 or—if we neglect the temporal distribution
of afterpulses—an approximate rate formula can be used,38

fAPðRÞ ¼
1

ðRþ R0Þ
� a

� 	
e�hnAPi þ sNP


 ��1
: (F6)

The new parameters are the mean number of afterpulses per
detection hnAPi, and the twilight-pulse proportionality constant a
that introduces rate dependence. As one would expect, when both
of these parameters are zero, formula (F6) is reduced to basic non-
paralyzable model (F1).

The key observation here is parameter degeneracy. In formula
(F6), the effect of afterpulsing can be substituted by adjusting the

dead time and dark count variables in (F1). If we put the model
parameters in square brackets, the equivalence can be expressed as

fAP Rð Þ R0;sNP;hnAPi;a½ �� fNP R=e�hnAPi
� �

R0=e�hnAPi;sNP�ae�hnAPi
� 


:

(F7)

Let us now substitute both rate models into nonlinearity (1),
assuming balanced splitting Rdet

A ¼ Rdet
B and the parameter equiva-

lence (F7),

D ¼ 2Rdet
A

Rdet
AB

� 1 ¼
2f 1

2 f
�1ðRdet

ABÞ
h i

Rdet
AB

� 1: (F8)

One finds that DAP � DNP, which follows from the equivalence (F7)
and the scaling of R by a linear factor there. The principle is that
both f �1AP and f �1NP yield incident rates that differ by the same linear
factor, and their ratio does not change upon the multiplication by
1/2. A subsequent application of f, therefore, gives identical rates for
both models. As a result, all fitted models are identical and yield the
same v2 either with or without afterpulsing.

A further consideration would be a more complex afterpulsing
model that considers the temporal distribution of afterpulses.38 This
model is based on computationally demanding Monte Carlo simu-
lations and is, therefore, unsuitable for least squares fitting.
However, the difference between this full model Dfull and simple
model (F6) can be evaluated for an example case. In Fig. 13, the dif-
ference is shown for SPAD-1 based on the afterpulsing data mea-
sured in Ref. 38. Note that we have already established the
equivalency of (F1) and (F6), so we can conclude that the full model
introduces a very small correction to the basic model that we used
to fit the data.

4. Discussion of the models

An example case of an actively quenched SPAD, represented
by SPAD-1, shows that an afterpulsing correction to our nonlinear-
ity model would yield a relative difference of 	0:1% in D. A slightly
simplified afterpulsing correction that can be used for data fitting
yields no difference from the basic model. For this reason, we can

TABLE IV. Evaluated v2=� values of the fitted theoretical response models for
tested SPADs.

v2=� sNP model sP model

SPAD-1 250 27 000
SPAD-2 12 8.4
SPAD-3 40 31
SPAD-P 9:8� 104 1:1� 106

FIG. 13. The full afterpulsing model is compared to simple model (F6) and, thus, to
an equivalent basic model (F1) using (F7). The difference is shown for SPAD-1. It
corresponds to a relative change of the fits depicted in Fig. 12 if a full afterpulsing
correction was made.

Applied Physics Reviews ARTICLE scitation.org/journal/are

Appl. Phys. Rev. 10, 011412 (2023); doi: 10.1063/5.0106987 10, 011412-13

Published under an exclusive license by AIP Publishing

https://scitation.org/journal/are


conclude that afterpulses do not play a role in fitting the nonlinear-
ity data of actively quenched SPADs.

The other detectors exhibit a much more complex behavior.
Passively quenched SPADs exhibit paralyzable dead time, but also a
rising efficiency curve after each detection,85 which makes the
model too complex to be parameterized by a few measurable
quantities.

SNSPDs show no afterpulsing, but, to our knowledge, their
(non-)paralyzability has not been confirmed. Additionally, both
SNSPDs and passively quenched SPADs exhibit changing efficiency
after each detection, an effect that is both non-negligible and com-
plex. In the case of SNSPDs, the single-photon and two-photon effi-
ciencies also depend on the bias current. For these reasons, no
standard rate model has been formulated that would be sufficiently
accurate.

Upon exploration of certain empirical models combining non-
paralyzable and paralyzable dead time, we found that none of them
offer a significant advantage over the basic non-paralyzable model.
SPAD-1–3 are non-paralyzable. SPAD-2 and SPAD-3 are better fit-
ted with the paralyzable model, but the difference is very small, as
can be seen from Fig. 12. SPAD-P is significantly better fitted by the
non-paralyzable model. Consequently, we use single model (F1) for
all SPADs in the manuscript.

5. Ad hoc hypothesis

The most significant supralinearity (D < 0) among SPADs is
exhibited by SPAD-3. Here, we use an ad hoc model to fit the data
and assess the feasibility of various factors as possible explanations
of the supralinearity.

The data can be fit with a modified version of formula (F1),

f ðUÞ ¼ 1

ða0 þ a1Uþ a2ðU=U1ÞbÞ�1 þ s
; (F9)

where the term a0 corresponds to a constant dark count rate, a1 cor-
responds to a constant detection efficiency, and U is the incident
photon flux. The last term (with b¼ 1.004 and R1 ¼ 106 cps) is
empirical and can be attributed to either of these parameters as a
hypothetical rate-dependent term.

Figure 14 depicts the hypothesis (a), and the corresponding
dependence of dark counts (b) and efficiency (c) that would be
required to match the hypothesis. The dark count rate dependence
is arbitrary up to a linear factor aU, but we can calculate the abso-
lute minimum dark count rate directly from the data [green points
in Fig. 14(b)].

Dependence on the dark count rate was ruled out by an inde-
pendent pulsed measurement, where the count rate can be inferred
from detections registered outside the pulse window. The dark
count rate was found to be below 30 cps for a signal of 105 cps mean
detection rate, whereas the nonlinearity data would require at least
R0ð105 cpsÞ > 1000 cps. This means that rate-dependent dark count
rate is not the cause behind the supralinearity of SPAD-3.

If we attribute the supralinearity to rate-dependent effi-
ciency, we are left with relative changes depicted in Fig. 14(c).
While efficiency decreasing with rate has recently been reported
in Ref. 65 for InGaAs SPADs subjected to pulsed signals, here the
efficiency would need to increase. For a SPAD, the efficiency

increases with bias voltage, which should be fixed in its steady
state by a DC voltage supply. However, we need to rule out any
temporal dependence of the bias voltage, which is addressed in
Subsection 6 of Appendix F.

6. Efficiency settling

A possible explanation for the supra-linear response of a
SPAD would be time-dependent efficiency after each detection.
When an actively quenched detector resets, the overall response
may fluctuate.57 In order for a detector to exhibit supra-linearity,
the dominant effect would have to include decreasing efficiency
over time after each detection. The slope of this decrease needs to
be significant on time scales close to inverse mean count rates
where supra-linearity occurs (�10–100 ls). This could, in princi-
ple, be caused by a settling bias voltage, which affects detection
efficiency.

In an attempt to roughly estimate the necessary magnitude of
such an effect, we modeled the efficiency with an exponential. The
results are shown in Fig. 15. To achieve supralinearity roughly simi-
lar to the data observed on SPAD-3, the relative decrease in effi-
ciency would have to be 2.5% over more than 0.1ms. However, as
the quenching electronics operate on a GHz timescale, such a slow
and significant effect is extremely unlikely.

FIG. 14. Depiction of the hypothetical rate dependencies of dark counts and detec-
tion efficiency that would be necessary to account for the suprealinearity of SPAD-3
in the highlighted region. (a) depiction of an ad hoc model; followed by respective
attribution of the extra empirical term to dark counts (b) and efficiency (c). The
points in (b) represent the minimal values calculated from the data points.
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This effect can be ruled out based on interarrival histograms of
detections under continuous illumination. For constant efficiency,
interarrival times follow an exponential distribution, save for dead
time (here 57 ns) and afterpulsing effects that take place on time
scales <10 ls. For time-dependent efficiency, the interarrival time
Dt is distributed with the probability density,

pðDtÞ 	 RgðDtÞ exp �R
ðDt

0
gðt0Þdt0

 !
; (F10)

where R is the incident rate and g is a relative term describing the
changes in detection efficiency. Interarrival histograms then sample
this distribution.

Let us assume the hypothesis shown in Fig. 15 that
gðDtÞ ¼ 1þ 0:025 exp ð�15Dt �ms�1Þ. Then, for Dt � 0:2 ms,
gðDtÞ 	 1 and the distribution will scale as an exponential—
pðDtÞ / exp ð�RDtÞ—which is the same scaling as for constant
efficiency. On shorter timescale, Dt � 0:2 ms, the distribution will
be more complex.

Data in Fig. 16 show the measured interarrival histograms rel-
ative to the two models—constant and settling efficiency. Because
the difference is small, the histogram values pmeasðDtÞ are divided
by the expected values pðDtÞ to visually distinguish the two cases
more clearly. A horizontal trend means that the scaling corresponds
to the expectation up to a constant proportionality factor. It can be
seen that the data follow a negative exponential for constant effi-
ciency, whereas the comparison to settling efficiency does not result

in a horizontal data trend for Dt < 0:2 ms. This provides good evi-
dence that the efficiency settling effect is not the reason for suprali-
nearity of SPAD-3.

7. Suprealinearity summary

Here, we summarize the factors that we rule out as causes of
supralinearity, as demonstrated on SPAD-3.

a. Dead time

Hybrid dead time models do not satisfactorily fit the data. The
non-paralyzable nature of dead time (more strictly, recovery time)
is directly measurable and has been observed to slightly increase
with the count rate,38 which actually works against supralinearity.
To match the data, dead time values would have to reach unphysi-
cal negative values.

b. Dark counts

Dark counts are known to fluctuate,64 but for nonlinearity, sys-
tematic dependence of the mean dark count rate on the incident
rate is needed. This dependence would need to span orders of mag-
nitude, which was ruled out by a pulsed measurement.

c. Efficiency

Detection efficiency depends on the SPAD bias voltage, which
is held constant by an active quenching circuit. There could be, in
theory, a temporal dependence after each detection. However, the
settling effect necessary to explain supralinearity between 104 and
105 cps would have to be both significant and low-frequency, which
was ruled out by time-resolved measurements.

d. Afterpulsing

The probability of an afterpulse has a constant and linear con-
tribution for CW signals.37,38 This was shown to have no effect on
nonlinearity, and the effect of the afterpulse temporal distribution is
negligible, as we demonstrated.

FIG. 15. Estimation of the necessary magnitude of the efficiency settling effect. If
the detection efficiency g settled as depicted in the top graph, the measured supra-
linearity could be approximately achieved.

FIG. 16. Scaling of interarrival times for CW illumination at 10 kcps for SPAD-3.
The data are taken relative to expected histogram values for constant efficiency
and settling efficiency as depicted in Fig. 15. One point corresponds to a 1 ls win-
dow. The peak near zero is due to afterpulsing. The model of constant efficiency
shows a consistent ratio of its expected values relative to the data, as opposed to
settling efficiency, where the scaling is different below Dt < 0:2 ms.
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The above considerations are based on current knowledge of
SPAD operation, and none of them offer an explanation for the
supralinearity that we observed.

APPENDIX G: STATISTICAL METHODS

This section elaborates on the statistical methods used to ana-
lyze and fit the SPAD data.

Due to the integration time T¼ 20 s, all the measured numbers
of counts are RdetT > 300, which is sufficient for the normal
approximation of the Poisson distribution. We, therefore, assume
that all acquired count rates are normally distributed Nðh; r2Þ with
variance r2 (C5) as a function of a mean-value parameter h,

Rdet � N h; ð1� hsNPÞ2h=T
� �

: (G1)

We also assume that nonlinearity D, as a function of these rates, is
also normally distributed, which requires the standard deviations to
be small enough with respect to the mean values. The estimation of
D is then carried out based on N¼ 30 samples. Due to the normal-
ity of the data, a least squares fit of the model can be performed
(Fig. 12).

However, when applying the correction (F2) on the data, the
normality of D ceases to hold. This happens when the detection rate
approaches the background rate, as then the corrected value fluctu-
ates significantly compared to the mean value. For such low rates,
dead time correction can be neglected and Rcorr 	 Rdet � R0,

Rcorr � N R; ðRþ R0Þ=Tð Þ for R� 1=sNP; (G2)

where R denotes the incident rate. Due to Poissonian fluctuations of
the dark counts, the corrected values can also end up negative. The
probability density of

Dcorr ¼ Rcorr
A þ Rcorr

B

Rcorr
AB

� 1 (G3)

can be computed from (G2) by using the probability-density
transformations,

p Z¼XþYð ÞðzÞ ¼
ð1
�1

pXðtÞpYðz � tÞdt; (G4)

p Z¼X=Yð ÞðzÞ ¼
ð1
�1

pXðztÞpYðtÞjtjdt: (G5)

For R! 0, the distribution of Dcorr tends toward the Lorentz
distribution with undefined variance, so that one cannot employ the
central limit theorem to arrive at estimations of N-sample averages.
As per (G4), the probability density of

PN
i¼1 Dcorr

i is computed
numerically by ðN � 1Þ successive convolutions. This allows plot-
ting the mean value and confidence intervals shown in Fig. 11, as
well as evaluating the Kolmogorov–Smirnov statistic.

For R
 0, the distribution of Dcorr can be regarded as normal,
with its standard deviation obtained by locally linear propagation of
(G1). However, as we are concerned with small values of D, we
need to account for a bias in the mean value.

We note that all the measured rates in (G3) are independent,
and the scheme is balanced, hRcorr

A i ¼ hRcorr
B i, and so

hDcorri ¼ 2hRcorr
A i

�
1

Rcorr
AB

�
� 1: (G6)

We employ the function (F2), where Rdet
i is a normal-distributed

variable described by (G1). The mean values hi for i¼A, AB are
given by the function (F1), and the incident rate is R for i ¼ AB and
R=2 for i¼A. The main source of the bias is nonlinear dependence
of the averaging terms on the random variables. We expand the
averaging terms in a Taylor series,

f ðRdet
i Þ 	

X2
n¼0

@nf

@ðRdet
i Þ

n

 !
ðhiÞ
ðRdet

i � hiÞn

n!
; (G7)

where it is sufficient to stop at the quadratic term. Averaging over
Rdet
i � Nðhi;r2

i Þ yields non-zero only for even n ¼ 2k,

�
ðRdet

i � hiÞ2k

ð2kÞ!

�
¼

r2
i =2

� �k
k!

: (G8)

We can also safely assume a short dead time and low back-
ground—s� T and sR0 � 1. This all results in

hDcorri 	 Rþ R0

TR2
; (G9)

which holds well for R�R0.
The above methods allow us to establish the probability distribu-

tion of �D
corr ¼ 1

N

PN
i¼1 Dcorr

i for the whole range of incident rates R.
Then, one way of testing the validity of the data is the confidence inter-
val of �D

corr
. A second test evaluates whether the samples Dcorr conform

to the expected distribution. However, due to non-normality, it would
be difficult to evaluate measures based on multivariate probability den-
sity akin to v2. Instead, we compare cumulative distributions.

The Kolmogorov–Smirnov statistic DN is defined as the maxi-
mum difference between the empirical and theoretical cumulative
distributions. For a certain Rdet

AB, let the number of samples of Dcorr

lower than D be nðDÞ. Then, the empirical cumulative distribution
is SNðDÞ ¼ nðDÞ=N with SN 2 ½0; 1�. Let the theoretical cumulative
distribution be SðDÞ ¼ Pr½Dcorr < D�. We compare them by defin-
ing the statistic

DN :¼ sup
D
jSNðDÞ � SðDÞj: (G10)

Then, for many samples, as N !1, the quantity (
ffiffiffiffi
N
p

DN ) follows
a known distribution assuming SðDÞ holds.86 This quantity can,
therefore, be evaluated for each set of N measurements, as depicted
in Fig. 11. The p-value is then the probability Pr½DN > Dmeas

N �,
which tests the null hypothesis that the data conform to the theoret-
ical model.
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We report a measurement workflow free of systematic errors consisting of a reconfigurable photon-
number-resolving detector, custom electronic circuitry, and faithful data-processing algorithm. We achieve
an unprecedented accurate measurement of various photon-number distributions going beyond the number
of detection channels with an average fidelity of 0.998, where the error is primarily caused by the sources
themselves. Mean numbers of photons cover values up to 20 and faithful autocorrelation measurements
range from gð2Þ ¼ 6 × 10−3 to 2. We successfully detect chaotic, classical, nonclassical, non-Gaussian, and
negative-Wigner-function light. Our results open new paths for optical technologies by providing full
access to the photon-number information without the necessity of detector tomography.
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The probability distribution of the number of photons in
an optical mode carries a great deal of information about
physical processes that generate or transform the optical
signal. Along with modal structure and coherence, the
statistics provides a full description of light. Precise
characterization of photon statistics is a crucial requirement
for many applications in the field of photonic quantum
technology [1], such as quantum metrology [2,3], non-
classical light preparation [4,5], quantum secure commu-
nication [6], and photonic quantum simulations [7,8].
Measurement of statistical properties and nonclassical
features of light also represents enabling technology for
many emerging biomedical imaging and particle-tracking
techniques [9–11]. Statistical correlations are routinely
applied to quantify the nonclassicality of light [12,13].
Obtaining photon statistics requires repeated measurements
using a photon-number-resolving detector (PNRD). The
important parameters of PNRDs are dynamic range, speed,
and accuracy.
The main result of our Letter is a photon-statistics

retrieval method based on expectation-maximization
entropy and implemented in a PNRD design that is virtually
free of systematic errors. Our results show unprecedented
accuracy across dozens of tested optical signals, ranging
from a highly sub-Poissonian single-photon state to super-
Poissonian thermal light with non-negligible multiphoton
content up to n ¼ 30. The accuracy is achieved despite
leaving all systematic errors uncorrected and operating with
raw data. The proposed method also provides faithful gð2Þ
values [14] for states, where the commonly used Hanbury
Brown–Twiss measurement would fail due to high multi-
photon content [15].
We demonstrate the accuracy of the reported PNRD by

performing photon-statistics measurements for many dif-
ferent states of light, from which 25 states are shown in
Fig. 1, covering various mean photon numbers and gð2Þ

values. Furthermore, the reconfigurability of the presented
PNRD also allows for direct measurement of correlation
functions and nonclassicality witnesses [5,16].
Contemporary PNRD technologies all rely on multi-

plexing with the exception of transition-edge detectors
[4,17] that require temperatures below 100 mK, offer rates
of 10–100 kHz, and suffer from range-versus-cross-
talk compromise. Photon-number resolution using a single

FIG. 1. The autocorrelation gð2Þ evaluated from the measured
photon statistics (solid marker) and the corresponding ideal
statistics (empty marker) of various optical signals with mean
photon number hni [14]. Shown are the coherent states with
gð2Þ ¼ 1 (blue triangle up), thermal states (also termed chaotic
light) with gð2Þ ¼ 2 (red circle), Mth-mode thermal states with
Mth ¼ 1, 2, 4, 10 (violet triangle down), andm-photon-subtracted
thermal states for m ¼ 0, 1, 2, 3 (black circle). The cases of
Mth ¼ 1 and m ¼ 0 coincide with the thermal state. Furthermore,
the emission from a cluster ofNp single-photon emitters is shown
for Np ¼ 1,…,9 with gð2Þ ¼ 1 − 1=Np.
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superconducting nanowire single-photon detector is also
possible, but suffers from significant cross talk [18].
The multiplexing approach is based on dividing an input

optical signal into multiple on-off detectors [19,20]. Many
schemes of temporal and spatial multiplexing have been
reported using bulk on-off detectors [21–25], integrated on-
off pixels [26–31], or even a few photon-number-resolving
detectors [4,32]. Though being economical in respect to the
number of on-off detectors employed, the temporal multi-
plexed scheme trades off a decrease of the detector speed
for an increase in a number of the detection channels.
Decreasing the losses and the balancing of temporal
multiplexors require a great deal of optimization [33] or
even active signal switching [25]. On the other hand,
multiple-pixel PNRDs typically suffer from strong cross
talk effects, which demands an extensive characterization
of the detector [34] and advanced numerical postprocessing
to correct for the imperfections [28,30]. Also, the multi-
pixel detectors offer very limited reconfigurability and
complicate channel balancing. Recent on-chip integration
of independent on-off cryogenic detectors represents a
promising direction [29,31,35], which has yet to be tested
for various classical and, particularly, nonclassical sources.
The reported photon-number-resolving detector is based

on spatial multiplexing of the input photonic signal by a
reconfigurable optical network as depicted in Fig. 2(a). The
multiport network consists of cascaded tunable beam
splitters composed of a half-wave plate (HWP) and a
polarizing beam splitter (PBS), which allow for accurate
balancing of the output ports or, if needed, changing their
number so there is no need to physically add or remove
detectors. The whole network works as a one-to-M splitter
balanced with the absolute error below 0.3%. To measure
the multiplexed signal, we use single-photon avalanche

photodiodes (SPADs) with efficiency close to 70%, 250 ps
timing jitter, and 25 ns recovery time. The electronic outputs
of the SPADs are summed by a custom coincidence logic
while keeping the individual channels synchronized.
Alternatively, the output can be visualized using an oscillo-
scope, see Fig. 2(a). Each of the resulting M þ 1 distinct
voltage levels corresponds to the particular number ofm-fold
coincidences. Repeated measurements give rise to click
statistics. Full technical details are given in the
Supplemental Material [36], including a discussion of
processing electronic signals from single-photon detectors.
It is important to stress here that the PNRD operates in

real time and yields a result for every single input pulse
with a latency (input-output delay) lower than 30 ns,
including the response of the SPADs, which also allows its
application as a communication receiver, quantum dis-
crimination device, or for a feedback operation. The use of
independent detectors and well-balanced coincidence cir-
cuitry completely removes any cross talk between the
histogram channels, see Fig. 2(a). The effects of dark
counts and afterpulses are virtually eliminated by operat-
ing the detector in the pulse regime with the repetition rate
below 5 MHz. The period between individual measure-
ment runs can be ultimately decreased to be only slightly
longer than the recovery time of the constituent single-
photon detectors, provided that afterpulsing is low enough.
Furthermore, differences in SPAD efficiencies and other
optical imperfections or imbalances of the PNRD can be
arbitrarily compensated by adjusting the splitting ratios of
the optical network. The result is a balanced multiplex with
an overall efficiency η. This means that all systematic
errors are eliminated either by design or by a sufficiently
precise adjustment, independent of constituent detectors
employed.

(a) (b) (c)

(d) (e)

FIG. 2. (a) Experimental setup of the PNRD based on a discrete optical network with full reconfigurability and continuous tunability
of splitting ratios, pulse-height spectrum of the analog output of the detector, and scheme of photon-statistics retrieval. Measured (blue
bars) and the corresponding theoretical photon statistics (green dots) for (b) thermal state with hni ¼ 4.93ð4Þ, (c) two-photon-subtracted
thermal state, (d) single-photon, and (e) heralded nine-photon state that emulates emission from a cluster of single-photon emitters.
(Inset) Wigner function evaluated from the measured statistics. Note that the data agree with theory even beyond the number of channels
of the PNRD (ten).
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For a balanced M-channel PNRD with efficiency η, the
probability of m channels clicking upon the arrival of n
photons is

Cmn ¼
�
M

m

�Xm
j¼0

ð−1Þj
�
m

j

��
ð1 − ηÞ þ ðm − jÞη

M

�
n
:

ð1Þ

The click statistics cm is then determined by the photon
statistics pn [19,20,23],

cm ¼
X
n

Cmnpn: ð2Þ

Finding the photon statistics pn, n ¼ 0;…;∞, that
satisfies the system of equations (2) for a measured click
statistics cm, m ¼ 0;…;M, represents the core problem of
photon-statistics retrieval. This generally ill-posed problem
suffers from underdetermination and sampling error.
Fortunately, we have additional constraints facilitating
the retrieval; i.e., the photon-number probabilities are
non-negative, normalized, and typically non-negligible
only within a finite range.
Here we present a novel approach, termed the expect-

ation-maximization-entropy (EME) method, based on an
expectation-maximization iterative algorithm weakly regu-
larized by a maximum-entropy principle. The initial zeroth
iteration is uniform; pð0Þ

n ¼ 1=ðnmax þ 1Þ for sufficiently
large nmax ≫ hni. Each subsequent iteration is

pðkþ1Þ
n ¼ ΠðkÞ

n pðkÞ
n − λðlnpðkÞ

n − SðkÞÞpðkÞ
n ; ð3Þ

ΠðkÞ
n ¼

XM
m¼0

cm

ðPjCmjp
ðkÞ
j Þ

Cmn; SðkÞ ¼
Xnmax

n¼0

pðkÞ
n lnpðkÞ

n :

ð4Þ

Here the superscript (k) denotes the k th iteration. Each

iteration is evaluated for n ¼ 1;…; nmax. The ΠðkÞ
n is a

function of the measured click statistics cm and the
efficiency η determined by a separate measurement. SðkÞ
is a negative von Neumann entropy. The parameter λ scales
the entropy regularization relative to the likelihood maxi-
mization; we use a fixed value of 10−3 for all the photon
statistics. The process is stopped when two subsequent
iterations are practically identical. The retrieved statistics
does not change for different initial iterations. The deriva-
tion of the algorithm is given in the Supplemental
Material [36].
To show the accuracy and the robustness of the novel

EME method, a numerical analysis was performed for 25
various photon statistics with different mean photon
numbers. We compared the EME method with other
frequently used algorithms—direct inversion and the

expectation-maximization (EM) method based on likeli-
hood maximization. EME was found to be a unique
estimator that guarantees non-negativity and the absence
of numerical artifacts in the retrieved photon statistics.
Total variation distance Δ ¼ P

n jpn − ptrue
n j=2 between

the retrieved distribution and the true one is on the order of
∼10−3, one order of magnitude smaller than in the case of
direct inversion and maximum-likelihood approaches.
Numerical simulations yield average fidelity values F̄ ¼
0.9996 using the EME algorithm and F̄ ¼ 0.997 using the
maximum-likelihood approach. The fidelity, defined as
F ¼ ðPnmax

n¼0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
pnptrue

n

p
Þ2, cannot be evaluated for direct

inversion due to negative values of estimated photon
statistics.
In Fig. 3, we show by numerical simulation that the

results of the EME algorithm approach the respective
theoretical expectations as more data are acquired. This
means that, despite a limited number of channels M ¼ 10,
the chief source of error is the sampling error. We also
verified that Δ stays the same if both the mean number of
photons and the number of channels are doubled.
Therefore, EME scales well to high photon numbers
considering limited experimental resources. The precision
of the photon-statistics retrieval can be further increased by
optimizing over multiple parameters, such asM, λ, nmax, or
iteration cutoff. Eventually, Δ becomes limited by machine
precision and computation time. The analysis of the
complex interaction of these parameters will be the subject
of further research. We also found that the EME conver-
gence is 10–1000× faster than the plain EM approach (see

FIG. 3. A numerical analysis of EME total variation distance Δ.
With more measurement runs R, the statistical error in the data is
lower and the EME result approaches the true photon statistics
despite the limited number of channels M ¼ 10. Here shown are
coherent state with hni ¼ 10 (blue triangle up), thermal state with
hni¼5 (red circle),Np-photon cluster withNp¼1 (green square),
and Np ¼ 9 (green rhombus) for a single value of λ ¼ 10−3. The

gray area illustrates the observed scaling (0.25=
ffiffiffiffi
R

p
–14=

ffiffiffiffi
R

p
.)
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the Supplemental Material [36]), while yielding signifi-
cantly better results.
In our experimental demonstration, we used a balanced

ten-channel configuration of the detector. We analyzed
coherent states, thermal states, multimode thermal states,
single-photon and multiple-photon-subtracted thermal
states, and nonclassical multiphoton states. Furthermore,
we have varied the mean number of photons, the number of
modes, and the number of subtracted or superimposed
photons. For each retrieved photon statistics we computed
hni, gð2Þ, and other quantities presented in detail in the
Supplemental Material [36].
The measurements were performed using 1-ns-long

optical pulses with the repetition rate of 2 MHz. We
prepared the initial coherent signal by using a gain-
switched laser diode at 810 nm. The resulting coherent
pulses measured by the PNRD show almost perfect
Poissonian statistics with gð2Þ ¼ 1 up to hni ¼ 20 with
average fidelity F̄ ¼ 0.996 and total variation distance
Δ̄ ¼ 24 × 10−3. The thermal state is generated by temporal
intensity modulation of the initial coherent light by a
rotating ground glass. The scattered light is collected using
a single-mode optical fiber. We measured almost ideal
Bose-Einstein photon statistics depicted in Fig. 2(b) with
gð2Þ ¼ 2 up to hni ¼ 5, hΔn2i ¼ 30 with F̄ ¼ 0.997 and
Δ̄ ¼ 24 × 10−3. We varied the number of the collected
thermal modes, which yielded a signal governed by
Mandel-Rice statistics, going from Bose-Einstein to
Poisson distribution as the number of modes increased.
Multiple-photon subtraction from the thermal state was
implemented using a beam splitter with a 5% reflectance.
When a (multi)coincidence was detected by a multichannel
single-photon detector in the reflected port, the heralded
optical signal in the transmitted port was analyzed by the
reported PNRD. A typical result of two-photon subtraction
is shown in Fig. 2(c). Increasing the number of subtracted
photons results in a transition from super-Poissonian
chaotic light to a Poissonian signal [90,91]. Furthermore,
we generated multiphoton states by mixing incoherently
several single-photon states from spontaneous parametric
down-conversion using time multiplexing. Np successive
time windows, where a single photon was heralded, were
merged into a single temporal detection mode. This source

emulates the collective emission from identical indepen-
dent single emitters [5,9,11]. The resulting photon statistics
measured for these highly nonclassical multiphoton states
corresponds extremely well to the ideal attenuated Np-
photon states, see Figs. 2(d) and 2(e) forNp ¼ 1 and 9 with
F̄ ¼ 0.999 and Δ̄ ¼ 3 × 10−3. Also the gð2Þ parameter
computed from the measured photon statistics perfectly
agrees with the theoretical model 1 − 1=Np, see Fig. 1.
We utilize fidelity and total variation distance to compare

the measured distribution with the ideal one. The worst
and the best fidelities F ¼ 0.985 and 0.9999 are reached
across all the tested sources with average fidelity being
F̄ ¼ 0.998. The average distance is Δ̄ ¼ 17 × 10−3 for all
the tested sources. For detailed data and comparison to
plain EM, see Table I and the Supplemental Material [36].
The errors of EME are caused by slight imbalances of
splitting ratios in the PNRD, variations in PNRD efficiency
η, and imperfections of the tested sources, which renders
the actual accuracy of the PNRD even higher. Particularly,
accurate preparation and characterization of thermal and
superchaotic states are highly nontrivial tasks subject to
ongoing research [13,92–94].
To conclude, we have reported a fully reconfigurable

near-ideal photon-number-resolving detection scheme with
custom electronic processing and a novel EME photon-
statistics retrieval method. The PNRD design is free of
systematic errors, which are either negligible or can be
arbitrarily decreased by the user. We have demonstrated
exceptional accuracy of detected photon statistics that goes
beyond the conventional limit of the number of PNRD
channels. We measured dozens of various photonic sources
ranging from highly nonclassical quantum states of light to
chaotic optical signals. The results were obtained from raw
data with no other processing than EME and without any
demanding detector characterization. Despite uncorrected
systematic errors and significant variability of the input
signal, our approach shows superior fidelity across the
board with typical values exceeding 99.8% for mean
photon numbers up to 20 and the gð2Þ parameter reaching
down to a fraction of a percent. Though having been
demonstrated with common single-photon avalanche diodes,
the reported measurement workflow is independent of the
detection technology and can accommodate any on-off

TABLE I. The comparison of EM and EME results for the measured data. Coherent state hni ¼ 4.95ð2Þ, thermal state hni ¼ 4.93ð4Þ,
two-photon-subtracted thermal state hni ¼ 5.77ð2Þ, single-photon state Np ¼ 1, and nine-photon cluster Np ¼ 9. Both fidelity F and
total variation distanceΔ are shown. Standard deviations are evaluated by repeating the measurement and data processing ten times. The
large distances observed for EM stem from overfitting the ill-posed problem. This is discussed in the Supplemental Material [36].

Coherent Thermal Two-photon-subtracted thermal Single photon Nine-photon cluster

EM EME EM EME EM EME EM EME EM EME

F 0.6(1) 0.9984(9) 0.69(2) 0.9978(5) 0.90(1) 0.9990(4) 0.993 94(2) 0.999 12(1) 0.5467(2) 0.999 30(2)
Δ 0.50(9) 0.002(9) 0.35(1) 0.033(3) 0.21(1) 0.019(6) 0.074 24(1) 0.000 88(1) 0.1752(5) 0.004 07(1)
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detectors. Furthermore, the multichannel scheme allows for
straightforward on-chip integration. Therefore, further
improvements in speed, efficiency, and compactness can
be expected using superconducting single-photon detectors
[26,29,31] coupled with waveguide technology [95–97].
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The increasing complexity of recent photonic experiments challenges the development of efficient mul-
tichannel coincidence counting systems with high-level functionality. Here, we report a coincidence unit
able to count detection events ranging from single to 16-fold coincidences with full channel-number
resolution. The device operates within sub-100-ps coincidence time windows, with a maximum input
frequency of 1.5 GHz and an overall jitter of less than 10 ps. The unit high-level timing performance ren-
ders it suitable for quantum photonic experiments employing low-timing-jitter single-photon detectors.
Additionally, the unit can be used in complex photonic systems to drive feed-forward loops. We demon-
strate the developed coincidence counting unit in photon-number-resolving detection to directly quantify
the statistical properties of light, specifically coherent and thermal states, with a fidelity exceeding 0.999
up to 60 photons.

DOI: 10.1103/PhysRevApplied.21.024023

I. INTRODUCTION

A coincidence counting unit (CCU) is an essential tool
widely employed in all applications requiring the detec-
tion of a large number of photons (or other particles)
and processing of the detected signals. Modern quantum
experiments employ increasingly complex systems with
a growing number of input and output channels [1–3].
These large-scale photonics systems hinge on the ability
to generate, control, and analyze the multiphoton quantum
states [1,4–6] frequently used in quantum communica-
tions [7,8], quantum computation, and simulations [9].
Particularly, complex coincidence processing has become
an integral part of measuring unknown optical states by
photon-number-resolving detectors based on multiplexing
[10–12]. Detected statistical properties of light are rou-
tinely applied to quantify nonclassicality and quantum
non-Gaussianity [13–17]. Furthermore, the advanced func-
tionality of these devices is of considerable interest in
on-the-fly multifold coincidence analysis to control large-
scale quantum systems via feed-forward operation and
photon-number-resolving postselection [18,19].

Conventional approaches to detect coincidences are
(1) time-to-amplitude converter (TAC) together with a
single- or multichannel analyzer, (2) time-to-digital con-
verter (TDC) followed by postprocessing, and (3) over-
lap logic coincidence systems realized with discrete

*hlousek@optics.upol.cz
†jezek@optics.upol.cz

components or using a field-programmable gate array
(FPGA). TACs and TDCs both typically offer tens-of-
picosecond resolution. TACs are not easily scaled up for
multicoincidence systems and possess a considerable dead
time limiting rate throughput to tens of thousands of events
per second [20,21]. TDC-based solutions stream time tags
to a computer for further processing. Therefore, a large
amount of data are processed offline. Alternatively, TDCs
are combined with an FPGA for subsequent processing
[22]. Pulse overlap coincidence systems use fast logic
gates and multiplexers to capture detection events and
detect coincidences [21]. Coincidence counting and his-
togramming could be programmed into a microcontroller
[23] or FPGA [24]. Functional blocks such as internal
delay lines, coincidence counters, and a processor can all
be integrated within a single FPGA chip [25–28]. Lately,
multichannel TDC-based coincidence counter architecture
in the same FPGA chip was introduced [29].

In this paper, we report an ultrafast electronic multichan-
nel CCU, producing a histogram of all possible coinci-
dence events for up to 16 constituent detectors. The device
performs a real-time classification of all possible detection
events in a 216-element histogram with a rate of up to 3
million events per second. We have conducted a compre-
hensive characterization of the presented CCU, revealing
excellent performance parameters, including a sub-100-
ps coincidence window, sub-10-ps jitter, and an ultralow
coincidence error probability. Furthermore, we demon-
strate the CCU versatility by implementing a multiphoton
counting experiment to fully characterize the statistical
properties of incident light.
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FIG. 1. (a) A block diagram of the CCU: the shapers prepare
square pulses; coincidences are evaluated as an overlap (&) of
the pulses and can be directly used or counted and sorted in
histograms by the microcontroller unit (MCU). (b) For photon-
number-resolved detection (PNRD), the CCU is connected to a
spatial-multiplexed optical network consisting of tunable beam
splitters and SPADs. The resulting coincidence histogram allows
for statistical analysis of the incident signal.

II. COINCIDENCE COUNTING UNIT

Figure 1(a) shows an overview of the CCU architecture
based on fast positive emitter-coupled logic (ECL) offering
high-resolution coincidence counting. The CCU consists
of input signal overlap logic and data processing unit. The
device accepts 16 data inputs and a single gate input and
yields the complete histogram of 216 multicoincidences of
the inputs within the gate signal. Each input channel con-
tains a shaping circuit with high-resolution programmable
delay lines to detect an input signal edge and provides
the output ECL pulse of a given width and delay. The
pulse width corresponds to half of the coincidence win-
dow, which can be tuned independently for each channel.
After the signal shaping, the signal and gate pulse enable
inputs of ECL latch circuitry. The latch records the overlap
of individual signal pulses and the gate signal and stores
information about coincidence events and single-channel
pulses. Data from the latch are transferred in the form
of bits. A detailed description of the pulse shaping and
processing is presented in Appendix A.

The outputs of the latch can be directly employed for
implementing real-time feed-forward control. For exam-
ple, one can switch between states of an electro-optic

modulator to modify the performance of the following
experimental setup. The maximum input frequency is lim-
ited to 1.5 GHz by the maximum operating frequency of
the delay lines. When a higher voltage is required to con-
trol the subsequent devices, it is necessary to utilize a
logic-level translator. In this work, we use a microcon-
troller unit for controlling and monitoring overlap logic
and data processing and storage. Consequently, an ECL-
CMOS translator is required, reducing the maximum input
frequency to 800 MHz.

The presented CCU allows the operation of two specific
regimes depending on the complexity of the measurement.
One can store the complete information about all possi-
ble coincidence events (216 = 65 536 kinds of coincidence
events in total), termed the full histogram regime. In the
second regime, the CCU counts only coincidences of the
same order without information about the channel number
(the reduced histogram regime). For our specific technical
solution, the maximum processing rate is about 3 million
events per second for the reduced histogram and 2 mil-
lion events for the full histogram. This rate can be further
enhanced by utilizing an FPGA.

Another purpose of the microcontroller unit is to con-
figure the delay lines in the shapers to synchronize the
input signals and set the length of the coincidence window.
It also enables self-calibration of the CCU and monitor-
ing of the operating temperature and other parameters.
The minimum coincidence window can be set below 100
ps, and the maximum coincidence window length can
reach 20 ns. The detailed electronic characterization of the
CCU is presented in Appendix B. A comparison with the
state-of-the-art approaches is given in Appendix C.

III. PHOTON STATISTICS MEASUREMENT OF
LARGE OPTICAL STATES

Numerous technological approaches have been devel-
oped and experimentally verified to achieve photon-
number resolution, falling into two categories: inher-
ent photon-number resolution (superconducting nanowire
single-photon detectors [30–32] or transition edge sen-
sors [33–38]) and multiplex and/or multipixel detection
schemes [10–17,39–51]. In our case, the multiplexed
detector consists of tunable beam splitters composed of
a half-wave plate and a polarizing beam splitter; see
Fig. 1(b). This beam-splitting approach allows accurate
adjustments of the splitting ratio with an absolute error
below 0.3%. Each channel is coupled to a multimode fiber
and brought to a single-photon avalanche diode (SPAD)
with efficiency ranging from 55% to 70% at 0.8 µm,
200–300 ps timing jitter, and 20–30 ns dead time. The
total detection efficiency η is defined as the ratio of the
total number of detected photons to the total number of
incident photons. Based on the measured transmittance
of the multiport optical network and SPAD efficiencies,
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we experimentally determined η as 50(1)%. Furthermore,
utilizing low-loss optics and superconducting nanowire
single-photon detectors [52] can enhance global efficiency
to over 85%.

As a light source, we use a gain-switched semiconductor
laser diode to generate a coherent nanosecond pulsed light
with a central wavelength of 0.8 µm. The laser diode is
driven by nanosecond electronic pulses at a repetition rate
of 1 MHz. We use the temporal intensity modulation of the
initial coherent light by rotating ground glass to generate
pseudothermal light with Bose-Einstein distribution [53].
The optical signal is collected by a single-mode fiber to
produce a single-mode thermal state.

We quantify the statistical properties of light, focusing
on coherent and thermal states, across a wide range of
mean photon numbers. These states of light are detected
by a ten-channel multiplexed detector and processed by the
CCU in the reduced histogram regime. The coincidence
window width is set to be significantly larger than both the
optical pulse width and the detector jitter. Due to nonunity
detection efficiency, noise, and a finite number of single-
photon detection channels, we observe the probability
distribution of the coincidence events (i.e., click statistics)
cm instead of the photon statistics pn. However, the click
statistics still carry information about the character of the
initial state of light. The parameter quantifying this phe-
nomenon is called the binomial parameter [11,54] defined
as Qb = 〈(�c)2〉

〈c〉
N

(
1− 〈c〉

N

) − 1, where 〈c〉 = ∑N
i=0 ici, 〈(�c)2〉 =

∑N
i=0(i − 〈c〉)2ci, and N stands for the number of detection

channels. States of light with a Poisson distribution result
in a binomial parameter of Qb = 0, whereas non-negative
values occur for super-Poissonian states (see Fig. 2). For
coherent states, we measure the binomial parameters that
vary between 1(5) × 10−4 and 1.0(5) × 10−3, with a mean
number of clicks 〈c〉 ranging from 0.005 to 5. The values
of the binomial parameter do not exactly match zero due to
the higher variance in the measured click statistics caused

FIG. 2. The binomial parameter Qb as a function of the mean
number of clicks 〈c〉. Shown are the coherent states (blue circles)
and thermal states (red pentagons); the solid line represents the
theoretical model for thermal state.
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FIG. 3. Retrieved (blue bars) and theoretical (green circles)
photon statistics of coherent state (a)–(c) and thermal state (d)–(f)
for several mean photon numbers: (a) 〈n〉CS = 0.02119(3), (b)
〈n〉CS = 2.144(3), (c) 〈n〉CS = 10.21(1), (d) 〈n〉TS = 0.00949(5),
(e) 〈n〉TS = 0.5113(4), and (f) 〈n〉TS = 8.41(3).

by excess noise in the light source. Measured thermal
states cover values of mean number of clicks 〈c〉 ranging
from 0.002 to 3 with Qb that encompasses the range from
5.1(7) × 10−3 to 2.060(1). All measured values exhibit
excellent agreement with the theoretical predictions.

In addition to directly measuring the click statistics, we
have also retrieved photon statistics. Here, we demon-
strate the faithful photon statistics reconstruction over
three orders of magnitude of the mean photon numbers
within a dynamic range of up to 60 photons (see Fig. 3).
Results show unprecedented agreement between theoret-
ical distributions (green circles) and observed data (blue
bars) down to probabilities of 10−8. It is important to
stress here that the photon statistics retrieval includes all
imperfections, such as slight imbalances of splitting ratios
in the photon-number-resolving detector and imperfect
light-state preparation. The fidelity of the retrieved photon

statistics, defined as F =
(∑nmax

n=0

√
pnp ideal

n

)2
, surpasses

0.999 for all measured states of light [see Fig. 4(a)]. In
fact, coherent states exhibit a fidelity exceeding 0.9997.
As the mean photon number increases, the retrieval pro-
cess degrades. This is a result of the increased probability
of higher Fock states within the analyzed state, leading to
a progressive divergence from the detector dynamic range.
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FIG. 4. Quantification of the retrieved photon statistics pn: (a)
fidelity F and (b) Mandel parameter Qm as a function of mean
photon number 〈n〉. Shown are the coherent states (blue circles)
and thermal states (red pentagons); the solid line represents the
theoretical model for thermal state.

The extent of measurement degradation by the reconstruc-
tion error naturally depends on the photon statistics of the
initial light state.

The presented measurement workflow is scalable with
the total number of detection channels. Increasing their
quantity can expand the detector dynamic range, enabling
the measurement of optical states with even higher intensi-
ties. Also, the presented reconfigurable detection network
allows for a decrease in the number of employed detectors
to measure specific characteristics of the source under test.
Specifically, this enables a direct evaluation of the anticor-
relation parameter α [55], nonclassicality [14,15,17,54],
and quantum non-Gaussianity [16,56].

With a knowledge of the photon statistics, we explore
the Mandel parameter [13,57,58], which is a convenient
way to characterize deviation from Poisson statistics. The
Mandel parameter is defined as the ratio of the second
and first moments of photon statistic distribution: Qm =
(〈(�n)2〉 − 〈n〉)/〈n〉. We calculate the Mandel parameter
of the retrieved photon statistics as a function of the mean
photon number of the initial state; see Fig. 4(b). We mea-
sure coherent states with Poisson statistics with the Mandel
parameter Qm ranging from 3(5) × 10−4 to 1.3(2) × 10−2

and the mean photon number reaching 〈n〉 = 19.84(2).
The ideal Poisson distribution with photon number vari-
ance 〈(�n)2〉 = 〈n〉 reaches the Mandel parameter Qm =
0. The measured data are influenced by excess noise, lead-
ing to a slight offset from the anticipated value of the
Mandel parameter. For generated pseudothermal states, we
obtain the Mandel parameter ranging from Qm = 0.012(2)

to 8.93(3) for 〈n〉 up to 8.410(3). The ideal chaotic thermal
light exhibits photon bunching, with the Mandel parameter

Qm equaling the mean photon number 〈n〉, as confirmed by
the data [see Fig. 4(b)].

IV. CONCLUSION

We designed and developed a high-performance CCU,
achieving low propagation delay, a well-defined adjustable
coincidence window, 10-ps overall jitter, and high-
precision multicoincidence counting. The CCU enables
storing the complete histograms of all possible coincidence
events (65 536 for 16 channels) with full channel reso-
lution or a reduced histogram carrying information only
about summarized n-fold coincidences. Alternatively, the
information about the coincidence events can be directly
used as an advanced trigger to control complex pho-
tonic systems. In terms of scalability, the CCU supports
extensions of the total number of input channels, eas-
ily exceeding 100. Advancements in coincidence count-
ing and processing to a mesoscopic scale offer ground-
breaking applications in quantum communications, simu-
lations, and boson sampling machines.

The presented CCU allows for a wide range of multiple-
detector experiments. We performed a photon-number
counting experiment employing single-photon detectors
to investigate the statistical properties of the initial light.
The results show unprecedented accuracy of photon statis-
tics measurement (F > 0.999) with a dynamic range of
photon-number resolution up to 60 photons. The presented
measurement process is independent of the number of
channels and can be scaled up to a level where hun-
dreds of photons can be detected, which is crucial for
quantum receivers, quantum tomography, photonic source
benchmarking, and other applications.
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APPENDIX A: ELECTRONIC DESIGN AND
IMPLEMENTATION OF THE COINCIDENCE

COUNTING SYSTEM

Here, we present a detailed description of the devel-
oped ultrafast electronic multichannel CCU based on ECL
circuitry. In the main text, Fig. 1(a) shows an overview
of the CCU architecture consisting of a shaper, latch,
and microcontroller. A shaper is a crucial circuit build-
ing block comprised of a fast comparator (MAX 9600), a
pair of delay lines (SY89295U or MC100EP195, depend-
ing on market availability), and basic gates (MC100EP05).
Figure 5(a) depicts a block diagram of a single shaper. For
a detailed pulse shaping and processing description, see
Fig. 5(b). The fast comparator processes the input signal to
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(a)

(b)

FIG. 5. (a) A block diagram of a shaper and (b) the timing
diagram of the signal processing.

convert it from the original waveform to a defined pulse,
triggering the first flip-flop circuit. Each input channel has
an adjustable threshold from 1 to 4 V. The flip-flop stores
state information and creates a time window independent
of the input signal. The flip-flop output is split into two
pulses and modified by parallel delay lines and inverters.

The pulse emitted by the shaper is defined as an output
of the AND gate that implements the logical conjunction of
the delayed pulses. The first (second) delay line sets the ris-
ing (falling) edge of the corresponding time window. The
width of the time window is given as the time difference
between these two propagation delays. The gate signal has
its shaper, including one extra delay line for additional
delay adjustment. The gate pulse is distributed to indi-
vidual latch inputs utilizing electronic repeaters. Recently,
after acquiring data for this work, we updated the CCU
design. We distribute the rising edges of the gating sig-
nal and subsequently generate individual gate pulses. This
approach mitigates spreading of short edges due to long
propagation on printed circuit boards and further improves
the quality (steepness) of the rising and falling edges.

Each programmable delay line employed in the shap-
ing circuitry has 1024 discrete steps with an average delay
of 9 ps (for our setting and operating temperature). The
resulting coincidence window is adjustable from the sub-
100-ps regime to approximately 20 ns, i.e., two times the
maximum delay of a single signal shaper. The delay lines
can also compensate for differences in input signal arrival
times. The individual channels can be delayed within a
range of up to 10 ns, as discussed above. The maximum
delay between the gate and the signal channels can be set

to 20 ns for a sub-100-ps coincidence window. However,
for the maximum 20-ns coincidence window, the entire
capacity of the delay lines is used to create the coinci-
dence window, and the input signals need to be externally
synchronized.

The latch, composed of 16 AND gates and the flip-flop
circuits (MC100EP51), counts all possible coincidences
between the rising edge of the gate pulse and 16 rising
edges of the signal pulses. The AND gates generate an
output pulse only when input and gate pulses are received
simultaneously. The microcontroller unit (STM32F429)
receives the data from the latch and sorts the results into
a histogram in memory. Data, including information about
the number of single-channel pulses and coincidences, are
transferred to a personal computer via USB. Finally, the
microcontroller unit resets all flip-flop circuits and enables
the CCU for another detection event. Our CCU design
offers unparalleled scalability, accommodating an unlim-
ited number of input channels with the potential to support
up to 100 input channels.

APPENDIX B: ELECTRONIC
CHARACTERIZATION OF THE COINCIDENCE

COUNTING SYSTEM

To characterize the performance and capabilities of the
presented device, we evaluate the following figures of
merit: (1) the minimum and maximum coincidence win-
dow length, (2) timing granularity, (3) timing jitter, (4)
higher-order coincidence failure probability, and (5) max-
imum detection rate. We analyze the coincidence window
width and rising and falling edges. The whole measure-
ment is based on changing the mutual position of the gate
and channel pulse. As a result, we obtain the number of
coincidence events as a function of time delay. The mini-
mum and maximum widths of the coincidence window are
sub-100 ps and 20 ns, respectively. The main limitation of
the maximum coincidence window width is the maximum
range of delay lines. The results show that the coincidence
windows are well defined in time, and they are almost per-
fectly rectangular with sharp edges with a value typically
around 18(5) ps for all channels (see Figs. 6 and 7). The
employed high-speed ECL components with fast transition
times guarantee a short propagation delay below 5 ns. The
overall jitter of the presented CCU is less than 10 ps.

The presented CCU meets the conditions for a high-
resolution coincidence system with equal probabilities for
all orders of coincidence events. We have analyzed the
precision of counting coincidences utilizing a home-built
multichannel pulse generator with a repetition rate from
0.2 to 10 MHz. The signal is generated by a relaxation
oscillator whose output is delayed by a resistor-capacitor
low-pass network and fast inverter with Schmitt trig-
ger inputs (74ACT14T). This generator was developed
to simulate the typical output signals of state-of-the-art
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FIG. 6. A full scan of the coincidence window of width (a)
sub-100 ps, (b) 700 ps, and (c) 3 ns.

single-photon detectors with a jitter of less than 10 ps.
All detection channels are synchronized with the genera-
tor output pulse. The result is that all coincidence events
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FIG. 7. The typical achieved rising and falling edges
(10%–90%) of the coincidence window (width: 1 ns). Presented
values are calculated as the average over the 250 measurement
runs. The error bars represent one standard deviation.

FIG. 8. Analysis of the coincidence error probability of the
individual n-fold coincidences for several different widths of the
coincidence windows: 1.5, 3.0, 10, and 20 ns. Presented values
are calculated as the average over the 250 measurement runs. The
error bars represent one standard deviation.

should be evaluated as 16-fold coincidences. We compare
the measured coincidence events with the number of gat-
ing pulses to evaluate the counting error of the number of
coincidence events. For measurements ranging from 16-
fold coincidences down to single events, we systematically
deactivate the detection channels one by one. Figure 8
shows the analysis of coincidence counting precision for
several configurations of coincidence window width from
1.5 up to 20 ns. All coincidence errors across all tested
coincidence windows are lower than 10−7. This indicates
ultralow coincidence errors due to resetting the latches,
most probably caused by back reflections via imperfect
impedance matching.

TABLE I. Performance parameters comparison of the pre-
sented CCU and other coincidence unit approaches.

Ref. [25] [26] [27] [28] [29] [59] This work

Number of
channels

8 48 8 32 8 20 16

Measurable
coincidence

folds

8 6 8 8 8 20 16

Maximum
input frequency

(MHz)

163 76 50 80 40a 400b 1500

Minimum
coincidence
window (ns)

0.47 0.3 10 0.39 · · · 0.46 <0.1

Maximum
coincidence
window (ns)

13.22 1.9 70 · · · · · · 10 20

Channel
resolution

No No No No Yes No Yes

aUp to 2-fold coincidences only.
bCharacterized in 2-fold coincidence measurement.
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APPENDIX C: CCU PERFORMANCE
COMPARISON

In Table I, a summary of the performance of the vari-
ous CCU approaches is shown. The presented CCU offers
high n-fold coincidence counting (n = 16) with channel-
number resolution, the shortest well-defined sub-100-ps
coincidence windows with 10-ps overall jitter, and the
highest maximum input frequency of 1.5 GHz.
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Bacco, D. Bonneau, J. W. Silverstone, Q. Gong, A. Acín,
K. Rottwitt, L. K. Oxenløwe, J. L. O’Brien, A. Laing,
and M. G. Thompson, Multidimensional quantum entangle-
ment with large-scale integrated optics, Science 360, 6386
(2018).

[2] H. Wang, J. Qin, X. Ding, M.-C. Chen, S. Chen, X. You,
Y.-M. He, X. Jiang, L. You, Z. Wang, C. Schneider, J. J.
Renema, S. Höfling, C.-Y. Lu, and J.-W. Pan, Boson sam-
pling with 20 input photons and a 60-mode interferometer
in a 1014-dimensional Hilbert space, Phys. Rev. Lett 123,
25 (2019).

[3] H.-S. Zhong et al., Quantum computational advantage
using photons, Science 370, 6523 (2020).

[4] X.-C. Yao, T.-X. Wang, P. Xu, H. Lu, G.-S. Pan, X.-H.
Bao, C.-Z. Peng, C.-Y. Lu, Y.-A. Chen, and J.-W. Pan,
Observation of eight-photon entanglement, Nat. Phot. 6,
225 (2012).

[5] X.-L. Wang, L.-K. Chen, W. Li, H.-L. Huang, C. Liu, C.
Chen, Y.-H. Luo, Z.-E. Su, D. Wu, Z.-D. Li, H. Lu, Y. Hu,
X. Jiang, C.-Z. Peng, L. Li, N.-L. Liu, Y.-A. Chen, C.-Y.
Lu, and J.-W. Pan, Experimental ten-photon entanglement,
Phys. Rev. Lett 117, 21 (2016).

[6] S. Paesani, Y. Ding, R. Santagati, L. Chakhmakhchyan,
C. Vigliar, K. Rottwitt, L. K. Oxenløwe, J. Wang, M.
G. Thompson, and A. Laing, Generation and sampling of
quantum states of light in a silicon chip, Nat. Phys. 15, 9
(2019).

[7] S. Aaronson and A. Arkhipov, in Quantum Information
and Measurement 2014 (Optica Publishing Group, Messe
Berlin, Berlin Germany, 2014).

[8] S. Pirandola, U. L. Andersen, L. Banchi, M. Berta, D.
Bunandar, R. Colbeck, D. Englund, T. Gehring, C. Lupo,
C. Ottaviani, J. L. Pereira, M. Razavi, J. Shamsul Shaari,
M. Tomamichel, V. C. Usenko, G. Vallone, P. Villoresi, and
P. Wallden, Advances in quantum cryptography, Adv. Opt.
Photonics 12, 1012 (2020).

[9] A. Aspuru-Guzik and P. Walther, Photonic quantum simu-
lators, Nat. Phys. 8, 4 (2012).

[10] H. Paul, P. Törmä, T. Kiss, and I. Jex, Photon chopping:
New way to measure the quantum state of light, Phys. Rev.
Lett 76, 14 (1996).

[11] J. Sperling, W. Vogel, and G. S. Agarwal, True photocount-
ing statistics of multiple on-off detectors, Phys. Rev. A 85,
2 (2012).

[12] J. Hloušek, M. Dudka, I. Straka, and M. Ježek, Accurate
detection of arbitrary photon statistics, Phys. Rev. Lett. 123,
15 (2019).

[13] H. J. Kimble, M. Dagenais, and L. Mandel, Photon anti-
bunching in resonance fluorescence, Phys. Rev. Lett. 39, 11
(1977).

[14] H. Esat Kondakci, A. Szameit, A. F. Abouraddy, D. N.
Christodoulides, and B. E. A. Saleh, Sub-thermal to super-
thermal light statistics from a disordered lattice via deter-
ministic control of excitation symmetry, Optica 3, 5 (2016).

[15] J. Sperling, A. Eckstein, W. R. Clements, M. Moore, J. J.
Renema, W. S. Kolthammer, S. W. Nam, A. Lita, T. Gerrits,
I. A. Walmsley, G. S. Agarwal, and W. Vogel, Identifica-
tion of nonclassical properties of light with multiplexing
layouts, Phys. Rev. A 96, 1 (2017).

[16] I. Straka, L. Lachman, J. Hloušek, M. Miková, M. Mičuda,
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Abstract: Generation of particular polarization states of light, encoding information in po-
larization degree of freedom, and efficient measurement of unknown polarization are the key
tasks in optical metrology, optical communications, polarization-sensitive imaging, and pho-
tonic information processing. Liquid crystal devices have proved to be indispensable for these
tasks, though their limited precision and the requirement of a custom design impose a limit
of practical applicability. Here we report fast preparation and detection of polarization states
with unprecedented accuracy using liquid-crystal cells extracted from common twisted nematic
liquid-crystal displays. To verify the performance of the device we use it to prepare dozens
of polarization states with average fidelity 0.999(1) and average angle deviation 0.5(3) deg.
Using four-projection minimum tomography as well as six-projection Pauli measurement, we
measure polarization states employing the reported device with the average fidelity of 0.999(1).
Polarization measurement data are processed by the maximum likelihood method to reach a valid
estimate of the polarization state. In addition to the application in classical polarimetry, we also
employ the reported liquid-crystal device for full tomographic characterization of a three-mode
Greenberger–Horne–Zeilinger entangled state produced by a photonic quantum processor.

© 2021 Optical Society of America under the terms of the OSA Open Access Publishing Agreement

1. Introduction

Direction, phase, and coherence of electromagnetic wave oscillation, i.e. its polarization state,
represents an important feature determining the interaction of light and matter. Light reflection
and scattering are fundamentally affected by incident polarization [1]. Manipulating the state
of polarization can significantly improve optical resolution [2] and visualization of anisotropic
structures in biomedical imaging [3,4]. Polarization modulation enhances information capacity
in optical communication [5] and represents a building block of quantum communication and
quantum information processing [6,7]. Precise generation and detection of the polarization state
represent the crucial tasks in a vast number of applications. Electrically tunable birefringent
elements like liquid crystals, Pockels cells, and integrated electrooptical modulators are often
employed to control polarization in such applications. Pockels based polarization modulators
were successfully applied in optical switches [8] and loop-based photonic routing, where high
transmittance is of paramount importance [9–11]. They offer high-speed operation and an
acceptable extinction ratio, but their application is rather cumbersome due to their size and the
necessity of high-voltage driving. Integrated devices achieve even wider bandwidth enabling
ultra-fast polarimetry [12]. They possess significant losses and their calibration might be
challenging, though, mainly due to unavoidable waveguide coupling. Liquid crystals allow
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low-loss free-space polarization addressing using low-voltage control signals. Their operation
is faster than mechanically manipulated birefringent elements, which has proven beneficial in
polarimetry [13–16] and spectrometry [17,18]. Liquid crystal devices have also been successfully
employed in polarization and phase modulation [19–25] and switching [26,27]. Moreover, the
absence of moving parts improves the robustness and lifespan of the device [25,28].

In a vast majority of the polarimetric applications reported so far, nematic liquid crystals
are used in custom devices acting as variable retarders [13,14,19,21,25]. Incompatibility of
these devices with the common twisted nematic liquid crystal (TNLC) configuration widely
utilized in display technology makes their broad application difficult. Another complication
stems from the fact, that additional wave plates or birefringent compensators are often utilized to
change the overall polarization transformation. Peinado et al. reported a polarimeter using a
quarter-wave plate and a single tilted twisted nematic element in reflective geometry [16]. The
device was optimized to project an unknown polarization state to four polarization projections
symmetrically placed on the Bloch sphere (Poincaré sphere), i.e. the vertices of a regular
tetrahedron inscribed into the sphere. This minimum information measurement, also termed the
minimum tomography [29,30], was shown to be efficient but prone to noise and measurement
errors [31–35]. Furthermore, a TNLC device applies a complex combination of rotation and
retardation to incident polarization state, and the exact theoretical description of the device
operation and its calibration remains a significant challenge [36,37].

Here we present a TNLC device based on a commercially available TNLC display with
minimal modifications. The construction of the TNLC device is described in Section 2. In
Section 3, we show that the theoretical model of a twisted nematic liquid crystals cell has a
limited ability to predict the polarization changes. The novel calibration method, described in
Section 4, does not require a theoretical model and yields unprecedented accuracy. We show
how to calibrate the TNLC device to prepare an arbitrary polarization state and perform arbitrary
polarization projection. The calibration stage is boosted by a genetic algorithm and other possible
improvements are also discussed. In section 5, we test the TNLC device by preparing more
than a hundred polarization states covering the Bloch sphere uniformly with an unprecedentedly
high average fidelity of 0.999(1), including six eigenstates of Pauli operators and four states
needed for the minimum tomography. Also, we show depolarized state preparation with degree
of polarization 0.03(1). The presented device is ready to be used as a polarimeter, performing the
polarization state tomography. In Section 6 we briefly review the polarization state tomography,
and then we test the performance of the TNLC-based polarimeter. Furthermore, the TNLC
device is employed in full quantum tomography of three-qubit Greenberger–Horne–Zeilinger
entangled state produced by photonic quantum Toffoli gate.

2. Construction of TNLC device

The presented polarimetric device consists of three TNLC cells extracted from commercially
available displays. We tested several commercially available displays, namely TN reflective display
Lumex LCD-S101D14TR, super-TN (STN) reflective display RS Pro 5080PHR, transmissive
TNLC display OCZ Vrchlabi 2027. We also tested transmissive STN pixel display OCZ Vrchlabi
2001 and reflective STN pixel display DOG XL. Due to their limited fill factor, the transmitted
polarization state is spatially modulated and effectively depolarized. We therefore find them
inappropriate for the presented application. We selected display Lumex LCD-S101D14TR, which
has 7 segments (cells) and dimensions 33×50 mm, see Fig. 1(a). This particular model was
chosen as a trade-off between the size of the segment and the overall compactness of the whole
device. The TNLC reflective display cannot be directly used in transmission geometry or even to
perform a unitary transformation. Therefore, we first removed reflective layers, protective films,
polarizing sheets, and also other auxiliary layers from the displays. Using a micrometer screw
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gauge, we measured the thickness of the LC layer to be 6 ± 2µm. The number in parenthesis
represents one standard deviation at the least significant digit.

Fig. 1. (a) Seven segment liquid crystal display layout; elements of the digit are labeled
from A to G, the decimal point as DP, and the common back electrode as COM. (b) Scheme
of the presented TNLC device consisting of three TNLC cells (LCc); dark blue blocks show
the active segments and the red arrow shows the optical beam. (c) Photo of the TNLC
device mounted on printed circuit board containing the electronic driver and communication
interface.

We mounted the TNLC glass cells on printed circuit boards and stacked them, as shown in
Fig. 1(b,c). The main circuit board contains a driver consisting of a microcontroller, 16-bit
digital-to-analog converter, and a voltage amplifier [38]. The microcontroller receives serial
commands from a computer and controls the digital-to-analog converter. The produced control
voltage signal is a symmetric square wave with frequency 1 kHz and 50% duty cycle. The square
wave amplitude spans from 0 to 10 Vpp and effectively controls the action of the liquid crystals.
For brevity, we refer to the control voltage amplitude simply as the voltage. The voltage is applied
between the central segment electrode, denoted G in Fig. 1(a), and the common back electrode
(COM) of the TNLC cell. The central segment has a 15×4.5 mm approximately rectangular clear
aperture, which is perfectly sufficient for collimated optical beams with mode field diameter
up to 2.5 mm. The device can address the polarization state of several parallel optical beams
arranged in a line or a matrix in complex quantum information processing circuits [39–41].

The transmittance of the single cell is 84% and the transmittance of the whole device is 59%
at wavelength 810 nm. Limited transmittance is not an obstacle for classical polarimetry. At the
single-photon level, the presented transmittance is also sufficient, as we demonstrate in Section
6. Antireflective coating TNLC cells could increase the transmittance of a single cell up to
90%, increasing the overall transmittance to 73%. Only in loss-sensitive scenarios, for example
measurements involving squeezed light, the limited transmittance becomes an obstacle.

3. Characterization of a single TNLC cell

Let us start with a brief review of the Dirac notation, used here to describe the polarization, and
connect it to the traditional description of polarized light. We describe pure polarization states
with a ket state, denoted with symbol |·⟩, which is equivalent to the normalized Jones vector.
It holds that |J⟩ = J

| |J | | , where J = Jxx + Jxy is the Jones vector and x and y are orthonormal
vectors, both normal to the direction of light propagation. The choice of basis is arbitrary, and
the vector can be written as a superposition of any two orthonormal basis states. We choose
basis states |H⟩ and |V⟩ corresponding to horizontally and vertically polarized light to keep the
close correspondence between Jones vector and ket states. Explicitly, the correspondence is
|J⟩ =

(︁
Jx |H⟩ + Jy |V⟩

)︁ (︁
|Jx |

2 + |Jy |
2)︁−1/2.

Density matrix ρ =
∑︁

λ pλ |Jλ⟩⟨Jλ | composed as an incoherent mixture of pure states |Jλ⟩
with a probability distribution pλ also describes polarization of light, but in comparison to
ket-vectors, it can also describe partially polarized light. Term |Jλ⟩⟨Jλ | is the outer product
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of |J⟩ and its Hermitian conjugate, a 2 × 2 complex trace-normalized Hermitian matrix. Any
polarization density matrix can be expanded using the identity I and the Pauli matrices, σ1, σ2, σ3,
ρ = (I +

∑︁3
j=1 ujσj)/2, where u = (u1, u2, u3) is the Bloch vector. Compared to the Stokes vector,

the Bloch vector does not contain information about the optical intensity, and its size is upper-
bounded to one. We represent the polarization states geometrically using the Bloch sphere.
A Bloch vector contains Cartesian coordinates of a point within the sphere. A point on the
surface of the Bloch sphere, described with longitude θ and latitude ϕ, corresponds to a
pure state |J⟩ = cos( θ2 )|H⟩ + exp(iϕ) sin( θ2 )|V⟩. In this representation, left- and right-handed
circular polarizations lie on the south and north pole of the sphere, respectively. All linear
polarizations lie on the equator of the sphere. A point inside the sphere describes a partially
polarized state. We quantify its purity as P = Tr(ρ2) = 1

2
(︁
1 + | |u| |2

)︁
. The length of Bloch vector,

| |u| | =
√︂∑︁3

j=1 u2
j , in the expression for purity is the classical degree of polarization (DoP). Fidelity

F = [Tr
√︁√

ρuρv
√
ρu]

2 of density matrices ρu and ρv quantifies their similarity. It can be expressed
in terms of the corresponding Bloch vectors, u and v, as F = 1

2

(︂
1 + u · v +

√︁
(1 − ||u| |)(1 − ||v| |)

)︂
.

The fidelity is connected to the angular deviation of the Bloch vectors ϑ = 1
2 arccos

(︂
u·v

| |u | | | |v | |

)︂
via the dot-product term.

The polarization transformation introduced by a device is described with matrix M acting on a
density matrix of the input state, ρout = MρinM†, where † stands for Hermitian conjugation. The
transformation matrix M of an ideal TNLC cell can be derived using a sequence of thin wave
plates, each introducing a small phase delay and oriented at linearly increasing azimuth angle
[42]. The transformation reads

MTNLC = R(α)R(φ)
⎛⎜⎜⎝
cos χ + i

δ

χ
sin χ −

φ

χ
sin χ

φ

χ
sin χ cos χ − i

δ

χ
sin χ

⎞⎟⎟⎠R(α)†, (1)

R(φ) = ⎛⎜⎝
cos φ sin φ

− sin φ cos φ
⎞⎟⎠ , (2)

where χ =
√︁
φ2 + δ2, φ is the twist angle, α is the rotation angle of the cell, and δ represents

the phase delay dependent on the applied voltage V . The phase delay (retardance) is almost
constant up to a threshold voltage and decreases for larger voltages. The retardance is usually
approximated using an arctan function [43]. We propose to model the retardance more precisely
using a logistic function,

δ = A +
1

B + exp (C − DVE)
, (3)

where A, B, C, D, and E are constants and V is the voltage applied on the TNLC cell.
Let us show how a single TNLC cell transforms a polarization state, according to the model,

and compare it with experimental data. We prepared state |H⟩ on the input of the tested TNLC
cell and changed the control voltage amplitude. For each voltage, we measured the output
polarization state using a reference polarimeter. We plot the phase delay introduced by the cell in
Fig. 2 as a function of voltage. The least-square fit with the proposed logistic function in Fig. 2
clearly describes the measured data better than the approximation with arctan. This measurement
was repeated for four known angular positions β of the TNLC cell, namely β = 0 deg, 15 deg, 30
deg, and 45 deg. See Fig. 3(a) for a scheme of the experimental setup used in this measurement.
We performed a least-square fit of the measured data to obtain seven independent parameters
of the TNLC model A = −7.8, B = 0.076, C = 176.16, D = −2.9, E = −2.9, φ = −5.16, and
α = −2.6.
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Fig. 2. The measured phase delay of a single TNLC cell obtained from the display Lumex
LCD-S101D14TR as a function of the applied voltage at 810 nm (blue markers). The delay
is described using an arctan function (green) or a logistic function (red).

Fig. 3. (a) Scheme of the setup used for TNLC cell characterization. The following
components are employed: tested TNLC cell (LCc), a polarizing beam splitter (PBS),
quarter-wave plate (QWP), half-wave plate (HWP), detector (DET) – photodiode. The
detection and analysis block serves as a reference polarimeter. (b) Transformation of the
horizontally polarized light by single TNLC cell in Hammer map projection. Dots represent
measured states. Solid lines represent fit. Additional display rotation angles 0 deg, 15 deg,
30 deg, and 45 deg are indicated by red, green, blue, and orange colors in this order.

In Fig. 3(b), we compare measured data with the theoretical predictions based on fitted
parameters. The prepared and expected states are depicted using the Bloch sphere, which is
plotted in the Hammer map projection [44]. Clearly, a single TNLC cell covers only a curve on
the Bloch sphere. To transform state |H⟩ into an arbitrary pure polarization state, one needs to
introduce additional independent polarization transformations. This is the reason why the reported
TNLC device consists of three TNLC cells controlled with independent voltages. Furthermore,
the model deviates from the measured data even though it was fitted to the same data. Parameters
of the model vary between individual TNLC cells, which represents a complication in modeling
multi-cell devices. The accuracy of the model could be further improved by considering edge
effects in the vicinity of aligning layers [36,37] and accounting for other imperfections, such as
multiple reflections, depolarization effects, and thickness inhomogeneity. However, no model
with sufficiently high fidelity with the experimental data covering all possible states has been
reported. Also, it is very complicated to make an inverse of such a complex numerical model. In
the following section, we introduce a novel calibration method that solves both issues.
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4. Calibration of TNLC device

We aim for the device able to prepare an arbitrary polarization state with high precision. The
calibration of the TNLC device consists of finding control voltages V1, V2, and V3, one for each
TNLC cell, for which the device transforms the pure input state |H⟩ to the pure particular target
state |ψ⟩.

The calibration is thus formulated as maximization of the fidelity F = |⟨ψ |M(V1, V2, V3)|H⟩|2,
where M is transformation introduced by the TNLC device, over the three control voltages. The
fidelity |⟨ψ |M(V1, V2, V3)|H⟩|2 is proportional to the intensity of projection onto the target state,
which is directly experimentally measurable. The maximization does not rely on the theoretical
model, and various methods could be used to solve it. Straightforward methods, like brute-force
search or random sampling, are time-consuming as they require many measurements. Therefore
we choose a genetic algorithm [45] to speed up the calibration.

The initial population is created as three-element random-voltage vectors, and a fitness function
is the detected photocurrent. We sequentially apply these voltages settings and directly measure
the value of the fitness function. We choose voltages with the largest fitness from this first
generation and crossover them to produce “child” voltages, which replace the voltages of lesser
fitness. As a crossover method, we chose the arithmetic mean of the corresponding voltages. A
random mutation in range of ±500 mVpp is also applied to a randomly chosen component of the
voltage vector. These steps are repeated until the fitness changes less than one part per thousand,
which is roughly an order of magnitude larger than the uncertainty of the intensity measurement.
Further iterations would slightly improve the precision at the expense of the longer time needed
for the calibration. Although the TNLC theoretical model (1)–(3) is neither perfect nor required,
it can be used to speed up the search by providing a rough initial estimate of the voltage values
for the first generation of the genetic algorithm. Even faster calibration might be obtained using
black-box optimization methods [46]. As the last step of the calibration, we generate 120 random
voltage vectors around the fittest voltage vector using a normal distribution with a half-width of
0.1 Vpp. We prepare states using these voltages and measured them using a reference polarimeter.
Finally, we select the optimum voltages that produce the target state with the highest fidelity.

The optimum voltages slightly vary for the TNLC cells extracted from different TNLC displays,
even when selected from a single manufacturing batch. The voltages are also affected by offsets
of voltage regulators and digital-to-analog converters incorporated in the electronic drivers, see
Sec. 2. Consequently, the calibration has to be performed independently for each TNLC device.
A detailed calibration sheet with optimum voltages for various target states and several TNLC
devices assembled in our lab is available on GitHub [38].

The experimental setup for the calibration is depicted in Fig. 4(a). An 810-nm continuous-wave
laser light passes the first horizontal polarizer (calcite crystal with extinction ratio exceeding
1 : 104), and then it passes the TNLC device. The output polarization state is projected onto
the desired state |ψ⟩ in a detection block, consisting of half- and quarter-wave plates followed
by another horizontal polarizer (another calcite crystal). The photodiode measures the optical
intensity, which is proportional to the fitness function. The wave plates are mounted in motorized
rotation stages (Newport PR50CC) with the angular speed of 20 deg/s and typical bi-directional
repeatability ±30 mdeg. The angular positions of these wave plates control which projection we
measure. We also use the waveplates to realize projections to six eigenstates of Pauli matrices,
|H⟩, |V⟩, |D⟩, |A⟩, |R⟩, and |L⟩. Section 6 explains how to use these projections to reconstruct a
quantum state. For now, we state that the analysis and detection block serves also as a reference
polarimeter.

In addition to preparing arbitrary pure polarization state, the TNLC device can project a state
onto an arbitrary pure state. Just by simple reversion of the calibration setup, depicted in Fig. 4(b),
we could maximize F = |⟨H |M(V1, V2, V3)|ψ⟩|

2 using the same algorithm. The presented
calibration can be performed for an arbitrary wavelength within visible and near-infrared regions.
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Fig. 4. Schemes of the calibration (a) and the polarimetric measurement using the TNLC
device (b). The following components are employed: the TNLC device consisting of three
TNLC cells (LCc), polarizing beam splitter (PBS), quarter-wave plate (QWP), half-wave
plate (HWP), detector (DET) – either photodiode or single photon detector.

5. Precise preparation of arbitrary polarization

We first test the presented TNLC device calibration on a set of six eigenstates of Pauli operators.
We measured the prepared state with the reference polarimeter. The Bloch parameters of the
prepared states are shown in Table 1. The prepared states show high purity, P = 0.999(2) on
average, and are very close to the ideal target states. The number in parenthesis represents one
standard deviation at the last decimal digit [47]. The average fidelity of the observed state to
the ideal target states reaches F = 0.999(1) with the corresponding average angular deviation of
1.1(3) deg. We believe that the very small remaining discrepancy is mainly due to the stopping
criteria of the calibration search (one part per thousand) and also inaccuracies of the reference
polarimeter, such as retardation error of the waveplates or their misalignment.

Table 1. Bloch parameters of H, V, D, A, R, and L polarization states prepared by the TNLC device
and measured by the reference polarimeter.

Bloch parameters H V D A R L

u1 0.99941(5) −0.99930(3) −0.040(2) −0.0079(6) −0.0192(5) 0.023(2)

u2 0.028(1) −0.0355(9) 0.99918(7) −0.99723(6) −0.0307(2) 0.047(3)

u3 0.0199(4) 0.0112(4) −0.0004(7) −0.0186(1) 0.997827(9) −0.9938(3)

We observed perfect stability in time and low sensitivity to temperature changes under
common laboratory conditions. The cell’s temperature variation within ±3◦C did not cause any
measurable changes in the calibration. Similarly, central wavelength variation within ±5 nm does
not introduce any measurable changes.

We chose the six eigenstates of Pauli operators because they are traditionally used in polarization
state tomography, which we will show in Section 6. Another important tomographic set of states
forms the vertices of a regular tetrahedron inscribed into the Bloch sphere. We searched for the
states that maximize the tetrahedron volume and reached the ratio of the measured volume to the
volume of the regular tetrahedron Vmeas/Videal = 0.9987(5).

Furthermore, we prepare 120 states, quasi-uniformly distributed over the Bloch sphere.
Figure 5 visually compares the prepared states with the ideal target states. It clearly shows that
the presented device can produce an arbitrary pure state with high precision. The prepared states
were again almost pure, with average purity P = 0.999(2). The average fidelity of 0.999(1) and
the corresponding average angular deviation of 0.5(3) deg indicate the precise preparation of
arbitrary pure state achieved by the presented device.

In addition to the pure polarization states, it is also beneficial to prepare partially mixed states,
i.e., states with an arbitrary degree of polarization DoP. Depolarization can be achieved by
ensemble averaging of a polarization state in spatial, frequency, or time domain [22]. Often, the
maximally depolarized state is prepared and then superimposed to a pure state to form a source
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Fig. 5. Demonstration of the Bloch sphere coverage using the reported TNLC device. The
target states are represented by red points, green markers show the states prepared by the
TNLC device. The sphere is visualized in the Hammer map projection.

with continuously tunable DoP. In the case of a voltage-controlled TNLC cell, a specific voltage
applied to the TNLC cell performs corresponding unitary operation. Therefore, time multiplexing
of various control voltages within the single acquisition time must be used. We demonstrate the
preparation of a maximally mixed state by uniformly cycling through the polarization states H, V,
D, A, R, and L during the measurement time. Note that the acquisition is paused during the time
needed to switch from one prepared state to another. The resulting prepared state possesses the
purity 0.5004(3) and the corresponding DoP 0.03(1).

The reported TNLC device is made from thick TNLC cells and is not optimized with respect to
its speed. However, to present the full characterization of the TNLC device, we measured its time
response, for which we used the setup shown in Fig. 4(b). The wave plates prepare a pure input
state which is then projected onto another pure state using the tested device. The corresponding
projection intensity is detected with a photodiode. To study the time response, we switch the
projection and sample the transition in the detected photocurrent using an analog-to-digital
converter with an 18-bit resolution acquiring approximately 1000 samples per second.

Specifically, we measured the transition times of all the projections onto Pauli operators
eigenstates (H, V, D, A, R, L). We prepared a corresponding input state for an initial projection
to obtain a maximal optical intensity at the detector. Then we switched the projection. We
define the transition time as the time from the issued command to the moment when the intensity
deviation from its final value stays under 1% of the total intensity (0% to 99% transition time).
We chose this value to ensure a stable operation after the transition. The measured transition
times are shown in Table 2, and the time traces of all 30 transitions are shown in Fig. 6.

Table 2. Transition times in milliseconds
between the initial |πin ⟩ ⟨πin | and final

polarization projection |πfi ⟩ ⟨πfi | of the TNLC
device.

|πfi ⟩ ⟨πfi |

H V D A R L

|π
in
⟩
⟨π

in
|

H 49 226 590 251 319

V 168 182 597 271 329

D 313 232 200 203 255

A 444 403 188 312 197

R 566 151 417 481 141

L 601 497 299 185 424

The particular transitions, such as H→V, are rather fast and suitable for rapid polarization
switching, but there is a transition exceeding 600 ms, namely L→H. Specially designed nematic
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Fig. 6. Time traces of transitions between two projections realized by the TNLC device.
Initial projections are arranged in rows and the final projections are arranged in columns.
For each transition from initial to final projection, there is a time trace of measured intensity.
Red color highlights the transition time. The horizontal axes in all plots represent time in
seconds while the vertical axes represent normalized intensity.
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liquid crystal retarders and switches typically specify faster switching, particularly those with a
thinner liquid crystal layer and a single optimized polarization transition. Also, their transition
times are often specified as 10% to 90% or even 20% to 80%, which is not sufficient for precise
settling of the induced polarization transformation in polarimetry.

6. TNLC polarimeter

The presented device is compact, robust, and capable of precise polarization manipulation
with less than one second transition times. Here, we utilize the developed TNLC device to
create a polarimeter based on polarization state tomography. The polarization state tomography
finds its applications mainly when we deal with single-photon signals or measure multi-photon
polarization states. In these applications, the classical polarimetry techniques are not sufficient.
The presented polarimeter outperforms conventional rotating-waveplates-based polarization
tomography in speed, precision, and versatility.

Let us first briefly review the principle of polarization state tomography. The goal of
the polarization state tomography is to unambiguously reconstruct an unknown state ρ from
a set of measurements. Let us start with the strong signal and six-state tomography. We
assume that the light has intensity I0 and unknown polarization. Recall that any density matrix
could be decomposed as a sum of Pauli operators multiplied by Bloch vector components
ρ = (I +

∑︁3
j=1 ujσj)/2. The projections onto eigenstates of these operators, |H⟩, |V⟩, |D⟩, |A⟩,

|R⟩, and |L⟩ contains information about the polarization. Specifically, the measured intensities of
these projections are

IH = I0⟨H |ρ|H⟩ = I0(1 + u1), (4)

IV = I0⟨V |ρ|V⟩ = I0(1 − u1), (5)

ID = I0⟨D|ρ|D⟩ = I0(1 + u2), (6)

IA = I0⟨A|ρ|A⟩ = I0(1 − u2), (7)

IR = I0⟨R|ρ|R⟩ = I0(1 + u3), (8)

IL = I0⟨L|ρ|L⟩ = I0(1 − u3). (9)

These six equations contain three unknown parameters ui of the polarization state. In the
previous section, we showed that our device is capable of realizing these projections. One can
obtain the parameters ui from (4–9) by straightforward inversion,

u1 =
IH − IV

IH + IV
, (10)

u2 =
ID − IA

ID + IA
, (11)

u3 =
IR − IL

IR + IL
. (12)

In the presence of measurement noise, the linear inversion may introduce artifacts. For
example, the reconstructed density matrix can have negative eigenvalues, leading to a degree of
polarization greater than one. We call such a density matrix unphysical.

To avoid these problems, we use a maximum-likelihood reconstruction method [48–51]. The
method searches for a valid quantum state that would reproduce the measured data with the
maximum likelihood. It guarantees that the reconstructed state is always physical. Instead
of optical intensities Ii of projection ⟨πi |ρ|πi⟩, we work with relative frequencies fi, which
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correspond to normalized intensities fi = Ii∑︁
Ii . The logarithm of likelihood of observing relative

frequencies {fi} given the input polarization state ρ is proportional to

lnL(ρ) =
∑︂

i
fi ln⟨πi |ρ|πi⟩. (13)

The likelihood quantifies the degree of belief in the hypothesis that for the particular set of
observations the polarization is in state ρ. We can work with the logarithm of the likelihood with
neglected multiplicative factors because if the likelihood is maximized, then any monotonically
increasing function of the likelihood is also maximized.

The density matrix ρ, which maximizes the likelihood, satisfies the extremal equation [48,50,51]

Kρ = ρ, (14)

where
K =

∑︂
i

fi
|πi⟩⟨πi |

⟨πi |ρ|πi⟩
. (15)

Equation (14) leads to an iteration that maximizes the likelihood. The iteration reads

ρi+1 =
KiρiKi

Tr[KiρiKi]
(16)

starting from ρ0 = I/2 and stopping when the change in one step gets small enough, Tr|ρi+1 −
ρi |

2<ϵ . The derivations of the extremal and iterative equations are covered in Ref. [48,50,51].
So far, we have used projection measurement operators Πi = |πi⟩⟨πi |, namely |H⟩⟨H |, . . . , |L⟩⟨L|.
Let us note that the polarization tomography is not restricted to these particular projections and
any tomographically complete set of positive measurement operators (POVM) is applicable.
The method also applies to single-photon signals, for which the detected intensity Ii is replaced
with the recorded number of detection events in a given projection. We provide a Python script
for the maximum likelihood reconstruction on GitHub [38]. Examples of waveplate-based and
TNLC-based polarization tomography are also included.

We test the TNLC polarimeter by comparing its readings to the known input polarization
states. We prepared the input polarization states using waveplates and measured them using the
tested TNLC polarimeter. Namely, we prepared the six eigenstates of Pauli operators. The TNLC
polarimeter was calibrated to perform the projections onto Pauli eigenstates as well as the four
states required for minimal tomography [29]. As a reference, we replaced the TNLC polarimeter
with a pair of waveplates and performed the standard six-state tomography.

The resulting fidelities and angular deviations averaged over the six tested states are summarized
in Table 3. The individual sample states analyzed using the presented TNLC device with the
six-state tomography and the four-state tomography are visualized in Fig. 7. The six-state
tomography outperforms the four-state minimal tomography consistently. The results produced
by the TNLC polarimeter agree excellently with the results provided by a reference waveplate-
based polarimeter. Note that the used reference polarimeter is not the same polarimeter we used
for TNLC device calibration.

Now we show that the presented TNLC polarimeter outperforms the equivalent scheme with
waveplates in terms of speed. The ordering of the projections in the tomographic measurement
does not affect the result of the measurement but influences its duration [52]. Based on the
transition time characterization (Table 2), we can select the optimum sequence ordering of the
six-state protocol, which is H, R, L, A, D, V, and back to H to prepare the TNLC device for
another tomography cycle. The transition of the optimum sequence takes 1.17 s. For the minimal
tomography [29], only four states are required. The transitions times between them are longer
than in the six-state scheme. It takes approximately 1.2 s to cycle through these four states.
Consequently, we recommend to using six-state tomography with the presented device.
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Fig. 7. The Bloch sphere with H, V, D, A, R, and L states prepared by waveplates and
analyzed by the TNLC device using six-state tomography (red dots) and four-state minimum
tomography (green points). Black points show the ideal position of the states.

Table 3. Achieved average results of the fidelity and angular
deviation between the ideal and measured sample polarization states

prepared by the reference polarimeter. The reported TNLC
polarimeter in six-state and four-state configurations, and the
reference wave-plate based polarimeter in six-state regime are

compared.

analysis method TNLC device wave plates

six-state conf. four-states conf. six-state conf.

fidelity 0.9996(4) 0.998(2) 0.9995(5)

angular deviation [deg] 1.0(2) 1.3(5) 1.0(5)

We compare these values with the total time required by our reference waveplate-based
polarimeter. The reference polarimeter uses motorized mounts with a typical speed of 20 deg/s
(Newport PR50CC), and the optimum sequence reads H, L, A, R, V, D, and back to H. The
sequence takes 12.9 s, which is an order of magnitude slower than using the TNLC device. The
optimal sequence ordering can significantly speed up the whole measurement process, especially
for multi-mode analysis or quantum circuits with more qubits [52]. Alternatively, all projections
can be measured at the same time [30,53] at the expense of a number of detectors and the
complexity of the experimental setup.

To show an application of the reported TNLC device at the single-photon level, we used
it in quantum tomography of a multi-qubit photonic entangled state. The TNLC device was
calibrated in a six-state configuration using the strong laser signal, as described in Sec. 4. The
TNLC device was then used to perform tomographic projections on the third output qubit of a
three-qubit linear optical controlled-Z gate (CCZ gate). The gate is equivalent to the Toffoli gate
up to single-qubit Hadamard transform on a target qubit [39,54–56]. The Toffoli gate is a crucial
part of many quantum information processing schemes [54]. The photonic circuit of the gate
and its characterization were presented in detail elsewhere [57]. The gate can produce entangled
quantum states such as tripartite Greenberger-Horne-Zeilinger (GHZ) state [58,59]. We used
the circuit to prepare the GHZ state (|HHD⟩ + |VVA⟩) /

√
2 and performed its full tomographic

characterization using the TNLC device. The resulting density matrix of the three-qubit state is
shown in Fig. 8(a,b). The fidelity of the measured state and the ideal GHZ state is 0.9362. For
comparison, we characterized the state also using a common waveplate-based tomography and
obtained the fidelity to the ideal state 0.9360; the resulting density matrix is shown in Fig. 8(c,d).
The respective fidelity of the retrieved GHZ states measured using the TNLC device and the
wave-plate polarimeter reaches 0.971. The small resulting discrepancy is caused by the limited
repeatability of the experimental setup. When changing the TNLC device for the waveplates, the
setup had to be partly reassembled and realigned. Due to the circuit construction, this realignment
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might lead to small changes in polarization-dependent losses. Furthermore, the interferometric
phase in the experimental setup was slowly drifting, and the phase drift might result in small
changes between two experimental runs.

Fig. 8. Real (a) and imaginary (b) part of the GHZ state density matrix measured using the
TNLC device. Real (c) and imaginary (d) part of the GHZ state density matrix measured
using wave plates. Here 0, 1, +, and − denote H, V, D, and A polarizations, respectively.

7. Conclusion

We have presented a polarimetric device assembled from a commercially available TNLC segment
display with minimal modifications. We have demonstrated a universal method of the TNLC
device calibration utilizing a genetic algorithm. Various polarization states have been prepared
using the TNLC device and characterized with a reference polarimeter with the average fidelity
exceeding 0.999(1). Particularly, we have demonstrated a highly accurate generation of four
states forming the vertices of a regular tetrahedron inscribed into the Bloch sphere [29], six
eigenstates of Pauli operators (horizontal, vertical, diagonal, anti-diagonal, right-handed and
left-handed circular polarizations), and 120 states uniformly distributed on the Bloch Sphere.
We also have generated a completely depolarized state with the purity 0.5004(3) and degree of
polarization 0.03(1). Using the presented calibration procedure, we can generate an arbitrary
state of polarization.

Furthermore, we have employed the reported TNLC device as a polarimeter and demonstrated
accurate measurement of polarization of light. Physically correct density matrix of the polarization
state is retrieved using the maximum likelihood iterative algorithm. We have tested two
tomographic schemes, namely four-projection minimal tomography and overdetermined six-
projection scheme based on eigenstates of the Pauli matrices. We have characterized and
optimized the precision and speed of the developed polarimeter. The TNLC device has been
successfully used also for polarimetry of optical signals at the single-photon level. Particularly,
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we have performed the full quantum tomography of the three-qubit Greenberger–Horne–Zeilinger
entangled state produced by photonic quantum Toffoli gate. The results agree with those obtained
using common wave-plate polarimetry.

To conclude, we have demonstrated the calibration and application in polarimetry of virtually
arbitrary twisted nematic liquid crystal segment displays. The approach allows highly accurate
preparation and measurement of an arbitrary polarization state of light using low-voltage driving
and no moving parts. The approach is fully scalable to many optical modes at the single-photon
level. It can find applications in a wide range of fields, such as polarization-sensitive biomedical
imaging or photonic quantum information processing.

The complete technical documentation of the presented TNLC device, including tomography
software, is published on GitHub [38].
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Accurate control of light polarization represents a core building block in polarization metrology, imag-
ing, and optical and quantum communications. Voltage-controlled liquid crystals offer an efficient way of
polarization transformation. However, common twisted nematic liquid crystals are notorious for lacking
an accurate theoretical model linking control voltages and output polarization. An inverse model, which
would predict control voltages required to prepare a target polarization, is even more challenging. Here
we report both the direct and inverse models based on deep neural networks, radial basis functions, and
linear interpolation. We present an inverse–direct compound model solving the problem of control volt-
ages ambiguity. We demonstrate an order of magnitude improvement in accuracy using deep learning
compared to the radial basis function method and 2 orders of magnitude improvement compared to the
linear interpolation. Errors of the deep neural network model also decrease faster than the other methods
with an increasing number of training data. The best direct and inverse models reach average infidelities of
4 × 10−4 and 2 × 10−4, respectively, which are accuracy levels not reported yet. Furthermore, we demon-
strate local and remote preparation of an arbitrary single-photon polarization state using deep learning
models. The results will impact the application of twisted-nematic liquid crystals, increasing their control
accuracy across the board. The presented bidirectional learning can be used for optimal classical control
of complex photonic devices and quantum circuits beyond interpolation.

DOI: 10.1103/PhysRevApplied.17.054042

I. INTRODUCTION

A vast number of applications require accurate con-
trol of the polarization state of light, such as in display
technology, ellipsometry, polarization microscopy, and
optical communications. The polarization can be manip-
ulated by mechanically adjusting birefringent elements or
using electro-optic modulators. The former approach can
reach high accuracy but is slow, producing vibrations,
and prone to malfunction. The latter approach is ultra-
fast and vibration-free; however, its accuracy is limited.
Free-space electro-optic modulators are bulky and require
high-voltage drivers, which tend to fluctuate and decrease
the overall accuracy even further. Low-voltage integrated
modulators show inherent polarization instabilities due to
fiber coupling.

Liquid crystals represent a middle ground between the
stability of birefringent elements and the response speed of
electro-optic modulators. Voltage-controlled nematic liq-
uid crystals are particularly convenient and widely avail-
able, as they are commonly used in the display industry.
We distinguish two main types of nematic liquid crystals

*vasinkadominik@seznam.cz
†jezek@optics.upol.cz

based on the alignment of the crystals in a device, namely
parallel and twisted configurations. The former acts as
a polarization retarder and is typically custom-made for
specialized applications; the latter is used in displays. Par-
allel nematic liquid crystals were utilized as polarization
retarders for polarization modulation [1], polarization state
preparation and tomography [2,3], remote state preparation
and imaging [4,5], entangled-photon generation [6,7], and
implementation of quantum channels [8,9] and quantum
communication protocols [10,11]. Recently, fully recon-
figurable topological photonic devices have been proposed
employing nematic liquid crystals [12].

Despite the wide utilization of nematic liquid crystal
(LC) devices, we lack an accurate theoretical model of
LCs. The available models are particularly inaccurate for
twisted LCs, which prevents them from entering a more
extensive range of applications. The response of LC to
control voltage(s) is affected by various imperfections such
as alignment layers dragging, multiple reflections, and
inhomogeneity-induced depolarization. These effects rep-
resent a serious setback to the modeling of the LC response
and, particularly, to the inverse task of finding the optimum
control voltages to prepare the target polarization state.
The theoretical model of twisted LCs [13] was modified to
include the boundary effects [14] and yet further adjusted
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[15–17] to achieve better results. Unfortunately, even with
these improvements, the theoretical model of polarization
transformation is not sufficiently accurate. The inaccu-
racy is especially apparent when considering a device
consisting of multiple LC cells [1,18]. When aiming for
a discrete set of polarization states, such a complex LC
device can be calibrated and even used as a highly accurate
polarimeter [18]. However, modeling a continuous polar-
ization response of a LC device to analog control voltages
represents an open problem.

Here we model a complex twisted LC device using deep
neural networks (DNNs). The model is fitted to a train-
ing dataset obtained by measuring the polarization states
prepared by a device for different control voltages. We
employ the mesh adaptive direct search (MADS) algorithm
for black-box optimization of the deep learning model
hyperparameters. The model is optimized and tested using
separate datasets not involved in the training process. We
demonstrate an unprecedented fidelity and repeatability
between the polarization state predicted by the model and
the measured state. We achieve an average infidelity of 4 ×
10−4 of the polarization preparation for a three-cell twisted
LC device. The DNN approach outperforms other models
based on radial basis functions (RBFs) and linear inter-
polation. We study the effect of the training dataset size
over several orders of magnitude and find that errors of the
DNN model decrease faster than the other numerical meth-
ods with an increasing number of training data. In other
words, the DNN approach is more efficient with respect to
the dataset size than other methods. Furthermore, we ana-
lyze the DNN model size and its overparametrization and
scalability.

Our main result is solving the inverse task of finding
control voltages optimal for preparing a target polariza-
tion state. We utilize the trained DNN direct model as
part of the compound autoencoderlike network to find
the inverse model. This allows the use of physics met-
rics, e.g., the fidelity, consistently in the whole framework
and also avoids ambiguous mapping from polarization
state to control voltages. The compound model outper-
forms other approaches by orders of magnitude. We verify
the predictive strength of the DNN model by prepar-
ing over a thousand single-photon polarization states and
performing their independent characterization using full
quantum tomography. Finally, we demonstrate a remote
preparation of quantum states using entangled photons.
The reported local and remote preparation of polarization-
encoded quantum bits (qubits) certifies the use of twisted
LC devices in quantum technology.

Besides the imminent application of our approach to
accurate polarization qubit manipulation, we may think
of it as a use case of a more general problem of optimal
control of quantum devices; see Fig. 1(a). Various imple-
mentations of quantum devices share the common aspect
of being controlled by classical analog signals, related
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P

P P

DET

LC device

V1 V2 V3

LC3LC2LC1

(a) (b)

Quantum
circuit

Analog signals

Quantum state

FIG. 1. (a) Classical control of a quantum device: classical
analog signals modify the quantum circuit operation and affect
the transformation or preparation of quantum states. (b) Exper-
imental setup used to create a dataset of control voltages with
corresponding polarization states: the polarizer (P) prepares a
horizontal state H , and the liquid cells (LC1,2,3) induce the trans-
formation based on applied voltages V1, V2, V3. The prepared
polarization state is analyzed using a reference polarimeter con-
sisting of a half-wave plate (HWP), a quarter-wave plate (QWP),
a polarizer, and a detector (DET).

nontrivially to the device operation [19–21]. The control
signals need to be optimally adjusted to provide high-
fidelity operation of the device [22–28]. Photonic circuits
on optical chips include voltage-controlled phase mod-
ulators with a complex response and crosstalk [29–31].
Superconducting circuits are controlled by radio-frequency
signals with variable amplitudes and complex timing,
which are subject to optimization [32,33]. Also, semicon-
ductor quantum dots need to be optimally tuned to produce
target states [34–40]. The approach developed in this work
can be directly applied to the learning of the steady-state
response of quantum devices to classical control signals
and, consequently, their optimal control.

II. LC DEVICE AND EXPERIMENTAL SETUP

The experimental setup implementing the polarization
state transformation using liquid crystals is depicted in
Fig. 1(b). Light from an 810 nm continuous-wave laser
propagates through a horizontal polarizer preparing the
input polarization state H . A device based on twisted
nematic liquid crystals (LC device), described below,
induces a polarization transformation on the input state
controlled by an applied electric field. The prepared polar-
ization state is characterized using full quantum tomogra-
phy. The polarization state is projected into six basis states
H , V, D, A, R, and L using a reference polarimeter. It con-
sists of half-wave and quarter-wave plates followed by a
polarizer and a silicon photodiode detector. The quantum
state is reconstructed from relative measurement frequen-
cies using the maximum likelihood method [41,42].

The LC device consists of three independent LC cells
extracted from commercially available twisted nematic
displays Lumex LCD-S101D14TR by removing auxiliary
layers [18]. LCs are enclosed between glass plates with
deposited electrodes producing an electric field and align-
ment layers forming the LC twist. The polarization trans-
formation induced by each cell is controlled by applying
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voltage signals to the electrodes to manipulate the spatial
orientation of LCs. We used a square wave with a 1 kHz
frequency and a 50% duty cycle, whose amplitude ranges
from 0 to 10 V p.p. (volts peak to peak). We refer to this
amplitude as a control voltage. Connecting three indepen-
dent LC cells allows us to prepare an arbitrary polarization
state by inducing the polarization transformation on a hor-
izontal input state H , i.e., by applying the proper control
voltages V1, V2, and V3 to the LC device.

Using this setup, we created a dataset consisting of
27 000 combinations of three control voltages with a
corresponding prepared polarization state. The average
purity of these polarization states is (99.7 − 1 + 0.3)%,
referring to the average value with 5th and 95th per-
centiles. We divided the randomly shuffled dataset into
three parts—training set, validation set, and test set. All
discussed models are trained on the training set containing
16 000 data samples to learn the desired mapping. The val-
idation set of 6500 data samples is utilized for optimizing
the models’ hyperparameters, for example, the architecture
of a neural network or a type of radial basis function. And
finally, the test set containing the remaining data samples
is used to evaluate the models’ generalization ability on
data never seen before. We note that the reference mea-
surement induces certain infidelity to the dataset compared
to the ground truth states. Therefore, as all models’ pre-
dictions are evaluated compared to this dataset, the error
between the ground truth states and the model predictions
is a combination of the reference measurement error [inde-
pendently estimated to be 0.05(5)%] and the error of the
model.

III. DIRECT MODELS AND DATASET-SIZE
SCALING

First, we report on predicting the prepared polarization
state given the three control voltages, i.e., modeling the
direct transformation. Each polarization state is described
using a density matrix ρ. To ensure that all predictions
fulfill the physical requirements on a density matrix, we
utilize the Cholesky decomposition. For a Hermitian pos-
itive semidefinite matrix M , the decomposition has the
form M = ττ †, where τ is a lower triangular matrix with
real and positive diagonal elements. Trained models out-
put elements of the τ matrix, which are reconstructed into
a Hermitian and positive definite matrix M . This matrix
is then normalized into a physically sound density matrix
with unity trace, ρ = M/Tr[M ]. To measure the closeness
between two polarization states ρ1,2, we use fidelity cal-
culated as F = (Tr[

√√
ρ1ρ2

√
ρ1])2, whose values range

from 0 to 1, and the infidelity obtained as 1 − F .
The developed deep learning model is based on a fully

connected deep neural network transforming three control
voltages V1, V2, V3 into four real-valued parameters of the

τ matrix (two real diagonal and one complex off diago-
nal). We performed a hyperparameter optimization of the
deep learning model, utilizing the MADS algorithm imple-
mented in the black-box optimization software Nomad
[43,44]. The optimized parameters include the number of
hidden layers, number of neurons in the hidden layer, batch
size, initial learning rate, and dropout regularization. The
optimum dropout rate is consistently found to be zero. The
optimal network consists of more than 400 000 trainable
parameters arranged into 19 hidden layers with 156 neu-
rons in each layer. We use a rectified linear unit as an
activation function in each hidden layer and a linear acti-
vation function in the output layer. We train the model
using Adam [45] as a stochastic gradient descend opti-
mizer to minimize the mean squared error (MSE) loss
function. Having a significantly higher number of train-
able parameters than samples in the training dataset does
not pose a problem in the DNN context. Large neural net-
works are biased towards simpler solutions [46,47], which
allows the use of complex network architectures without
overfitting.

Referring to the average value with the 5th and 95th
percentiles, we achieve an infidelity of (4 − 4 − 1) × 10−4

of target polarization preparation. Here the average value
lies outside the 5th–95th percentiles interval due to out-
liers having larger infidelity values. The DNN model is
2 orders of magnitude more accurate than linear inter-
polation with an infidelity of (1 − 1 + 1) × 10−2. We
also compare the DNN model to RBF interpolation, an
approximation method based on a weighted sum of radial
basis functions [48]. The output variable yi is given by∑

j aij ϕ(‖x − xj ‖), where x is a vector of input variables
and xj is a fixed input data point termed a center. The value
of a radial basis function ϕ depends only on the distance
from the corresponding center. A set of differently centered
functions of the same type forms the basis. We tested lin-
ear, cubic, quintic, multiquadric, inverse multiquadric, and
Gaussian functions. The weights aij are adjusted for a min-
imum error on the training set. Using the validation set, we
find the optimum basis function to be cubic. The resulting
RBF model achieves an infidelity of (2 − 2 + 2) × 10−3,
which is an order of magnitude less accurate than the DNN
model. The left side of Table I summarizes these results,
together with the average computational time per data sam-
ple and a single CPU core. The DNN model is significantly
faster in its predictions when compared to the other two
methods.

Furthermore, we study the dependence of the direct
models’ infidelities on the number of samples in the train-
ing set; see Fig. 2(a). We evaluated each point in the
chart following the same procedure. First, we divided
the training set into smaller disjoint subsets with the
same number of samples. Each subset is used to train all
three models—linear interpolation, RBF interpolation, and
DNN. We used the whole validation set to optimize the
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TABLE I. The comparison of infidelity and computational time for linear interpolation, radial basis function interpolation, and the
deep neural network. The infidelity values evaluated on the test dataset refer to the average, the 5th percentile, and the 95th percentile.

Direct model Compound model

Time per Time per
Infidelity sample (s) Infidelity sample (s)

Linear interpolation (1 − 1 + 1) × 10−2 4 × 10−3 (1 − 1 + 1) × 10−2 3 × 10−3

Radial basis function (2 − 2 + 2) × 10−3 4 × 10−4 (5 − 5 + 30) × 10−2 5 × 10−4

Deep neural network (4 − 4 − 1) × 10−4 8 × 10−5 (2 − 2 + 5) × 10−4 1 × 10−4

hyperparameters and choose the best model for each
method. The infidelities of the best models are evaluated
on the test set and visualized in the chart. Each curve then
represents the results of the best possible model given the
number of samples in the training set. Not only does the
deep learning model achieve the lowest errors and decrease
faster with the size of the training set compared to both
other methods, but it also saturates at errors lower by
orders of magnitude, as depicted in Fig. 2(a). The results
can also be read as the deep learning model needs an order
of magnitude lower number of experimental measurements
to characterize the device with the required accuracy.

So far, we targeted the best performing DNN model
using the process of hyperparameters optimization with-
out limiting the size of the model. The optimal model
lies within an overparametrized regime of the double-
descent curve [46,47]. The ratio of the number of trainable
parameters to the number of training samples, termed over-
parametrization, is shown in Fig. 2(b) for the optimal DNN
models trained with various numbers of training samples.
The overparametrization reaches dozens of hundreds for
very small training sets and decreases to approximately
50 for the large training sets. As seen, one can reduce
the overparametrization to some extent by using larger
datasets. Moreover, we explored suboptimal DNNs by
repeatedly lowering the number of trainable parameters
of the optimal DNN by a factor of 0.5 while keeping
the ratio of neurons per layer to the number of hidden
layers approximately constant. The suboptimal DNNs are
trained in the same way as the optimum one except for
hyperparameter optimization. As shown in Fig. 2(c), we
can significantly lower the number of trainable parameters
while only slightly decreasing the accuracy. In particular,
the suboptimal DNN model with 13 800 trainable param-
eters reaches an infidelity of (7 − 7 + 6) × 10−4, which
represents only a slight increase compared with the optimal
DNN with an infidelity of (4 − 4 − 1) × 10−4 and more
than 400 thousand parameters. We also found the smallest
suboptimal DNN performing at the same level of infidelity
as the best RBF model utilizing 16 000 parameters. For
this, the DNN requires only 3500 trainable parameters. It
seems that deep fully connected networks are much more
efficient and provide better scalability than interpolation
approaches, including the RBF method.

IV. INVERSE AND COMPOUND MODEL

Our main goal is predicting control voltages required to
prepare the target polarization state by the LC device, i.e.,
modeling the inverse transformation. Because of ambigu-
ous mapping between polarization state and control volt-
ages, the direct model cannot be easily inverted. Also,
no physically fundamental or otherwise preferred metric
exists in the space of the three control voltages (classi-
cal control signals in general), but the resulting inverse
model would depend on the chosen metric. To eliminate
the ambiguity, we train the inverse deep learning model
by connecting it to the already optimized direct model,
creating an autoencoderlike compound network, as visu-
alized in Fig. 3. Only the inverse part is trainable during
the learning process, while the parameters of the direct
model stay fixed. Not only does this solve the ambigu-
ous mapping, but allows us to evaluate the performance
using fidelity between the desired input state and the pre-
dicted output state. We note that the evaluated (in)fidelity
describes the compound model as a whole, not just the
inverse section. However, given the negligible error of the
direct model, the compound model’s fidelity can be viewed
as an approximated accuracy of the inverse model.

The inverse section of the compound model is a fully
connected DNN, which takes four elements of the polariza-
tion state density matrix for its input and predicts the three
control voltages. These voltages are then transformed by
the fixed direct model back into a polarization state. Utiliz-
ing the MADS algorithm, we optimized hyperparameters
of the inverse part of the compound model. With 91 neu-
rons in each of the 14 hidden layers, the optimum inverse
model contains more than 100 000 trainable parameters.
Each hidden layer uses a rectified linear unit as an activa-
tion function, whereas the output layer utilizes the sigmoid
activation function to predict control voltages rescaled to
range from 0 to 1. Using the Adam optimizer and MSE
loss function, the optimized compound model achieves
an infidelity of (2 − 2 + 5) × 10−4 between the input and
predicted output states, evaluated on the test set.

In the same way as for DNNs, the inverse model of RBF
interpolation (and linear interpolation) is a mapping from
elements of the density matrix to the three control volt-
ages. This inverse model is connected to the pretrained and
optimized direct RBF model (direct linear interpolation
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(b)
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FIG. 2. (a) The dependence of the optimal models’ test set infi-
delity on the number of samples in the training set. The DNN
models (blue) not only achieve the lowest errors but improve
faster with the size of the training dataset than linear inter-
polation (green) and RBF interpolation (red). Furthermore, all
three methods seem to saturate at certain infidelities for larger
datasets, with the deep learning model saturating at the lowest
error. (b) The ratio of the number of trainable parameters to
the training set size, i.e., the overparametrization of the opti-
mal DNNs, as a function of the number of training samples.
The overparametrization decreases for large training sets. (c)
The test set infidelity of suboptimal models with the reduced
number of trainable parameters. The left-most model consist-
ing of approximately 3500 parameters reaches the infidelity level
comparable with the optimum RBF interpolation using 16 000
parameters.

V1

V2

V3

Inverse
model

Compound model

Direct
model

FIG. 3. Representation of the compound model created by
connecting the inverse model to the already-trained direct model.
The model’s inverse part transforms parameters of a polarization
density matrix to three control voltages. The direct part then con-
verts these voltages back into a polarization state. The direct part
is fixed during the learning process, and only the inverse part is
trainable.

model). The resulting RBF compound model is trained by
optimizing weights of radial basis functions in the inverse
model using the training dataset. The training is performed
for various radial functions to find the best model using
the validation dataset. Compared to infidelities of linear
interpolation, (1 − 1 + 1) × 10−2, and RBF interpolation,
(5 − 5 + 30) × 10−2, the deep learning model represents a
significantly more accurate method to control LC devices
and predict their operation. As shown on the right side of
Table I, the DNN model is also the fastest in its predictions.

V. SINGLE-PHOTON POLARIZATION STATE
PREPARATION

The negligible infidelities obtained by application of
the DNN models to the test dataset show unprecedent-
edly accurate continuous experimental control of laser
beam polarization. To extend the applicability of our
method even further, we implement the developed model
in a single-photon polarization state preparation. Using
the inverse part of our model, we predicted the control
voltages for more than 1000 polarization states, with spe-
cific positions on the Bloch sphere, forming an image of
the Palacký University logo; see Fig. 5(a). We prepared
and fully characterized these polarization states carried by
single photons.

The experimental setup is depicted in Fig. 4 in configu-
ration (a). A 405-nm continuous-wave horizontally polar-
ized laser beam propagates through a dichroic mirror (DM)
and a dual-wavelength polarizing beam splitter (PBS) into
a periodically poled potassium titanyl phosphate (PPKTP)
crystal. In this crystal, two correlated 810-nm photons (sig-
nal and idler) are generated in the process of collinear type-
II spontaneous parametric down-conversion (SPDC). The
signal photon (reflected by DM) is spatially and polariza-
tion filtered by a single-mode fiber (SMF) and a horizontal
polarizer (P), respectively. Next, the LC device applies
the target polarization transformation. A resulting polar-
ization state of the signal photon is then analyzed using
the full quantum-state tomography [41,42]. The state is
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P P

P

FIG. 4. (a) Scheme of heralded single-photon polarization
state preparation using the idler photon (lower red path) for
heralding. The components denoted as (b) are not present in
this configuration. The PPKTP crystal inside a Sagnac inter-
ferometer is pumped unidirectionally (blue line). The heralded
signal photon (upper red line) in the horizontal polarization state
(after polarizer P) is transformed by the LC device and ana-
lyzed by quantum tomography using wave plates (HWP and
QWP), a polarizer (P), and a single-photon detector (SPD). The
coincidence detection events of the signal and idler detectors
are acquired by a counter. (b) Setup for remote quantum state
preparation using an entangled pair of photons. The components
denoted as (a) are not present in this configuration. The gener-
ation of entangled photon pairs requires bidirectional pumping
of the PPKTP crystal. The signal photon is projected to a tar-
get polarization state by the LC device and the polarizer. The
polarization state of the idler photon is analyzed by quantum
tomography; see the text for details.

sequentially projected into six eigenstates of Pauli oper-
ators, i.e., H , V, D, A, R, and L polarizations, using half-
and quarter-wave plates (HWP and QWP) and a polar-
izer (P), and detected by a single-photon detector (SPD).
The idler photon is navigated directly to the second SPD.
We measured the six projections of the signal photon in
coincidence with the idler photon with a 4.5 ns coinci-
dence window and 6 s acquisition time for each projection.
The coincidence detection rate is approximately 30 × 103

per second. The polarization states are reconstructed using
the maximum likelihood method; see Fig. 5(b). The result-
ing logo formed by the prepared polarization states agrees
very well with that consisting of the modeled states. The
average fidelity between these sets of states reaches F =
0.998 − 0.006 + 0.002.

Furthermore, we demonstrate a remote state prepara-
tion [4,5,49]. The protocol requires a bipartite entangled
state; its first qubit (signal photon) is projected to a target
state (and detected) while the second qubit (idler pho-
ton) collapses to the same quantum state or a state with
a local unitary operation applied. Specifically, the density
matrix ρ2 of the remotely prepared polarization state reads
ρ2 = Tr1[ρ12(�1 ⊗ I2)]/Tr[ρ12(�1 ⊗ I2)], where ρ12 is
the density matrix of the entangled state, �1 is a projec-
tor representing the LC device followed by a polarizer and
the detector acting on the first subsystem, I2 is the iden-
tity matrix on the second subsystem, and Tr1 is a partial
trace over the first subsystem. We use the entangled state
close to the ideal singlet state ρ12 = |�−〉 〈�−|, |�−〉 =
(|HV〉 − |VH 〉)/√2, which requires an additional applica-
tion of the iσy operation on the second subsystem to project
the second photon onto the target state. The corresponding
experimental setup is shown in Fig. 4 as configuration (b).
The polarization of the 405-nm laser is set to a diagonal
state, and the PPKTP crystal in the Sagnac interferometer
is pumped from both sides [50,51]. The dual-wavelength
half-wave plate in the Sagnac loop swaps horizontal and
vertical polarizations. The resulting two SPDC processes
interfere and produce the singlet state, which is coupled
to the rest of the setup by single-mode optical fibers.
Unfortunately, the signal fiber is 7 m long due to space
restriction in the lab, which imposes a unitary transforma-
tion randomly evolving within the measurement time. This
drift would obscure the precision of the remote prepara-
tion, and an active fiber stabilization would complicate the

(a) (b) (c)

FIG. 5. Visualization of the polarization states forming the Palacký University logo on the Bloch sphere. (a) The target states for
which we predict the optimal control voltages using the inverse part of the compound model. (b) The logo consisting of measured
polarization states from heralded single-photon preparation, applying the predicted control voltages. (c) Polarization states obtained in
the process of remote single-photon state preparation.
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setup considerably. Instead, we demonstrated the remote
preparation numerically, including all relevant experimen-
tal imperfections. Namely, we performed the full two-qubit
state reconstruction and estimated the experimental den-
sity matrix ρ12. Its purity is P = 0.978(1), concurrence
C = 0.978(1), and fidelity with the ideal singlet state F =
0.987(1). The measurement operators �1 are obtained as
output predictions of the compound model for the input
polarization states forming the Palacký University logo.
The resulting states of the remote single-photon prepa-
ration are visualized in Fig. 5(c). The average fidelity
of these states reaches F = 0.988 − 0.001 + 0.002. The
remote-preparation fidelity is 0.01 smaller than the local-
preparation fidelity, which is caused primarily by the
imperfect purity of the entangled state.

VI. CONCLUSION

We have reported on modeling the transfer function
of the complex multicell twisted nematic liquid crystal
device using deep neural networks. The model is trained
using an experimentally acquired dataset containing con-
trol voltages and tomographically measured polarization
states. The trained model predicts the output polarization
from the control voltages at the unprecedented fidelity
level. The accuracy of the model is compared to commonly
used approaches, namely linear interpolation and radial
basis function interpolation. The deep learning model is
more accurate and faster than both the reference methods
by orders of magnitude. Also, the deep learning model is
resource efficient; it requires significantly fewer samples
than other tested approaches for the given accuracy.

Our main result lies in solving the ambiguity of the
control voltages in the inverse transformation. Here the
optimum control voltages are predicted for a given polar-
ization. Various combinations of control voltages can
result in almost similar polarization states. Furthermore,
there is no preferred metric in the space of classical con-
trol signals (control voltages in our case). We solved these
issues by creating the compound model consisting of a
trainable inverse part and a fixed direct part trained in the
previous step. We further verified our results by employing
the deep learning models in local single-photon polariza-
tion state preparation and remote quantum state prepara-
tion. Our results open the path to ultraprecise polarimetry
using liquid crystals with classical light as well as with
single-photon signals in quantum information processing.

Even though our work focuses on polarization encod-
ing, we expect similar behavior and scaling in systems
transforming different degrees of freedom of light such as
spatial modes or which-way information in interferometric
networks. The developed approach allows for near-perfect
bidirectional classical control of the polarization-encoded
quantum system and is easily transferable to other photon-
ics quantum systems.

The code and data that support the findings of this study
are publicly available on GitHub [52].
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All-Fiber Microsensor of Polarization at Single-Photon Level
Aided by Deep Learning

Martin Bielak, Dominik Vašinka, and Miroslav Ježek*

Polarization of light carries vital information in numerous scientific
disciplines, including biomedical imaging, optical diagnostics, and
environmental sensing. However, accurate polarization measurements in
constrained spaces, under low-light conditions, and at high speeds remain a
severe challenge. A compact, all-fiber polarization sensor capable of
single-shot, real-time operation with single-photon sensitivity and long-term
stability is presented. The sensor leverages intermodal interference within a
short segment of a few-mode fiber, coupled to an array of single-photon
detectors. The recorded detections are processed by a neural network,
enabling precise reconstruction of complete polarization information for fully
and partially polarized states. This robust architecture allows for thousands of
polarization state measurements per second while achieving exceptional
accuracy with Stokes error below 0.01, and even lower at higher photon
fluxes. This technology is demonstrated through diverse experimental
scenarios, such as resolving structural details in biological tissues with a
spatial resolution of 6 µm, characterizing rapid polarization transitions, and
monitoring micro-scale birefringence in living or moving specimens.

1. Introduction

From imaging[1,2] and sensing[3] to ellipsometry[4,5] and optical
communications,[6,7] light polarization plays a fundamental role
across numerous scientific disciplines. In particular, the polar-
ization of light emitted by an optically anisotropic specimen car-
ries essential information about its material structure and opti-
cal properties. This capability has led to widespread applications
in medicine, where polarization provides insight into the struc-
tural and morphological characteristics of various biological tis-
sues and enables label-free detection of pathological changes.[8]

Polarization-resolved endoscopy and imaging techniques have
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proven valuable for detecting, classifying,
and staging cancerous lesions in organs
such as the stomach, colon, prostate, and
larynx.[9,10] However, while polarization
measurements can be relatively straight-
forward in a controlled laboratory envi-
ronment, achieving highly accurate and
reliable characterization under challeng-
ing conditions and in complex dynamic
scenarios remains a significant obstacle.
Low light intensities, representing the

first challenging condition under consid-
eration, come with a reduced signal-to-
noise ratio, which complicates extract-
ing meaningful polarization information
from data burdened with environmen-
tal and shot noise. Similarly, conducting
high-speedmeasurements, as the second
condition, is accompanied by low signal
levels within the acquisition time. While
increasing the incident light intensity can
help, it is limited by our ability to de-
liver the optical power to the particular

sensing area and, most ultimately, by the photodamage thresh-
old of the sample. Incorporating single-photon detectors can sub-
stantially improve the accuracy of protocols relying on the num-
ber of detected photons for polarization state reconstruction.
However, another drawback arises as these detectors are rela-
tively large and cannot be efficiently integrated. This issue be-
comes particularly problematic when faced with the third con-
dition - constrained space. Such spaces not only impose restric-
tions on the overall size of the measurement setup but also
limit the placement and alignment of optical components. There-
fore, these challenging conditions pose a severe setback, espe-
cially for measurements during invasive medical procedures,
such as microendoscopy,[11,12] environmental monitoring,[13,14]

or internal/in-situ inspections of materials.[15,16] We address
these problems by developing a polarization sensor based on
light propagation in disordered media.
Coherent light propagating within a disordered medium is

subjected to multimode interference, generating a granular
speckle pattern. Despite the apparent degrading effect, the pat-
tern retains encoded information about the incident light.[17–21]

Analyzing the light propagation in disordered media and em-
ploying suitable post-processing techniques, one can study the
disordering effects of the media,[22,23] estimate and classify input
images,[12,24–28] learn to modulate the input for projecting a tar-
geted image on the output,[29] reconstruct shapes of propagated
ultrashort laser pulses,[30,31] compute and communicate,[32–36]
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and even make an accurate spectrometer or wavemeter.[37,38]

Recently, the speckle pattern has proved to preserve a great
deal of information about the polarization state of the inci-
dent light.[39,40] Although additional studies successfully advanc-
ing the application of disordered-media propagation have been
conducted,[41–44] developing a compact polarimeter capable of
rapid measurements with single-photon sensitivity continues to
be an open problem.
Here, we introduce a highly accurate, single-shot, all-fiber po-

larization sensor based on intermodal interference in a very short
segment of a few-mode fiber. Instead of processing the com-
plete spatial speckle pattern, our approach relies on its sparse
sampling in a few isolated points using a fiber array. Combined
with fiber-coupled single-photon detectors, this design allows for
high sensitivity down to a single-photon level. The all-fiber sen-
sor contains no moving components or complex metastructures
and is sufficiently compact for procedures in constrained spaces
while operating at a spatial resolution of 6 µm. Additionally, it
supports a high-throughput operation capable of resolving sev-
eral thousand polarization states per second. The setup is aided
by a deep machine-learning model reconstructing complete po-
larization information in real-time. Once calibrated, the sensor
maintains unparalleled accuracy, reaching Stokes errors well be-
low 0.01, and long-term stability for over a month, even when
measuring partially polarized light. We demonstrate its polari-
metric capabilities through various experiments, including scans
of dense connective tissue, birefringence measurements with a
USAF test target, and dynamic polarization sensing in a moving
diatom and during a fast twisted nematic liquid crystal transition.
This all-fiber sensor sets new standards for compact, stable, and
high-speed polarization measurements, offering a powerful tool
for cutting-edge applications in biomedicine, material research,
and beyond.

2. Results

2.1. Experimental and Data Processing Setup

The speckle-based polarization sensor illustrated in Figure 1 em-
ploys a common few-mode fiber to characterize the input po-
larization state. The sensor collects light with a front face of
a 5 cm long step-index SMF28 fiber with a numerical aper-
ture of 0.14 and a core diameter of 8.2 µm. While the mo-
tivation behind choosing this specific fiber type is to mini-
mize the sensing area and keep the speckle structures large,
we emphasize that this preference is optional. Virtually any
few-mode or multimode fiber, including significantly shorter
variants (see Section 2.2), can be used as a substitute. The
main requirement for the fiber is to support several inter-
fering modes necessary for creating a polarization-dependent
speckle pattern at the output. Following a 5-mm free-space
propagation, we collect discrete samples of this interference
pattern using a fiber array comprising seven gradient multi-
mode fibers, each with a 62.5 µm core diameter, forming a
375 µm diameter honeycomb pattern. Each fiber then propa-
gates the collected intensity signal to an independent single-
photon avalanche diode, recording the number of detection
events. After normalizing the measured counts, this setup as-
sociates the sampled polarization state with the corresponding

Figure 1. A visual representation of the all-fiber polarization sensor. Po-
larized light emitted from a specimen is collected by a short piece of a
few-mode fiber. The intermodal interference generates a granular speckle
pattern at the output. Several isolated samples of this pattern impinge a
fiber array and propagate to a corresponding number of single-photon de-
tectors. The recorded detections are electronically processed using deep
learning methods to characterize the incident polarization state.

relative frequencies of each detector, which we term a count dis-
tribution. For more experimental details, see Section 4.1 and
Figure 7.
Using the sensor, we analyzed 30 000 polarization states, uni-

formly covering the entire surface of the Poincaré sphere.[45]

Our state preparation involved a continuous laser beam with a
central wavelength of 0.8 µm attenuated to the single-photon
level and propagated through a linear polarizer. Subsequently,
a twisted nematic liquid crystal device,[46] controlled by voltage
signals, performed a targeted unitary transformation of the po-
larization state on this weak coherent light. The device opera-
tion underwent calibration through bidirectional modeling,[47]

ensuring fast and precise preparation of arbitrary polarization
states. Its accuracy was verified using a reference polarimeter
based on wave plates. The polarization state preparation us-
ing both methods reaches an average fidelity exceeding 0.999,
however, the liquid crystal device operates by orders of mag-
nitude faster. Subsequently, our sensor characterized the pre-
pared polarization state, providing the corresponding detection
counts. On average, we acquired approximately 150 000 pho-
ton detection events per detector within a 50 ms acquisition
time window. Moreover, we expand our dataset to include par-
tially polarized light. We establish a count distribution for a
mixture of two orthogonal states by weight-summing their re-
spective distributions. This approach is virtually equivalent to
directly measuring the corresponding mixed state. Employing
this method, we assembled an extensive dataset of polarization
states distributed uniformly throughout the entire volume of the
Poincaré sphere.
We used the dataset to train a fully connected deep neural net-

work for reconstructing the polarization state given the associ-
ated count distribution, see Section 4.3 for details. The optimized
and fully trained network was evaluated on a test set of previously
unobserved polarization states, also acquired from the experi-
mental setup. We achieved an unprecedented average infidelity
of 8 × 10−4 with a [5 × 10−5, 2 × 10−3] confidence interval using
the 10th and 90th percentile. These results closely approach the
fidelity limit imposed by the polarization preparation itself,[46]
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Figure 2. a) Polarization error quantified by infidelity for varying numbers of active detectors. Variability bars represent uncertainties arising from different
subset combinations. The achieved infidelities underscore the sufficiency of sparse sampling of the speckle pattern. b) The relation between polarization
infidelity, the collective number of detected photons across all detectors, and the measurement repetition rate. The colored area indicates the confidence
interval of the experimental test set.

indicating that our method reaches the fundamental accuracy
bounds of the experiment. The achieved infidelity translates to
a reconstruction error of approximately 0.01 per Stokes param-
eter. In contrast, previous methods based on random scattering
typically reach errors around 0.05 while requiring bulky setups
unsuitable for in-situ applications, achieving lower operational
speed, lacking the single-photon sensitivity, and not presenting
the ability to process partially polarized light.[39–42] To further val-
idate our approach, we performed an additional benchmark us-
ing a 1951 USAF birefringent test. As detailed in Section 4.4, we
compared our sensor with a polarization measurement based on
rotating wave plates. The two methods yielded an average fidelity
of ≈ 0.987, underscoring the accuracy of our all-fiber sensor. Ad-
ditionally, the USAF test also allowed the sensor spatial resolu-
tion estimation, whichwas determined to be≈ 6(5) μm. Together,
these results comprehensively demonstrate the exceptional accu-
racy and robustness of our approach.

2.2. Performance Evaluation

We highlight that our approach eliminates the need for captur-
ing an image of the complete speckle pattern. Instead, we col-
lect a limited number of speckle spots, which are then propa-
gated through the fiber array channels. This substantial reduc-
tion in data collection allows for sensitive measurements at ex-
tremely low intensities using single-photon detectors. To assess
the sensitivity of our approach to the processed portion of the
speckle pattern, we investigate the achievable infidelity with re-
gard to the number of employed detection channels. Following
the same procedure, we trained additional networks utilizing

only a subset of the detection channels as inputs. The infideli-
ties achieved by these networks on corresponding test sets are
depicted in Figure 2a. The values represent the averaged errors
acrossmultiple trained networks, each employing a distinct com-
bination of detection channel subsets. The results illustrated in
this graph unequivocally demonstrate that extracting only a few
samples from the speckle pattern provides sufficient information
about the polarization state.
We also explored the dependence of the polarization sens-

ing accuracy on the measurement repetition rate, i.e., the in-
verse value of the acquisition time, representing the number of
polarization states characterized per second. Figure 2b displays
the polarization infidelities of a single network, using all seven
channels, evaluated for numerous repetition rates. This analy-
sis allows us to determine the minimum required light inten-
sity (i.e., the number of detected photons) needed to achieve a
targeted infidelity value. Similarly, it allows estimation of the at-
tainable fidelity for a given repetition rate. For example, the sys-
tem achieves an average fidelity of 0.999 at a rate of 33 Hz—
approximately the threshold at which the human eye perceives
continuous motion. This result highlights the capability of our
sensor for accurate, real-time polarization measurements. Fur-
thermore, our setup demonstrates the capacity to measure over
2000 polarization states per second using only 104 photons
while maintaining an average fidelity above 0.99. It is crucial
to emphasize that these performances depend on the num-
ber of detected photons rather than the repetition rate alone.
Consequently, even significantly higher repetition rates can at-
tain the same fidelities with appropriately increased light in-
tensity, limited virtually only by saturation of employed single-
photon detectors. The presented photon efficiency makes the

Laser Photonics Rev. 2025, e01775 e01775 (3 of 10) © 2025 The Author(s). Laser & Photonics Reviews published by Wiley-VCH GmbH

 18638899, 0, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/lpor.202501775 by U

niversity Palacky, W
iley O

nline L
ibrary on [28/10/2025]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense

http://www.advancedsciencenews.com
http://www.lpr-journal.org


www.advancedsciencenews.com www.lpr-journal.org

Figure 3. Long-term stability evaluation of the all-fiber polarization sen-
sor employing a 12 mm long few-mode fiber encased in a ceramic ferrule.
The system performance was evaluated periodically with a 24-hour rep-
etition interval. The average fidelities (blue dots) are accompanied by a
two-parameter linear fit (black line) with a 4.7 × 10−4 d−1 negative slope,
capturing the slow, gradual decline.

sensor particularly suitable for high-throughput, rapid-sensing
applications.
Furthermore, let us discuss the long-term stability of our ap-

proach and its robustness against environmental effects. Even
when using a 5 cm long, few-mode fiber in an open environ-
ment without elaborated mechanical stabilization, the polariza-
tion sensor maintained sufficient stability for a week without re-
calibration or network retraining. We explored the possibility of
further enhancing the stability using a 12 mm long fiber encased
within a ceramic ferrule. This encasing rigidly fixes the fiber po-
sition relative to the fiber array, minimizing mechanical bending
and reducing susceptibility to temperature gradients. With this
modification, the system maintained its performance for over a
month without recalibration. Figure 3 illustrates the results of
our long-term stability test, which was evaluated periodically at
24-hour intervals. The average fidelity was observed to degrade
by ≈ 4.7 × 10−4 d−1, i.e., 2 × 10−5 h−1. This exceptional stability
is attributed to three key factors: the short fiber length, which
minimizes propagation-induced instabilities; the ferrule encas-
ing, whichmitigates environmental perturbations; and the use of
a few-mode fiber, which produces a coarse-grained speckle pat-
tern that increases the collection efficiency and reduces sensi-
tivity to vibrations and drift. This design starkly contrasts with
imaging-based applications, where long and massively multi-
mode fibers have to be used with a deteriorating impact on the
stability.[12,24–28] Since sufficient intermodal coupling to generate
a speckle pattern in a multimode fiber occurs over a propaga-
tion distance of several hundred wavelengths,[48,49] we could re-
duce the employed fiber length even to sub-millimeter lengths.
We expect that reducing the fiber to this scale could yield an
additional order-of-magnitude improvement in stability. Finally,
the sensor can be recalibrated to prolong its stability indefinitely.
The recalibration process is straightforward, fully automatable,
and can be completed in under an hour, making regular, even
daily, recalibration a practical option. In summary, our polariza-
tion sensor offers a highly stable, accurate, and efficient solu-
tion for real-time, high-speed polarimetry with minimal mainte-
nance requirements and strong resistance to environmental dis-
turbances.

2.3. Applications

We first demonstrate the sensing ability of our approach by con-
ducting a polarization-sensitive scan of dense connective tis-
sue (AmScope PS25W). While the primary application of our
sensor significantly differs from polarization imaging, this op-
tically anisotropic specimen is famously known in the polar-
ization microscopy field. Visualizing its typical structures fur-
ther underscores the accuracy of the presented polarimetric
sensor. Using the experimental arrangement outlined in Sec-
tion 4.1, we replaced the calibration polarization preparation
stage with the tissue specimen. The few-mode fiber was posi-
tioned proximal to the tissue, capturing the induced polariza-
tion transformation. We usedmotorized translation stages (New-
port MFA-CC) with a bidirectional repeatability of ±0.15 μm
and a maximum speed of 2500 μm s−1 to scan over the tissue
area. The reconstructed polarization states were expressed as
three Bloch parameters, i.e., renormalized Stokes parameters,[45]

and visualized as a false-colored RGB image, see Section 4.4
for details. In Figure 4, we present a side-by-side compari-
son of this polarization scan (middle) with an intensity im-
age (left) captured from an identical tissue region. This inten-
sity image was obtained using a monochrome camera (Imag-
ingSource DMK 23U274) with a pixel size of 4.4 × 4.4 μm.
We illuminated the specimen with 0.8 µm light and projected
the resulting image onto the camera through a 25.4 mm
focal-length lens, providing an estimated fivefold magnification.
Moreover, the third panel (right) depicts a polarization image
of the same specimen obtained using a stand-alone polariza-
tion microscope. Its experimental setup comprises a pair of
crossed polarizers and the monochrome camera. As illustrated
in Figure 4, both polarization-based methods reveal underly-
ing polarization structures that remain concealed in the inten-
sity profile. This typical inner structure of the dense connec-
tive tissue verifies that our sensor performs polarization char-
acterization, providing complete information about the polariza-
tion state.
As the dense connective tissue is a static specimen, the

complete polarization analysis provided by the all-fiber sen-
sor can also be performed using an advanced imaging po-
larimeter comprising rotating wave plates. However, such a
technique is insufficient for characterizing a rapidly chang-
ing polarization state induced by moving or evolving speci-
mens. These scenarios require significantly faster approaches
that have to be performed in a single-shot regime. To demon-
strate the dynamic capabilities of our all-fiber sensor, we con-
ducted polarization measurements of two systems: a floating
diatom and twisted nematic liquid crystals undergoing a fast
voltage-controlled transition. Starting with diatoms, these micro-
scopic unicellular organisms comprise a complex inner struc-
ture that can exhibit anisotropic properties. We characterized
the birefringence of an Actinoptychus heliopelta diatom posi-
tioned within the same experimental arrangement as the pre-
vious application. The spatial variation in the Bloch parame-
ters across the diatom is depicted in Figure 5 with red lines.
Compared to the blue lines of background polarization, the
diatom properties are visible in the modulation of Bloch pa-
rameters. This analysis can count the number of living spec-
imens, estimate their size and morphology, and classify them

Laser Photonics Rev. 2025, e01775 e01775 (4 of 10) © 2025 The Author(s). Laser & Photonics Reviews published by Wiley-VCH GmbH
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Figure 4. Visualization of dense connective tissue: (left) an intensity image, (middle) a scan using the all-fiber polarization sensor, (right) an image
using a stand-alone polarization microscope. The resulting Bloch parameters of the all-fiber scan are represented as an RGB false-colored image. The
three highlighted pixels characterize the purple and green segments in the polarization structure alongside a reference background polarization. Their
respective Bloch parameters are A = (0.34,−0.43, 0.82), B = (−0.90, 0.05, 0.06), and C = (−0.04,−0.18, 0.98).

based on their birefringent properties. Beyond biological sam-
ples, the sensor can also find applications for fast in-situ mate-
rial inspection, local strain analysis, and micro crystal growth
monitoring.
Finally, we demonstrate the high-speed polarimetric capabili-

ties of our sensor using a rapidly evolving specimen: twisted ne-
matic liquid crystals. They allow for fast polarization state trans-
formation, controlled by low-voltage signals thatmanipulate their
spatial alignment. During reorientation, the induced polariza-
tion transformation undergoes a rapid transition, typically within
a time window ranging from 50 to 600 ms.[46] We character-
ized the horizontal-to-vertical transition by continuously mea-
suring the prepared polarization state using a 5 ms acquisi-
tion window. The reconstructed Bloch parameters correspond-
ing to this process are visualized in Figure 6. The first Block
parameter exhibits a smooth evolution from B1 = 1 (horizontal
polarization) to B1 = −1 (vertical polarization). The remaining
two parameters reveal that the transition corresponds to a con-
tinuous rotation on a Bloch sphere, passing close to the diag-
onal state (B2 = 1). The complete transition occurs within ap-
proximately 50 ms, validating the ability of our sensor to accu-
rately capture dynamic polarization changes in real time, which
is inaccessible to common rotating-wave-plate polarimeters. This
demonstration, alongside the previously discussed applications,
underscores the versatility and performance of our all-fiber po-
larization sensor for fast, low-light, high-precision polarime-
try.

3. Discussion

We have developed a single-shot polarization sensor based on
light propagation through a short rigid piece of a few-mode fiber,
resulting in polarization-dependent scattering. This process pro-
vides a coarse speckle pattern with low signal losses and unprece-
dented long-term stability, which is virtually unaffected by fiber
bending. The defining aspect of our approach is the sparse sam-
pling of this pattern using a fiber array instead of capturing the
whole intensity profile. This characteristic allows the use of any
photonic detectors, including high-speed or single-photon detec-
tors, enabling fast response and operation at low light intensities
down to the picowatt level. The implementation of deep learn-
ing algorithms in the system ensures an accurate reconstruction,
providing complete information about the polarization state, in-
cluding partial polarization, with an infidelity of 8 × 10−4. This
superior performance remains stable for over a month without
requiring adjustments or recalibration. Complemented by the
rapid operation speed of more than two thousand high-fidelity
reconstructions per second, it allows for both real-time and high-
repetition-rate polarization sensing with remarkable precision.
The all-fiber sensor, featuring a compact design with no mov-
ing components, is particularly well-suited for reducing the in-
vasiveness of biomedical procedures in constrained spaces and
under low-light conditions. Furthermore, one can enhance the
spatial resolution of our sensor by tapering the tip of the few-
mode fiber to reach the limit on near-field sensing while pre-
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Figure 5. Spatial distribution of a diatom birefringent structure measured
by the polarimetric all-fiber sensor and characterized using three Bloch pa-
rameters. The red color corresponds to changes induced by an anisotropic
diatom passing in front of the fiber tip. For comparison, the blue line repre-
sents the same environment without the diatom. The modulation visible
in all three Bloch parameters indicates the properties of a polarization-
affecting element moving in front of the sensor, allowing further study of
the specimen.

serving the single-photon polarization sensitivity. However, there
will be a trade-off between the increased spatial resolution and
decreased collection efficiency. Also, the stability performance
might be negatively affected.
In the view of optically-assisted machine learning, the ran-

dom propagation in multimode fiber followed by a computa-

Figure 6. Time-resolvedmeasurement of a polarization transition induced
by voltage-controlled twisted nematic liquid crystals. The all-fiber sensor
continuously captures the complete polarization information with a 5 ms
acquisition window at the approximate power level of 105 detected pho-
tons. The transition from horizontal to vertical polarization is represented
through the evolution of the three Bloch parameters, each shown in a dif-
ferent color.

tional neural network represents an instance of an extreme learn-
ing machine or reservoir computing.[35,50] By demonstrating the
single-photon sensing capability of these architectures, we have
provided the foundation for decreasing energy consumption in
optical sensing, similar to what has been studied recently for
computing.[51] Furthermore, to fully quantify the flow of infor-
mation about the measured quantity (polarization state of light
in our case), one may contemplate utilizing the Fisher infor-
mation concept that has been only recently adapted for wave
scattering.[52] The crucially missing part, and possible future fo-
cus of the research community, might be the analysis of the flow
of Fisher information in neural networks.[53,54] This would com-
plement the analysis of the physical part of the sensor and allow
for the full theoretical information analysis of the deep-learning
aided metrology based on random wave scattering.
In summary, we presented a novel polarization sensor that is

explicitly demonstrated for arbitrary polarization states, includ-
ing partially polarized light, and simultaneously offers: single-
photon sensitivity (picowatt powers transmitting a sample); rapid
operation with thousands of reconstructions per second; high
accuracy reaching Stokes errors below 0.01, and even lower
at higher photon fluxes; long-term stability for over a month,
unprecedented among imagers and sensors using multimode
fibers; high spatial resolution of 6 µm; and a compact, all-fiber de-
sign without moving components. In addition, we analyzed the
resource budget of the sensor and conducted a thorough confi-
dence analysis, which is often neglected for deep learning appli-
cations. Our polarization sensor significantly advances the field,
answering the demand for a combination of compactness, ac-
curacy, low light sensitivity, and high operational speed, which
opens up new possibilities for highly accurate polarization sens-
ing across various applications. Furthermore, our contribution
lays down novel research pathways to single-photon-level sens-
ing using random optical networks and media. It also poses new
questions on information and confidence evaluation of systems

Laser Photonics Rev. 2025, e01775 e01775 (6 of 10) © 2025 The Author(s). Laser & Photonics Reviews published by Wiley-VCH GmbH
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Figure 7. A detailed visualization of the experimental setup for the all-fiber sensor. The twisted nematic liquid crystal device, labeled as (a), is present
only during dataset acquisition for deep neural network training. In the verification stage, depicted in (b), a reference polarimeter based on wave plates
is employed to validate the accurate operation of the liquid crystal device. Finally, this segment is replaced with a polarization-modulating specimen (c)
during the USAF test, dense connective tissue, diatommeasurements, and fast liquid crystal transition. The green panel depicts a polarization-dependent
speckle pattern with inverted intensities generated by the few-mode fiber. The red circles represent the sparse areas sampled by the subsequent fiber
array.

consisting of randommedia together with deep neural networks.
The ability to extract meaningful data from minimal input has
far-reaching implications in fields where resource efficiency and
sensitivity are paramount.

4. Materials and Methods

Experimental Setup: In addition to the information provided
in the main text, a detailed scheme of the all-fiber polarization
sensor is depicted in Figure 7. This scheme comprised three con-
figurations. In the first configuration, the twisted nematic liquid
crystal device[46] induced polarization transformation on the at-
tenuated coherent signal generated by a fiber-coupled continu-

ous 810 nm semiconductor laser diode (QPhotonics QFLD). The
laser diode exhibited typical fluctuations, drifts, and mode hops
within a 1 nmwavelength range. With amore stable source, such
as a distributed-feedback laser diode or solid-state laser, the wave-
length stability would increase significantly, which would com-
pletely neglect any negative effects on the performance of our
sensor. Moreover, the sensor can be recalibrated for an arbitrary
wavelength within an hour. The accurate operation of the liquid
crystal device in the second configuration was independently ver-
ified by replacing it with a reference polarimeter based on rotat-
ing wave plates. The third configuration represented the sensor
application and comprised the birefringent specimen under in-
vestigation. In all cases, the modified signal was collected by the
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Figure 8. A comparison of polarization measurement on a region of the 1951 USAF birefringent resolution test. a) A polarization image obtained using
standard imaging based on rotating wave plates. b) An all-fiber sensor scan of the same region. Both results are visualized as false-colored RGB images
using Bloch parameters.

5 cm long SMF28 few-mode fiber. The number of modes sup-
ported by this fiber was characterized in Section 4.2.
The generated speckle pattern propagated through a 5 mm

free space before reaching the array of seven gradient multimode
fibers GIF625 (SQS Vláknová optika, 62.5/125/250 µmMMOM1
Fiber). This propagation allowed the speckle grain size to match
the multimode fiber core. Arranged in a honeycomb structure
with a 375 µm diameter, the multimode fibers had a core diam-
eter of 62.5 µm and a cladding diameter of 125 µm. Each fiber
sparsely sampled the intensity from the speckle pattern and for-
warded the signal to an independent single-photon avalanche
diode (Excelitas SPCM). The entire experimental setup was lo-
cated in an unsealed open space of a temperature-maintained
laboratory, with the temperature varying within ≈ 1.5 ◦C and the
relative humidity ranging from 25% to 35% during the measure-
ments. Despite these fluctuations, unprecedented stability and
accuracy were demonstrated over many weeks (see Section 2.2).
This level of robustness was fully sufficient for any laboratory
measurements. Moreover, in typical biomedical and material re-
search, the environmental conditions, such as sample tempera-
ture, are deliberately controlled and stabilized. Under such con-
ditions, the long-term stability of the sensor will be even greater
than demonstrated.
Supported Fiber Modes Analysis: Determining the exact num-

ber of modes M supported by the SMF28 few-mode fiber at the
given wavelength proves intricate. Most mathematical formulas
are precise only in the limit case of a high mode number. Never-
theless,M was estimated by evaluating the normalized frequency
parameter V ,

V = 2𝜋
𝜆
rcoreNA, (1)

where 𝜆 = 810 nm is the wavelength of propagated light, rcore =
4.1 μm is the fiber core radius, and NA = 0.14 is the numeri-
cal aperture. The calculated value of V = 4.45 > 2.405 indicates
that the fiber supports more than one mode per polarization di-
rection. Subsequently, the number of modesM is approximately
given by the relation

M ≈ V2

2
= 9.9 (2)

valid under the assumption that V is large. Since this condition
was not fully satisfied, publicly available software developed was
also utilized for mode computation in multimode fibers[55] and
the number of modesM = 8 was obtained.
Numerical Setup: The physical setup described above was

assisted by a numerical processing comprising a deep neural
network model. This trained network, consisting of 250 neu-
rons per 4 hidden layers, performed a nonlinear transforma-
tion on the count distribution and returns four real-valued out-
puts. These represented elements of a two-by-two triangular ma-
trix 𝜏 with real-valued diagonal entries and a single complex off-
diagonal entry. Utilizing the Cholesky decomposition, a Hermi-
tian positive-definitive matrix 𝜏𝜏† was reconstructed. Upon nor-
malizing its trace to unity, 𝜌 = 𝜏𝜏†

Tr[𝜏𝜏†] represented a physically

sound coherence matrix of the polarization state,[45] mathemat-
ically equivalent to a density matrix of a two-level quantum sys-
tem. Therefore, the complete model can be interpreted as provid-
ing the polarization coherence matrix of the collected light given
the measured count distribution. Alternatively, the polarization
state can be described by the Bloch parameters

(
B1, B2, B3

)
, 𝜌 =

1
2

(
1 +

∑3
j=1 Bj𝜎j

)
, where 𝜎j are Pauli matrices.

The network was trained using the Adam optimizer and a
mean squared error loss function. Various hyperparameters, in-
cluding network architecture, were fine-tuned to optimize the
network performance. For this purpose, a validation set, sepa-
rated from the training data, was employed to find the optimal
hyperparameter combination with respect to a fidelity metric

F = Tr
[√√

𝜌 ⋅ 𝜎 ⋅
√
𝜌

]2
∈ [0, 1] (3)

where 𝜌 is the polarization coherence matrix provided by the net-
work and 𝜎 is the ground truth matrix of the input polarization
state. This metric, which quantifies the closeness between the
states, can be expressed in terms of error as infidelity 1 − F. Fi-
nally, the separated experimentally acquired test set was used for
the performance evaluation of the optimal network.
1951 USAF Birefringent Test: A scan of a 1951 USAF bire-

fringent resolution test was conducted with the developed po-
larization sensor and compared with a polarization measure-
ment based on rotating wave plates. Figure 8 shows a polariza-
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tion image obtained with the standard method (a) alongside the
scan using our all-fiber sensor (b). Both panels visualize false-
colored RGB images using Bloch parameters

(
B1, B2, B3

)
with

R = B1+1
2
, G = B2+1

2
, and B = B3+1

2
corresponding to red, green,

and blue channel intensities. By averaging over the background
and polarization-modulating regions, a fidelity value of ≈0.987
was estimated between the two polarization measurement ap-
proaches. This comparison unequivocally demonstrated the abil-
ity of the sensor to performhighly accurate polarizationmeasure-
ments.
Additionally, the image shown in panel (b) allows for the evalu-

ation of the spatial resolution of the sensor. To this end, horizon-
tally and vertically oriented edges were fitted at several positions.
Characterized as the 20% to 80% width, the resolution was esti-
mated to be ≈6(5) μm. Besides the distance from a specimen to
the fiber tip, the resolution is dictated by the few-mode fiber di-
ameter and can be modified by employing different fiber types.
Moreover, for applications requiring higher resolution, utilizing
fiber tip tapering could improve it up to the near-field scanning
optical microscopy at the cost of the collection efficiency and pos-
sibly stability.

Acknowledgements
This work was supported by the Czech Science Foundation (project 21-
18545S), Ministry of Education, Youth, and Sports of the Czech Repub-
lic (project OP JAC CZ.02.01.01/00/23_021/0008790). M.B. and D.V. ac-
knowledge the support by Palacký University (projects IGA-PrF-2024-008
and IGA-PrF-2025-010). The authors acknowledge the use of cluster com-
puting resources provided by theDepartment of Optics, Palacký University
Olomouc. The authors thank Jan Provazník for maintaining the cluster and
providing support. The authors also thank Josef Hloušek for developing a
3D model shown in Figure 1 and Jaromír Běhal for a fruitful discussion on
birefringent biological samples.

Open access publishing facilitated byUniverzita Palackeho vOlomouci,
as part of the Wiley - CzechELib agreement.

Conflict of Interest
The authors declare no conflict of interest.

Author Contributions
M.B. and D.V. contributed equally to this work. M.B. assembled the sen-
sor and conducted the experiments. D.V. wrote the deep learning and
data processing codes, and drafted manuscript. M.J. initiated and super-
vised the project. All authors contributed in data interpretation and revis-
ing manuscript.

Data Availability Statement
The code and data that support the findings of this study are publicly avail-
able on GitHub: https://github.com/VasinkaD/Polarization-Deep-Sense.

Keywords
all-fiber sensor, deep learning, in-situ andmicroendoscopicmeasurement,
light polarization, single-photon and low-light sensing

Received: July 8, 2025
Revised: September 19, 2025

Published online:

[1] D. M. Jameson, J. A. Ross, Chem. Rev. 2010, 110, 2685.
[2] C. V. Rimoli, C. A. Valades-Cruz, V. Curcio, M. Mavrakis, S. Brasselet,

Nat. Commun. 2022, 13, 301.
[3] Z. Zhan, M. Cantono, V. Kamalov, A. Mecozzi, R. Müller, S. Yin, J. C.

Castellanos, Science 2021, 371, 931.
[4] J. Liu, D. Zhang, D. Yu, M. Ren, J. Xu, Light Sci. Appl. 2021, 10, 55.
[5] S. Wen, X. Xue, S. Wang, Y. Ni, L. Sun, Y. Yang, Light Sci. Appl. 2024,

13, 88.
[6] J. Wang, Photonics Res. 2016, 4, B14.
[7] Z.-Y. Chen, L.-S. Yan, Y. Pan, L. Jiang, A.-L. Yi, W. Pan, B. Luo, Light

Sci. Appl. 2016, 6, e16207.
[8] J. Qi, D. S. Elson, J. Biophotonics 2017, 10, 950.
[9] P. Doradla, K. Alavi, C. Joseph, R. Giles, J. Biomed. Opt. 2013, 18,

090504.
[10] J. Qi, T. Tatla, E. Nissanka-Jayasuriya, A. Y. Yuan, D. Stoyanov, D. S.

Elson, Nat. Biomed. Eng. 2023, 7, 971.
[11] S. Turtaev, I. T. Leite, T. Altwegg-Boussac, J. M. P. Pakan, N. L.
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[21] H. Cao, T. Čižmár, S. Turtaev, T. Tyc, S. Rotter, Adv. Opt. Photonics

2023, 15, 524.
[22] E. Valent, Y. Silberberg, Optica 2018, 5, 204.
[23] M. W. Matthès, Y. Bromberg, J. de Rosny, S. M. Popoff, Phys. Rev. X

2021, 11, 021060.
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C. Moser, Nat. Mach. Intelligence 2020, 2, 403.
[30] R. Ziv, A. Dikopoltsev, T. Zahavy, I. Rubinstein, P. Sidorenko, O.

Cohen, M. Segev, Opt. Express 2020, 28, 7528.
[31] W. Xiong, B. Redding, S. Gertler, Y. Bromberg, H. D. Tagare, H. Cao,

APL Photonics 2020, 5, 096106.
[32] H. Defienne, M. Barbieri, I. A. Walmsley, B. J. Smith, S. Gigan, Sci.

Adv. 2016, 2, e1501054.
[33] S. Leedumrongwatthanakun, L. Innocenti, H. Defienne, T. Juffmann,

A. Ferraro, M. Paternostro, S. Gigan, Nat. Photonics 2020, 14, 139.
[34] N. H. Valencia, S. Goel, W. McCutcheon, H. Defienne, M. Malik,Nat.

Phys. 2020, 16, 1112.
[35] D. Pierangeli, G. Marcucci, C. Conti, Photonics Res. 2021, 9, 1446.
[36] B. Courme, P. Cameron, D. Faccio, S. Gigan, H. Defienne, PRX Quan-

tum 2023, 4, 010308.
[37] B. Redding, S. F. Liew, R. Sarma, H. Cao, Nat. Photonics 2013, 7, 746.

Laser Photonics Rev. 2025, e01775 e01775 (9 of 10) © 2025 The Author(s). Laser & Photonics Reviews published by Wiley-VCH GmbH

 18638899, 0, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/lpor.202501775 by U

niversity Palacky, W
iley O

nline L
ibrary on [28/10/2025]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense

http://www.advancedsciencenews.com
http://www.lpr-journal.org
https://github.com/VasinkaD/Polarization-Deep-Sense


www.advancedsciencenews.com www.lpr-journal.org

[38] R. K. Gupta, G. D. Bruce, S. J. Powis, K. Dholakia, Laser Photonics Rev.
2020, 14, 2000120.

[39] M. Juhl, K. Leosson, ACS Photonics 2020, 7, 203.
[40] M. Facchin, G. D. Bruce, K. Dholakia, OSA Continuum 2020, 3, 1302.
[41] N. A. Rubin, P. Chevalier, M. Juhl, M. Tamagnone, R. Chipman, F.

Capasso, Opt. Express 2022, 30, 9389.
[42] D. Pierangeli, C. Conti, Nat. Commun. 2023, 14, 1831.
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Deep learning of quantum entanglement from
incomplete measurements
Dominik Koutný1*, Laia Ginés2, Magdalena Moczała-Dusanowska3, Sven Höfling4,
Christian Schneider5, Ana Predojević2, Miroslav Ježek1*

The quantification of the entanglement present in a physical system is of paramount importance for fundamen-
tal research andmany cutting-edge applications. Now, achieving this goal requires either a priori knowledge on
the system or very demanding experimental procedures such as full state tomography or collective measure-
ments. Here, we demonstrate that, by using neural networks, we can quantify the degree of entanglement
without the need to know the full description of the quantum state. Our method allows for direct quantification
of the quantum correlations using an incomplete set of local measurements. Despite using undersampled mea-
surements, we achieve a quantification error of up to an order of magnitude lower than the state-of-the-art
quantum tomography. Furthermore, we achieve this result using networks trained using exclusively simulated
data. Last, we derive a method based on a convolutional network input that can accept data from various mea-
surement scenarios and perform, to some extent, independently of the measurement device.
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INTRODUCTION
Physical measurements performed on individual parties of an en-
tangled system reveal strong correlations (1), which give rise to non-
classical and nonlocal effects (2, 3). Aforesaid effects are the
essential element of fundamental tests of quantum mechanics, in-
cluding direct experimental verification of quantum nonlocality (4–
6). The critical role of entanglement was demonstrated also on the
opposite scale of the complexity spectra in macroscopic phase tran-
sitions (7–9). Besides the fundamental aspects, entanglement is an
essential tool for quantum information processing, and it allows for
reaching the quantum advantage (10, 11). Modern quantum com-
munication networks rely crucially on entanglement sources (12–
15). Consequently, the characterization of entanglement is para-
mount for both fundamental research and quantum applications
(16, 17).
Here, we adopt methods of deep learning to tackle the long-

standing problem of efficient and accurate entanglement quantifi-
cation. Our approach determines the degree of entanglement of a
generic quantum state directly from an arbitrary set of local mea-
surements. Despite the deep learning models being trained on sim-
ulated measurements, they excel when applied to real-world
measurement data. We quantify photonic entanglement generated
by two distinct systems: a nonlinear parametric process and a semi-
conductor quantum dot.
Reliable entanglement quantification represents an open

problem in quantum physics. Direct measurement of entanglement
can be achieved by exploiting quantum interference of two (or
more) identical copies of a physical system (18–22). This multicopy
approach roots in measuring nonlinear functions of quantum states

(23, 24). However, such measurements are experimentally highly
demanding, which has spurred the research of single-copy entan-
glement detection using only local measurements, such as
quantum tomography.
Quantum tomography provides the full description of a

quantum state including the degree of entanglement (25, 26).
However, the total number of measurements required for
quantum tomography increases exponentially with the number of
qubits or quantum degrees of freedom, which renders the approach
inherently not scalable (27–29). Several methods have been devel-
oped to make this scaling more favorable, nevertheless, by imposing
an a priori structure or symmetry to the system (30–33). When a
few-parameter model of quantum state is assumed, quantum esti-
mation can be used for optimal inferring of the state entanglement
(34–36). Another approach to emulate quantum correlations (37)
with fewer resources relies on neural network quantum states
(38–42). However, this method suffers from the sign problem,
solving of which requires further assumptions about the state (43,
44). The neural network quantum state approach was used for
quantum tomography under nonideal experimental conditions
(45–49). However, how much information is needed for represent-
ing a generic quantum state at a given level of accuracy remains an
open question (50, 51).
Instead of characterizing thewhole system, onemight target only

mean values of a set of selected observables, which substantially
reduces the required number of measurements. This approach,
termed shadow tomography (52), can also be applied to estimate
entanglement entropy of a small subsystem, basically reconstructing
its reduced quantum state (53, 54). An alternative method uses
random measurements to estimate the second-order Rényi
entropy of a subsystem (55–58). However, quantification of entan-
glement distributed over the whole system lies beyond the scope of
such methods.
Entanglement witnessing seems to be a viable alternative to the

tomographic methods, when we only aim at distinguishing between
entangled and nonentangled states (or between entanglement
classes) without quantifying the degree of entanglement and its
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detailed structure. Nevertheless, the witnessing may still require the
full knowledge of the underlying quantum state, as is the case of the
positive partial transpose criterion (1). The witness cannot be di-
rectly measured; however, it can be approximated using a complete-
ly positive map (59), which is equivalent to the full quantum state
tomography (60, 61). Other witnessing methods are based on the
minimum local decomposition (62, 63), semidefinite programming
(SDP) (64, 65), entanglement polytopes (66), or correlations in
random measurements (67, 68). Entanglement witnessing can
also be facilitated by using neural networks classifiers (69–71).
Despite the success of the entanglement witnessing, it provides
only witnesses or lower bounds and often requires some a priori in-
formation about the state.
In summary, the connection between the entanglement present

in a physical system and the measurements of the correlations of its
subsystems is highly nontrivial (72, 73). It seems that full entangle-
ment characterization using single-copy local measurements can
only be accomplished with the complete quantum state tomography

and, consequently, with exponential scaling of the number of re-
quired measurements (60, 61, 74, 75). The open question remains
what one can learn about entanglement from an incomplete
observation.
In this work, we use deep neural networks (DNNs) to tackle the

problem of entanglement characterization. We develop a method
that allows us to quantify the degree of entanglement and
quantum correlations in a generic partially mixed state using a set
of informationally incomplete measurements. The entanglement
quantifiers that we obtain using DNN approach are substantially
more accurate compared with the values attainable using the
state-of-the-art quantum tomography methods. In addition, we
demonstrate a measurement-independent quantification of entan-
glement by developing a deep convolutional network that accepts
an arbitrary set of projective measurements without retraining.
The DNN-based approaches that we introduce here can be imme-
diately applied for certification and benchmarking of entanglement
sources, which we demonstrate by using photonic sources of entan-
gled photons based on spontaneous parametric downconversion
and a semiconductor quantum dot.

RESULTS
Even in a well-understood system, such as a pair of qubits, a reliable
quantification of entanglement requires full state tomography (74).
In other words, to infer the degree of entanglement, we need to de-
termine the quantum state. A common approach to implement
photonic qubit tomography is to measure the full basis of three
Pauli operators. Such a measurement for a two-qubit state consist
of 62 = 36 local projectors (26). Omitting randomly some projectors
in this measurement scheme decreases the accuracy of the quantum
tomography and, consequently, the entanglement evaluation. Here,
we show that this problem can be overcome by using DNNs that
allow us to gain knowledge on the degree of entanglement
without the need to know the quantum state.
To demonstrate the advantage of the DNN approach, we use two

quantifiers: the concurrence (1) and the mutual information (76)
for a two-qubit and a three-qubit system, respectively. The concur-
rence is widely used in experiments for characterization of entan-
gled photon pair sources. Its value is bounded from below by 0
for separable states and from above by 1 for maximally entangled
states. On the other hand, the concurrence cannot be easily gener-
alized to higher-dimensional quantum systems and systems of more
than two parties. Therefore, the second quantifier that we use is the
mutual information, which can be generalized to multipartite
systems of qudits, and its value reflects the information shared
between the parties of a larger system.
We use three different approaches to determine the concurrence

and the mutual information from an incomplete set of data. We
show them schematically in Fig. 1. We use the maximum likelihood
algorithm (MaxLik) (Fig. 1A, red), measurement-specific DNNs
(Fig. 1B, green), and a measurement-independent DNN (Fig. 1C,
blue). The maximum likelihood is an algorithm that finds the
quantum state (ρ) iteratively, starting from an initial guess (ρinit),
which is typically set to maximally mixed state (77). Having at
hand the quantum state ρ allows us to quantify the entanglement
(see Materials and Methods). In contrast, the approaches based
on DNN learn the concurrence and mutual information directly
from the measured data. While the measurement-specific DNN is

Fig. 1. Schematics of the three methods that we used to infer the quantum
correlations. (A) The maximum likelihood algorithm (MaxLik) finds the most likely
quantum state ρ based on the measured data and an initial guess ρinit. (B) Green
DNN represents a fully connected neural network that infers directly the concur-
rence and the mutual information from specific measurements (specific measure-
ment projectors), whereas (C) the blue DNN works with an arbitrary measurement
projectors. The input for the former is the measured data. The measurement-inde-
pendent DNN has a first layer convolutional, and it inputs both the data and the
measurement description.
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designed for a predefined set of measurement projectors Mm, the
measurement-independent DNN relaxes the condition on measur-
ing the a priori known projectors and predicts concurrence and
mutual information independently on the measurement settings.
This approach has a convolutional first layer, and it inputs the mea-
sured data together with the description of the respective projectors.
During the training, the DNNs are provided with the theoretical
probabilities Tr{ρMm} and, in the case of the measurement-inde-
pendent DNN, also the description of the measurement Mm. For
the detailed information about the structure of the DNNs, the
dataset, and the training procedure, see Materials and Methods.
We compare the three approaches on the basis of how accurately

they can infer the concurrence (mutual information) from an in-
complete set of data. Here, the MaxLik serves as a benchmark to
the other two methods that are DNN-based. We chose to evaluate
the performance of all three approaches by computing the mean ab-
solute error (MAE). TheMAE is calculated as 〈∣xi − yi∣〉with xi being
the true value and yi being the predicted value of the concurrence
(mutual information). To make our comparison universal, the
average is taken over a set of states and several combinations of mea-
surement projectors, i.e., a test set. The total number of combina-
tions of k projectors from the maximum of 36 is 36!

k!ð36� kÞ!. As this
number can be excessively high, we randomly selected a smaller
subset of combinations. Therefore, to evaluate the performance of
a measurement-specific DNN, we train 12 randomly selected net-
works for each k-projector measurement and evaluate the average
and SD of their MAEs. For the MaxLik and measurement-indepen-
dent DNN, the averaging is performed over hundreds of randomly
selected measurements.
The performance of the three approaches is presented in Fig. 2,

where we show how MAE depends on the number of measurement
projectors that we used to obtain the result. Figure 2 (A and B)
shows the MAE for the concurrence and the mutual information,
respectively, while Fig. 2C addresses the MAE of the three-qubit
mutual information matrix. The MaxLik approach is presented
using the red triangles in all panels. For the informationally com-
plete data, i.e., when all 36 projectors are measured, the MaxLik
MAE is on the order of 10−5 to 10−4. In this scenario, MaxLik con-
verges to the true quantum state, and the error only reflects the nu-
merical errors caused by the computing precision. As we can see in
Fig. 2 (A and B), the MAE of the MaxLik starts increasing if only a

few out of the 36 projectors are absent. In contrast to the MaxLik,
DNNs perform well even for a severely reduced number of projec-
tors. The measurement-specific DNNs (shown in green circles)
predict the concurrence and mutual information with the MAE
of approximately 0.01 even when only 24 projectors are used. For
the same number of projectors, MaxLik MAE is 0.1. Consequently,
measurement-specific DNNs result in a precision that is, on
average, 10 times higher. If we further reduce the number of projec-
tors, then the MAE for the measurement-specific DNNs starts to
increase; however, it keeps being substantially smaller compared
to the MAE of the MaxLik. The uncertainty region of MAE also
remains at least two times smaller (up to 10 times while working
with more than 18 projectors). The measurement-independent
DNN error is shown in Fig. 2 using the blue squares. Compared
to the performance of the MaxLik, the measurement-independent
DNN quantifies the concurrence and themutual information with a
lower MAE however worse than using the measurement-specific
strategy. In practice, one can resource to the measurement-indepen-
dent DNN for preliminary detecting the entanglement in the
system, even changing the measurement on the fly, and improve
the entanglement quantification by training a particular measure-
ment-specific DNN later.
To further validate our approach, we compare the values of the

concurrence determined by MaxLik, measurement-specific DNNs,
and measurement-independent DNN using a state that the network
has never seen before, the Werner state ρWðpÞ ¼ pρψ� þ

1� p
4 1,

where ρψ− is a projector into maximally entangled Bell state span-
ning the asymmetric subspace of two qubits. The parameter p runs
from 0 (mixed state) to 1 (maximally entangled state). The concur-
rence for the Werner state is a piecewise linear function of the pa-
rameter p, and it takes the exact form C(ρW) = max [0, (3p − 1)/2].
The results are shown in Fig. 3. In the panels (A to D), we show the
concurrence and the corresponding uncertainty regions for 36, 28,
18, and 8 projective measurements, respectively. For 28 and 18 mea-
surement projectors, both the DNN approaches follow the ideal
concurrence values, while the MaxLik deviates substantially. The
measurement-specific DNNs yield nontrivial results even in the
case of only 8 measurement projections.
As mentioned previously, the mutual information can be gener-

alized to the systems of more than two qubits. To show that we can
also generalize the DNN-based approach to larger quantum

Fig. 2. Entanglement quantification error for the two- and three-qubit systems. Themean absolute error (MAE) versus the number of measurement projectors for (A)
two-qubit concurrence, (B) two-qubit mutual information, and (C) three-qubit mutual informationmatrix. Red triangles depict MAE for the MaxLik, blue squares stand for
the values of MAE computed from measurement-independent DNN, and, lastly, green circles represent the values of MAE computed from measurement-specific DNNs.
The uncertainty regions are depicted in the corresponding colors and may overlap. The DNNs outperform the MaxLik approach in terms of entanglement quantification
accuracy and its consistency, given by smaller errors and uncertainty intervals, even for substantially incomplete measurements.

S C I ENCE ADVANCES | R E S EARCH ART I C L E

Koutný et al., Sci. Adv. 9, eadd7131 (2023) 19 July 2023 3 of 9

D
ow

nloaded from
 https://w

w
w

.science.org on July 19, 2023



systems, we apply our method to a three-qubit system. In such a
system, the mutual information matrix has three independent
entries ℐ ≡ {ℐAB, ℐAC, ℐBC}, with subscripts referring to the
three different ways of partition. To determine all three numbers
ℐ simultaneously, we have to perform a full tomographic measure-
ment on each qubit, which leave us with 63 = 216 projections. Fol-
lowing the procedure introduced for the two-qubit case, we built
measurement-specific DNNs, each mapping measurement data to

the three-component vectorℐ. Deep layers have the same structure
as for quantification of mutual information in the two-qubit case.
Final results are shown in Fig. 2C. The MAE ofℐ is averaged over
its three independent elements and over randomly generated
quantum states. DNN predictions are, on average, akin to the
MaxLik ones in the regime close to the complete data. However,
with only about a third of all projections, measurement-specific
DNNs predict the full mutual information matrix on average with
a five times smaller error than the MaxLik.
Our approach needs modest computational resources. In partic-

ular, the two- and three-qubit measurement-specific networks (for
one-fourth of all Pauli projectors compared to the complete mea-
surement) have approximately 37,000 and 42,000 parameters, re-
spectively. The optimal performance of networks for three qubits
does not require substantially more parameters than for two-qubit
networks. We further verified this optimistic scaling by training
four- and five-qubit measurement-specific networks (for one-
fourth of all possible Pauli projectors in each case). These networks
require 69,000 and 231,000 parameters, respectively, and outper-
form the MaxLik even more than two-qubit and three-qubit net-
works; see Table 1. Namely, the measurement specific networks
reach 2.2, 3.0, 3.8, and 4.3 times lower MAE of mutual information
matrix than the MaxLik for two, three, four, and five qubits, respec-
tively. On the basis of this finding, we expect that, by keeping the
ratio of the MaxLik accuracy and the DNN accuracy constant, the
required fraction of the projectors with respect to the full tomogra-
phy will decrease.
Last, we demonstrate the performance of DNN-based entangle-

ment quantification using experimental data acquired under non-
ideal conditions and with limited statistical sampling. We study
two distinct entanglement sources. The first one is based on contin-
uously pumped spontaneous parametric downconversion. The
photon pair generation process is inherently random, and the re-
sulting entangled state depends on the choice of the temporal coin-
cidence window and other experimental conditions such as
background noise. Adjusting of the experimental parameters
affects the degree of entanglement in the produced state. We quan-
tify concurrence using the DNNs and the MaxLik approach for
various experimental settings ranging from the maximally entan-
gled singlet Bell state to a noisy state with a negligible concurrence.
Figure 4 (A and B) shows the results for an almost pure entangled
state and a partially mixed state with the concurrence of 0.985 ±
0.001 and 0.201 ± 0.002, respectively. In both cases, DNN approach-
es outperform the MaxLik approach. The measurement-specific
DNNs remain very accurate (MAE <0.04) all the way down to 14
projections. Even the measurement-independent DNN outper-
forms the MaxLik in the generic case of partially mixed state for
any number of measurement projectors. The maximally entangled
state represents the only case where the MaxLik performs slightly
better than the measurement-independent DNN (but worse than
measurement-specific DNNs). This behavior results from high
purity and sparsity of the state and, consequently, from the sparsity
of the measurement data. When randomly selecting a subset of pro-
jectors, there is a high possibility of having a majority or even all the
measurements with a negligible number of detection counts. It
seems that the predictive strength of the measurement-independent
DNN is limited for such a scenario. However, the MaxLik approach
is biased toward pure states in the case of heavily undersampled data
(78, 79), and the positivity constraint tends to a sparse (low-rank)

Fig. 3. Entanglement quantification error for the Werner state. The depen-
dence of values of concurrence for the two-qubit Werner state ρW(p) characterized
by the parameter p ∈ [0,1]. Values of the concurrence determined from (A) 36, (B)
28, (C) 18, and (D) 8 measurement settings. In each panel, the red triangles depict
the average values of the concurrence determined by theMaxLik with correspond-
ing uncertainty region, the blue squares stand for the measurement-independent
DNN predictions, and the green circles represent predictions given by measure-
ment-specific DNNs. The brown line shows the theoretical values of the concur-
rence for the Werner state. Both measurement-independent DNN and
measurement-specific DNNs outperform the MaxLik in entanglement quantifica-
tion of the Werner state.

Table 1. The summary of the mutual information quantification from
incomplete measurements consisting of one-fourth of all possible
Pauli projectors in each case. The MaxLik and the measurement-specific
DNNs are compared up to five-qubit quantum systems. The ratio of the
mean absolute errors (MAEs) of the methods shows an increasing
improvement in the performance of the DNN approach for entanglement
quantification in higher-dimensional systems.

Number
of qubits

MAE Ratio of MaxLik and
DNN MAEsMaxLik DNN

2 0.20 ± 0.16 0.09 ± 0.09 2.2

3 0.068
± 0.055

0.023
± 0.020

3.0

4 0.019
± 0.014

0.005
± 0.001

3.8

5 0.039
± 0.032

0.009
± 0.001

4.3
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states (80). This bias artificially increases the resulting concurrence
and reduces its error.
The second experimental system consists of a semiconductor

quantum dot resonantly pumped by picosecond pulses. The biexci-
ton-exciton cascade emission produces pairs of photons in a partial-
ly polarization entangled state. The degree of entanglement is
reduced by the presence of the fine-structure splitting, reaching
the concurrence of 0.18 ± 0.01. Figure 4C shows the MAE for
such a mixed quantum state. As for the source based on spontane-
ous downconversion, both DNN approaches beat, on average, the
MaxLik method in accuracy. Let us point out that the DNN-based
approaches were trained to predict quantum correlations from the
theoretical probabilities computed from the ideal quantum states
and measurement. Figure 3 thus demonstrates the robustness of
our approaches to noisy experimental data.

DISCUSSION
We demonstrated that, by exploiting novel methods of neural net-
works and deep learning, we can outperform the traditional and
commonly used techniques for quantification of quantum correla-
tions such as state tomography. For the systems of two qubits, we
built two different neural network–based approaches, namely, mea-
surement-specific and measurement-independent DNNs. Both ap-
proaches predict concurrence and mutual information from data
with a higher accuracy than the commonly used quantum state to-
mography. The best performing approach is the measurement-spe-
cific DNNs, which are trained to predict the concurrence or mutual
information from a fixed set of projectors. Furthermore, we gener-
alized to the system of three qubits, where we show that the mea-
surement-specific DNNs represent a more accurate method to

quantify the mutual information matrix than the maximum likeli-
hood one.We demonstrated the feasibility of the measurement-spe-
cific DNNs training up to five qubits. Our approaches not only
benefit from a high accuracy when working with fewer measure-
ment projectors but also are substantially faster compared to the
standard tomography–based methods. Furthermore, we demon-
strate the robustness of our approach using two experimental
systems: a nonlinear parametric process and a semiconductor
quantum dot. The DNN approaches can be further studied and
modified to adaptively find a minimal set of projectors that infer
the entanglement accurately.

MATERIALS AND METHODS
Quantifying quantum correlations
To quantify the quantum correlation, we use the concurrence and
the mutual information, for the two- and three-qubit cases, respec-
tively. The concurrence is a two-qubit monotone entanglement
measure (1) widely used for the characterization of bipartite entan-
glement commonly present in sources of entangled photon pairs.
Knowing the quantum state the concurrence is defined as

CðρÞ ; maxf0; λ1 � λ2 � λ3 � λ4g ð1Þ

with λ1, …, λ4 being the eigenvalues (sorted in decreasing order) of
the Hermitian matrix T ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiρp ~ρ ffiffiffiρp
p

, here ~ρ ¼ σy � σyρ�σy � σy,
where ρsup>/sup> standing for complex conjugate and σy is one
of the Pauli matrices represented in a computational basis as
σy = i(∣1〉〈0∣−∣0〉〈1∣). For an arbitrary mixed state, the value of con-
currence is saturated from below by 0 (1) for the separable states
ρAB ¼

P
iγiρiA � ρ

i
B and from above by 1 for the maximally entan-

gled states of two-qubits.
Mutual information is a quantum correlationmeasure common-

ly used in quantum cryptography or for quantifying complexity in
many-body systems. For an n-qubit quantum system, mutual infor-
mation matrix reads

Iij ¼
1
2
½SðρiÞ þSðρjÞ � SðρijÞ� ð2Þ

and is constructed from the one and two point von Neumann en-
tropies (76), SðρiÞ ¼ � Trfρilogdρig and
SðρijÞ ¼ � Trfρijlogdρijg, with ρi and ρij standing for reduced
density matrices, ρi = Trk ≠ i{ρ} and ρij = Trk ≠ ij{ρ} respectively.

Quantum state tomography
Quantum state tomography is a method to solve the inverse
problem of reconstruction of an unknown quantum state. It uses
the set of measurement operators (projectors) and relative frequen-
cies { fi} acquired in a measurement. To obtain an informationally
complete measurement, we need the relative frequencies for at least
D2 − 1 independent projectors fMig

N
i¼0. Quantum state is recon-

structed by maximizing the log-likelihood functional
LðρÞ/

PN
j¼1f jlogpjðρÞ, which can be written (77, 81, 82) as the it-

erative map ρ(k+1) ← μkRρ(k)R, where μ is the normalization cons-
tant and R is an operator defined as R =

P
i fi/piMi. Here, fi are the

measured frequencies and pi are the theoretical probabilities given
by the Born’s rule pi = Tr{ρMi}. In the Results section of this paper,
we address how the measurement being incomplete affects the
quantification accuracy of the concurrence and the mutual

Fig. 4. Performance of MaxLik and DNN-based approaches for an experimen-
tal datasets. We show the dependence of the MAE on the number of projectors.
(A and B) Spontaneous parametric downconversion sources and (C) semiconduc-
tor quantum dot source. The concurrence of experimentally prepared quantum
states was determined from the full MaxLik tomography to (A) 0.985 ± 0.001, (B)
0.201 ± 0.002, and (C) 0.18 ± 0.01. The MAE for the measurement-specific DNNs is
depicted in green circles, for measurement-independent DNN in blue squares, and
for the MaxLik approach in red triangles.
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information. In such a case, the closure relation,
P

i Mi = 1, is no
longer fulfilled. The optimal strategy is to map the set of projectors
{Mi} into a new set {Mi0} via Mi0 = G−1/2MiG−1/2 with G =

P
i Mi.

One can easily check that the {Mi0} now fulfill the completeness re-
lation,

P
i Mi0 = 1. The iterative map then updates to

ρðkþ1Þ  μkG� 1=2RρðkÞRG� 1=2 ð3Þ

and represents a procedure that we follow in the main text. We con-
sider measurement settings to be the Pauli projectors, i.e., projectors
into eigenstates of Pauli operators {σx, σy, σz}. TheMaxLik estimator
ρMaxLik is defined as a fixed point of the iterative map (Eq. 3). The
iteration process starts from the completely mixed state ρinit = 1/D
and is stopped when the Hilbert-Schmidt distance between the
subsequent iterations reaches 10−16. In the case of encoding qubit
states into the polarization degrees of freedom, Pauli measurement
consists of projectors onto three mutually unbiased basis sets
{∣H〉〈H∣, ∣V〉〈V∣, ∣D〉〈D∣, ∣A〉〈A∣, ∣R〉〈R∣, ∣L〉〈L∣}.
There are other methods for quantum state tomography such as

maximum likelihood–maximum entropy (83), SDP (84), or com-
pressed sensing (30). These methods and their comparison to
MaxLik and DNNs are presented in the Supplementary Materials.

DNN methods
Neural networks are machine learning models that learn to perform
tasks by analyzing data. A DNNmodel consists of multiple layers of
interconnected artificial neurons and acts as a highly nonlinear
transformation parameterized by a large number of trainable pa-
rameters (85). DNNs have the ability to generalize from learning
stage, i.e., once trained they can perform unexpectedly well even
for inputs that were not observed during the learning stage. The
basic principles of DNNs operation are well known, but the full
span of their generalization ability is the subject of current research
(86, 87). In science and technology, neural networks have been suc-
cessfully applied to a wide range of problems, including predicting
the behavior of complex systems and analyzing large datasets from
experiments and simulations (88, 89).
Let us first consider the DNN quantification of entanglement in

a two-qubit system. The measurement-specific DNNs are fully con-
nected networks. The network has seven fully connected layers with
a few dozens of thousands trainable parameters in total. The exact
number of the free parameters differs between the networks that
have different length of the input vector, dependent on the
number of projectors measured. We trained 193 measurement-spe-
cific DNNs (12 per point except of full 36 projectors) with varying
length of the input layer, starting with the full 36 input neurons
down to 4 (with increment of 2).
We construct a set of quantum states as follows: We generate 106

random quantum states ρ of which four-fifths are randomly distrib-
uted according to the Bures measure induced by the Bures metric
(90)

ρ ¼
ð1þ UyÞGGyð1þ UÞ
Trð1þ UyÞGGyð1þ UÞ

ð4Þ

To achieve this, we generate a Ginibre matrix G with complex
entries sampled from the standard normal distribution,
Gij ≏Nð0; 1Þ þ iNð0; 1Þ, together with a random unitary U dis-
tributed according to the Haar measure (91). The remaining one-
fifth of the set consists of randomHaar pure states mixed with white

noise. The generation of the set aims at the most uniform and
broadest coverage of partially mixed quantum states. The set of
quantum states is randomly shuffled and split to two parts, i.e.,
the training and validation sets containing 800,000 and 200,000
samples, respectively. The test set has 5000 states generated accord-
ing to the Eq. 4.
For the quantum states, we prepare the corresponding datasets

by computing the probability distribution with elements pi ≡
Tr{ρMi} and evaluate the quantum correlation measure (concur-
rence or mutual information) using Eqs. 1 and 2. We trained the
measurement-specific DNNs to predict the quantum correlations
from the probability distribution p. The training and validation da-
tasets have the following structures

Dinput ¼ fTrfρM1g; . . .;TrfρM36gg
Doutput ¼ fQðρÞg ð5Þ

where the length of the input vector Dinput is different for various
measurement-specific neural networks, ranging from full 36 projec-
tors down to 4. The output QðρÞ stands for either the concurrence
or the mutual information.
We achieve the learning of the neural networks by backpropagat-

ing the error through the use of chain rule of derivation. It minimiz-
es the loss function defined as the mean absolute difference between
the true values of the quantum correlations measure Qtrue and the
values Qθpredicted predicted by the networks. The loss function thus
takes a form

L ¼jQtrue � Qθpredictedj ð6Þ

and the minimum is found by minimizing the ℒover all compo-
nents of a training dataset to update weights and biases {θ} using
the Nesterov-accelerated adaptive moment estimation (NAdam) al-
gorithm. At the step t, the NAdam procedure updates parameters

θt  θt� 1 � η
mt
ffiffiffiffiffi
n̂t
p
þ ɛ

ð7Þ

with

gt  rθt� 1Lðθt� 1Þ;
ĝ gt

1�
Yt

j¼1
μj

;

mt  μmt� 1 þ ð1 � μÞgt;
m̂t  

mt

1�
Ytþ1

j¼1
μj

;

nt  νnt� 1 þ ð1 � νÞg2t ;
n̂t  nt

1� νt ;

mt  ð1 � μtÞĝt þ μtþ1m̂t

ð8Þ

The parameter η represents the learning rate, parameter μ repre-
sents the exponential decay rate for the first moment estimates m̂,
the parameter ν is the exponential decay rate for the weighted norm
g2t , and ε is a parameter that ensures the numerical stability of the
NAdam optimization procedure. In our work, we set the numerical
values of parameters {η, μ, ν, ε} to {0.001,0.9,0.999,10−7}. The train-
ing takes over 2000 epochs with data further divided into 100
batches to optimize the learning time and accuracy of the
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predictions on the validation dataset. All above is implemented
using Keras and Tensorflow libraries for Python.
The measurement-independent DNN is a generalization to the

measurement-specific DNNs, and, therefore, it consists of single
network that predicts the concurrence and the mutual information
from any set of projectors that we chose towork with. This function-
ality is accomplished by a restructuralization of the input layer that
inputs not only the vector of probabilities p but also the description
of the measurement {Mi} itself

Dinput ¼ fM1;TrfρM1g; . . .;M36;TrfρM36gg ð9Þ

The kernel of the first convolutional layer has a stride length
equal to the length of the pair {Mi, Tr{ρMi}} to prevent the
network to see cross-talk between the adjacent input pairs. Each
projector Mi is vectorized using d2 trace orthonormal basis opera-
tors {Γi∣Γi ≥ 0, Tr{ΓiΓj} = δij ∀ i, j}. For incomplete measurements
containing less that 36 projectors, we set the values of missing mea-
surement probabilities and projectors to zero.
For the three-, four-, and five-qubit systems, the structure, the

loss function, and the optimization procedure of the measure-
ment-specific DNNs are the same as for the systems of two
qubits. We trained 44 measurement-specific DNNs for three
qubits. The length of the input vector is different for each measure-
ment-specific neural network, ranging from 63 = 216 down to 5. We
also trained two specific networks for the four- and five-qubit
systems with 325 and 1944 input measurements, respectively. The
training and validation datasets are divided in a ratio of 4:1. They
contain 100,000 measurement probability distributions (input)
and values of the mutual information (output) computed from
100,000 quantum states generated using the same process as for
the two-qubit states. The number of training points in the dataset
is lower than that in the two-qubit case due to memory limitations.
For this reason, we adopted the incremental learning method (92).
After the loss function on the validation dataset reaches minimum,
which is not updated in the next 200 epochs, the training is stopped,
and the best model is saved. Next, we generate different 100,000 data
points and continue training. The test set consists of 500 states gen-
erated according to Eq. 4.
The complexity of the developed DNNs is rather low, and their

scaling to higher-dimensional systems is feasible. The largest
network presented (two-qubit device-independent DNN) has
almost 460,000 trainable parameters. The five-qubit DNN has
slightly more than 230,000 trainable parameters. Its training on 2
million data samples takes 45 hours on a single consumer-grade
graphics processing unit. With larger computational resources
(available today), we believe that training the networks for entangle-
ment quantification in systems with dozens of qubits should be fea-
sible. The conventional methods, such as MaxLik, are also
computationally demanding and have to be evaluated for every
new data. In contrast, our approach is computationally demanding
only in the training stage. The forward evaluation (from data to en-
tanglement) is computationally easy. Specifically, the DNN entan-
glement quantification is, on average, four orders of magnitude
faster than the MaxLik and two orders of magnitude faster than
the SDP.

Experiment
The spontaneous parametric downconversion source consists of a
beta barium borate (BBO) crystal cut for type II colinear generation
of two correlated orthogonally polarized photons with the central
wavelength of 810 nm. The BBO crystal was pumped by a continu-
ous laser. An entangled singlet polarization state was conditionally
generated by interfering the correlated photons at a balanced
beamsplitter.
To achieve the complete set of data, we performed the full

quantum state tomography. This was performed by measuring all
36 projective measurements as combinations of local projections
to horizontal, vertical, diagonal, anti-diagonal, right-hand, and
left-hand circular polarizations. The polarization analyzer consists
of a sequence of half-wave and quarter-wave plates followed by a
polarizer, single-mode fiber coupling, and a single-photon detector.
The detection events from the two detectors were taken in coinci-
dence basis. To obtain the datasets where the entanglement was
reduced by noise, one of the pair photons was propagated
through a noisy channel. The noise was implemented by injecting
a weak classical signal from an attenuated laser diode. The concur-
rence of the entangled state reached 0.98 for a short coincidence
window and no injected noise. However, for larger coincidence
windows and higher levels of injected noise, the concurrence of
the detected state decreased. The experimental data for the entan-
gled states with the concurrence of 0.985 ± 0.001 and 0.201 ± 0.002
used in this work were acquired in (93).
Semiconductor quantum dot source consists of a quantum dot

embedded in a circular Bragg grating cavity (94) that enables high
photon collection efficiency. The quantum dot was excited via two-
photon resonant excitation of the biexciton (95). The excitation
pulses were derived from a pulsed 80-MHz repetition rate Ti:Sap-
phire laser. The laser scattering was spectrally filtered, and the
exciton and biexciton emission were separated ahead of single-
mode fiber coupling. The polarization state of the generated entan-
gled state was analyzed using two polarization analyzers in the
process of full quantum state tomography in the same way as it
was performed for the parametric downconversion source. The ob-
servable degree of entanglement was predominantly limited by the
nonzero fine structure splitting.

Supplementary Materials
This PDF file includes:
Supplementary Text
Figs. S1 and S2

REFERENCES AND NOTES
1. R. Horodecki, P. Horodecki, M. Horodecki, K. Horodecki, Quantum entanglement. Rev. Mod.

Phys. 81, 865–942 (2009).
2. A. Einstein, B. Podolsky, N. Rosen, Can quantum-mechanical description of physical reality

be considered complete? Phys. Rev. 47, 777–780 (1935).
3. J. S. Bell, On the Einstein Podolsky Rosen paradox. Phys. Phys. Fiz. 1, 195–200 (1964).
4. B. Hensen, H. Bernien, A. E. Dréau, A. Reiserer, N. Kalb, M. S. Blok, J. Ruitenberg,

R. F. L. Vermeulen, R. N. Schouten, C. Abellán, W. Amaya, V. Pruneri, M. W. Mitchell,
M. Markham, D. J. Twitchen, D. Elkouss, S. Wehner, T. H. Taminiau, R. Hanson, Loophole free
Bell inequality violation using electron spins separated by 1.3 kilometres. Nature 526,
682–686 (2015).

5. L. K. Shalm, E. Meyer-Scott, B. G. Christensen, P. Bierhorst, M. A. Wayne, M. J. Stevens,
T. Gerrits, S. Glancy, D. R. Hamel, M. S. Allman, K. J. Coakley, S. D. Dyer, C. Hodge, A. E. Lita,
V. B. Verma, C. Lambrocco, E. Tortorici, A. L. Migdall, Y. Zhang, D. R. Kumor, W. H. Farr,

S C I ENCE ADVANCES | R E S EARCH ART I C L E

Koutný et al., Sci. Adv. 9, eadd7131 (2023) 19 July 2023 7 of 9

D
ow

nloaded from
 https://w

w
w

.science.org on July 19, 2023



F. Marsili, M. D. Shaw, J. A. Stern, C. Abellán, W. Amaya, V. Pruneri, T. Jennewein,
M. W. Mitchell, P. G. Kwiat, J. C. Bienfang, R. P. Mirin, E. Knill, S. W. Nam, Strong loophole-free
test of local realism. Phys. Rev. Lett. 115, 250402 (2015).

6. M. Giustina, M. A. M. Versteegh, S. Wengerowsky, J. Handsteiner, A. Hochrainer, K. Phelan,
F. Steinlechner, J. Kofler, J.-Å. Larsson, C. Abellán, W. Amaya, V. Pruneri, M. W. Mitchell,
J. Beyer, T. Gerrits, A. E. Lita, L. K. Shalm, S. W. Nam, T. Scheidl, R. Ursin, B. Wittmann, Sig-
nificant-loophole-free test of Bell’s theorem with entangled photons. Phys. Rev. Lett. 115,
250401 (2015).

7. A. Osterloh, L. Amico, G. Falci, R. Fazio, Scaling of entanglement close to a quantum phase
transition. Nature 416, 608–610 (2002).

8. T. J. Osborne, M. A. Nielsen, Entanglement in a simple quantum phase transition. Phys. Rev.
A 66, 032110 (2002).

9. L. Amico, R. Fazio, A. Osterloh, V. Vedral, Entanglement in many-body systems. Rev. Mod.
Phys. 80, 517–576 (2008).

10. H.-S. Zhong, H. Wang, Y.-H. Deng, M.-C. Chen, L.-C. Peng, Y.-H. Luo, J. Qin, D. Wu, X. Ding,
Y. Hu, P. Hu, X.-Y. Yang, W.-J. Zhang, H. Li, Y. Li, X. Jiang, L. Gan, G. Yang, L. You, Z. Wang, L. Li,
N.-L. Liu, C.-Y. Lu, J.-W. Pan, Quantum computational advantage using photons. Science
370, 1460–1463 (2020).

11. L. S. Madsen, F. Laudenbach, M. Falamarzi. Askarani, F. Rortais, T. Vincent, J. F. F. Bulmer,
F. M. Miatto, L. Neuhaus, L. G. Helt, M. J. Collins, A. E. Lita, T. Gerrits, S. W. Nam, V. D. Vaidya,
M. Menotti, I. Dhand, Z. Vernon, N. Quesada, J. Lavoie, Quantum computational advantage
with a programmable photonic processor. Nature 606, 75–81 (2022).

12. S. Wengerowsky, S. K. Joshi, F. Steinlechner, H. Hübel, R. Ursin, An entanglement-based
wavelength-multiplexed quantum communication network. Nature 564, 225–228 (2018).

13. J. Yin, Y. H. Li, S. K. Liao, M. Yang, Y. Cao, L. Zhang, J. G. Ren, W. Q. Cai, W. Y. Liu, S. L. Li, R. Shu,
Y. M. Huang, L. Deng, L. Li, Q. Zhang, N. L. Liu, Y. A. Chen, C. Y. Lu, X. B. Wang, F. Xu,
J. Y. Wang, C. Z. Peng, A. K. Ekert, J. W. Pan, Entanglement-based secure quantum cryp-
tography over 1,120 kilometres. Nature 582, 501–505 (2020).

14. G. Guccione, T. Darras, H. le Jeannic, V. B. Verma, S. W. Nam, A. Cavaillès, J. Laurat, Con-
necting heterogeneous quantum networks by hybrid entanglement swapping. Sci. Adv. 6,
eaba4508 (2020).

15. F. B. Basset, M. Valeri, E. Roccia, V. Muredda, D. Poderini, J. Neuwirth, N. Spagnolo, M. B. Rota,
G. Carvacho, F. Sciarrino, R. Trotta, Quantum key distribution with entangled photons
generated on demand by a quantum dot. Sci. Adv. 7, eabe6379 (2021).

16. M. Erhard, M. Krenn, A. Zeilinger, Advances in high-dimensional quantum entanglement.
Nat. Rev. Phys. 2, 365–381 (2020).

17. J. Eisert, D. Hangleiter, N. Walk, I. Roth, D. Markham, R. Parekh, U. Chabaud, E. Kashefi,
Quantum certification and benchmarking. Nat. Rev. Phys. 2, 382–390 (2020).

18. P. Horodecki, Measuring quantum entanglement without prior state reconstruction. Phys.
Rev. Lett. 910, 167901 (2003).

19. J. Fiurášek, N. J. Cerf, How to measure squeezing and entanglement of gaussian states
without homodyning. Phys. Rev. Lett. 93, 063601 (2004).

20. S. P. Walborn, P. H. S. Ribeiro, L. Davidovich, F. Mintert, A. Buchleitner, Experimental de-
termination of entanglement with a single measurement. Nature 440, 1022–1024 (2006).

21. R. Islam, R. Ma, P. M. Preiss, M. Eric Tai, A. Lukin, M. Rispoli, M. Greiner, Measuring entan-
glement entropy in a quantum many-body system. Nature 528, 77–83 (2015).

22. A. M. Kaufman, M. E. Tai, A. Lukin, M. Rispoli, R. Schittko, P. M. Preiss, M. Greiner, Quantum
thermalization through entanglement in an isolated many-body system. Science 353,
794–800 (2016).

23. R. Filip, Overlap and entanglement-witness measurements. Phys. Rev. A 65,
062320 (2002).

24. A. K. Ekert, C. M. Alves, D. K. L. Oi, M. Horodecki, P. Horodecki, L. C. Kwek, Direct estimations
of linear and nonlinear functionals of a quantum state. Phys. Rev. Lett. 88, 217901 (2002).

25. K. Vogel, H. Risken, Determination of quasiprobability distributions in terms of probability
distributions for the rotated quadrature phase. Phys. Rev. A Gen. Phys. 40,
2847–2849 (1989).

26. M. Paris, J. Rehacek, Quantum State Estimation (Springer-Verlag, 2004).

27. J. T. Barreiro, N. K. Langford, N. A. Peters, P. G. Kwiat, Generation of hyperentangled photon
pairs. Phys. Rev. Lett. 95, 260501 (2005).

28. T. Monz, P. Schindler, J. T. Barreiro, M. Chwalla, D. Nigg, W. A. Coish, M. Harlander, W. Hänsel,
M. Hennrich, R. Blatt, 14-Qubit entanglement: Creation and coherence. Phys. Rev. Lett. 106,
130506 (2011).

29. X.-L. Wang, Y. H. Luo, H. L. Huang, M. C. Chen, Z. E. Su, C. Liu, C. Chen, W. Li, Y. Q. Fang,
X. Jiang, J. Zhang, L. Li, N. L. Liu, C. Y. Lu, J. W. Pan, 18-Qubit entanglement with six photons’
three degrees of freedom. Phys. Rev. Lett. 120, 260502 (2018).

30. D. Gross, Y.-K. Liu, S. T. Flammia, S. Becker, J. Eisert, Quantum state tomography via com-
pressed sensing. Phys. Rev. Lett. 105, 150401 (2010).

31. M. Cramer, M. B. Plenio, S. T. Flammia, R. Somma, D. Gross, S. D. Bartlett, O. Landon-Cardinal,
D. Poulin, Y.-K. Liu, Efficient quantum state tomography. Nat. Commun. 1, 149 (2010).

32. G. Tóth, W. Wieczorek, D. Gross, R. Krischek, C. Schwemmer, H. Weinfurter, Permutationally
invariant quantum tomography. Phys. Rev. Lett. 105, 250403 (2010).

33. B. P. Lanyon, C. Maier, M. Holzäpfel, T. Baumgratz, C. Hempel, P. Jurcevic, I. Dhand,
A. S. Buyskikh, A. J. Daley, M. Cramer, M. B. Plenio, R. Blatt, C. F. Roos, Efficient tomography
of a quantum many-body system. Nat. Phys. 13, 1158–1162 (2017).

34. G. Brida, I. P. Degiovanni, A. Florio, M. Genovese, P. Giorda, A. Meda, M. G. A. Paris,
A. Shurupov, Experimental estimation of entanglement at the quantum limit. Phys. Rev.
Lett. 104, 100501 (2010).

35. G. Brida, I. P. Degiovanni, A. Florio, M. Genovese, P. Giorda, A. Meda, M. G. A. Paris,
A. P. Shurupov, Optimal estimation of entanglement in optical qubit systems. Phys. Rev. A
83, 052301 (2011).

36. C. Benedetti, A. P. Shurupov, M. G. A. Paris, G. Brida, M. Genovese, Experimental estimation
of quantum discord for a polarization qubit and the use of fidelity to assess quantum
correlations. Phys. Rev. A 87, 052136 (2013).

37. D.-L. Deng, X. Li, S. D. Sarma, Quantum entanglement in neural network states. Phys. Rev. X
7, 021021 (2017).

38. G. Carleo, M. Troyer, Solving the quantum many-body problem with artificial neural net-
works. Science 355, 602–606 (2017).

39. G. Torlai, G. Mazzola, J. Carrasquilla, M. Troyer, R. Melko, G. Carleo, Neural-network
quantum state tomography. Nat. Phys. 14, 447–450 (2018).

40. G. Carleo, Y. Nomura, M. Imada, Constructing exact representations of quantum many
body systems with deep neural networks. Nat. Commun. 9, 5322 (2018).

41. M. J. Hartmann, G. Carleo, Neural-network approach to dissipative quantum many-body
dynamics. Phys. Rev. Lett. 122, 250502 (2019).

42. M. Reh, M. Schmitt, M. Gärttner, Time-dependent variational principle for open quantum
systems with artificial neural networks. Phys. Rev. Lett. 127, 230501 (2021).

43. A. Szabó, C. Castelnovo, Neural network wave functions and the sign problem. Phys. Rev.
Res. 2, 033075 (2020).

44. T. Westerhout, N. Astrakhantsev, K. S. Tikhonov, M. I. Katsnelson, A. A. Bagrov, Generali-
zation properties of neural network approximations to frustrated magnet ground states.
Nat. Commun. 11, 1593 (2020).

45. G. Torlai, R. G. Melko, Latent space purification via neural density operators. Phys. Rev. Lett.
120, 240503 (2018).

46. G. Torlai, B. Timar, E. P. L. van Nieuwenburg, H. Levine, A. Omran, A. Keesling, H. Bernien,
M. Greiner, V. Vuletić, M. D. Lukin, R. G. Melko, M. Endres, Integrating neural networks with
a quantum simulator for state reconstruction. Phys. Rev. Lett. 123, 230504 (2019).

47. E. S. Tiunov, V. V. Tiunova (Vyborova), A. E. Ulanov, A. I. Lvovsky, A. K. Fedorov, Experimental
quantum homodyne tomography via machine learning. Optica 7, 448–454 (2020).

48. A. M. Palmieri, E. Kovlakov, F. Bianchi, D. Yudin, S. Straupe, J. D. Biamonte, S. Kulik, Ex-
perimental neural network enhanced quantum tomography. npj Quantum Inf. 6,
20 (2020).

49. O. Danaci, S. Lohani, B. T. Kirby, R. T. Glasser, Machine learning pipeline for quantum state
estimation with incomplete measurements. Mach. Learn. Sci. Technol. 2, 035014 (2021).

50. A. Rocchetto, S. Aaronson, S. Severini, G. Carvacho, D. Poderini, I. Agresti, M. Bentivegna,
F. Sciarrino, Experimental learning of quantum states. Sci. Adv. 5, eaau1946 (2019).

51. V. Gebhart, R. Santagati, A. A. Gentile, E. M. Gauger, D. Craig, N. Ares, L. Banchi, F. Marquardt,
L. Pezzè, C. Bonato, Learning quantum systems. Nat. Rev. Phys. Ther. 5, 141–156 (2023).

52. S. Aaronson, in STOC 2018: Proceedings of the 50th Annual ACM SIGACT Symposium on
Theory of Computing (Association for Computing Machinery, 2018), pp. 325–338.

53. H.-Y. Huang, R. Kueng, J. Preskill, Predicting many properties of a quantum system from
very few measurements. Nat. Phys. 16, 1050–1057 (2020).

54. G. I. Struchalin, Y. A. Zagorovskii, E. V. Kovlakov, S. S. Straupe, S. P. Kulik, Experimental
estimation of quantum state properties from classical shadows. PRX Quantum 2,
010307 (2021).

55. S. J. van Enk, C. W. J. Beenakker, Measuring Trρn on single copies of ρ using random
measurements. Phys. Rev. Lett. 108, 110503 (2012).

56. A. Elben, B. Vermersch, M. Dalmonte, J. I. Cirac, P. Zoller, Rényi entropies from random
quenches in atomic hubbard and spin models. Phys. Rev. Lett. 120, 050406 (2018).

57. T. Brydges, A. Elben, P. Jurcevic, B. Vermersch, C. Maier, B. P. Lanyon, P. Zoller, R. Blatt,
C. F. Roos, Probing Rényi entanglement entropy via randomized measurements. Science
364, 260–263 (2019).

58. A. Elben, S. T. Flammia, H.-Y. Huang, R. Kueng, J. Preskill, B. Vermersch, P. Zoller, The ran-
domized measurement toolbox. Nat. Rev. Phys. 5, 9–24 (2023).

59. P. Horodecki, A. Ekert, Method for direct detection of quantum entanglement. Phys. Rev.
Lett. 89, 127902 (2002).

60. J. Fiurášek, Structural physical approximations of unphysical maps and generalized
quantum measurements. Phys. Rev. A 66, 052315 (2002).

S C I ENCE ADVANCES | R E S EARCH ART I C L E

Koutný et al., Sci. Adv. 9, eadd7131 (2023) 19 July 2023 8 of 9

D
ow

nloaded from
 https://w

w
w

.science.org on July 19, 2023



61. C. Carmeli, T. Heinosaari, A. Karlsson, J. Schultz, A. Toigo, Verifying the quantumness of
bipartite correlations. Phys. Rev. Lett. 116, 230403 (2016).

62. O. Gühne, P. Hyllus, D. Bruß, A. Ekert, M. Lewenstein, C. Macchiavello, A. Sanpera, Detection
of entanglement with few local measurements. Phys. Rev. A 66, 062305 (2002).

63. M. Barbieri, F. de Martini, G. di Nepi, P. Mataloni, G. M. D’Ariano, C. Macchiavello, Detection
of entanglement with polarized photons: Experimental realization of an entanglement
witness. Phys. Rev. Lett. 91, 227901 (2003).

64. K. M. R. Audenaert, M. B. Plenio, When are correlations quantum?—Verification and
quantification of entanglement by simple measurements. New J. Phys. 8, 266–266 (2006).

65. B. Jungnitsch, T. Moroder, O. Guühne, Taming multiparticle entanglement. Phys. Rev. Lett.
106, 190502 (2011).

66. M. Walter, B. Doran, D. Gross, M. Christandl, Entanglement polytopes: Multiparticle en-
tanglement from single-particle information. Science 340, 1205–1208 (2013).

67. A. Ketterer, N. Wyderka, O. Gühne, Characterizing multipartite entanglement with
moments of random correlations. Phys. Rev. Lett. 122, 120505 (2019).

68. L. Knips, J. Dziewior, W. Kłobus, W. Laskowski, T. Paterek, P. J. Shadbolt, H. Weinfurter,
J. D. A. Meinecke, Multipartite entanglement analysis from random correlations. npj
Quantum Inf. 6, 51 (2020).

69. J. Gao, L. F. Qiao, Z. Q. Jiao, Y. C. Ma, C. Q. Hu, R. J. Ren, A. L. Yang, H. Tang, M. H. Yung,
X. M. Jin, Experimental machine learning of quantum states. Phys. Rev. Lett. 120,
240501 (2018).

70. C. Harney, S. Pirandola, A. Ferraro, M. Paternostro, Entanglement classification via neural
network quantum states. New J. Phys. 22, 045001 (2020).

71. J. Roik, K. Bartkiewicz, A. Černoch, K. Lemr, Accuracy of entanglement detection via ar-
tificial neural networks and human-designed entanglement witnesses. Phys. Rev. Appl. 15,
054006 (2021).

72. D. Kaszlikowski, A. Sen(De), U. Sen, V. Vedral, A. Winter, Quantum correlation without
classical correlations. Phys. Rev. Lett. 101, 070502 (2008).

73. M. Miˇuda, R. Stárek, J. Provazník, O. Leskovjanová, L. Mišta, Verifying genuine multipartite
entanglement of the whole from its separable parts. Optica 6, 896–901 (2019).

74. D. Lu, T. Xin, N. Yu, Z. Ji, J. Chen, G. Long, J. Baugh, X. Peng, B. Zeng, R. Laflamme, To-
mography is necessary for universal entanglement detection with single-copy observ-
ables. Phys. Rev. Lett. 116, 230501 (2016).

75. N. Yu, Multipartite entanglement certification, with or without tomography. IEEE Trans. Inf.
Theory 66, 6369–6377 (2020).

76. M. A. Valdez, D. Jaschke, D. L. Vargas, L. D. Carr, Quantifying complexity in quantum phase
transitions via mutual information complex networks. Phys. Rev. Lett. 119, 225301 (2017).

77. Z. Hradil, J. Řeháˇek, J. Fiurášek, M. Ježek, in Quantum State Estimation (Springer, 2004),
pp. 59–112.

78. C. Schwemmer, L. Knips, D. Richart, H. Weinfurter, T. Moroder, M. Kleinmann, O. Gühne,
Systematic errors in current quantum state tomography tools. Phys. Rev. Lett. 114,
080403 (2015).

79. G. B. Silva, S. Glancy, H. M. Vasconcelos, Investigating bias in maximum-likelihood
quantum-state tomography. Phys. Rev. A 95, 022107 (2017).

80. A. Kalev, R. L. Kosut, I. H. Deutsch, Quantum tomography protocols with positivity are
compressed sensing protocols. npj Quantum Inf. 1, 15018f (2015).

81. Z. Hradil, Quantum-state estimation. Phys. Rev. A 55, R1561–R1564 (1997).
82. M. Ježek, J. Fiurášek, Z. Hradil, Quantum inference of states and processes. Phys. Rev. A 68,

012305 (2003).

83. Y. S. Teo, H. Zhu, B.-G. Englert, J. Řeháˇek, Z. Hradil, Quantum-state reconstruction by
maximizing likelihood and entropy. Phys. Rev. Lett. 107, 020404 (2011).

84. L. Vandenberghe, S. Boyd, Semidefinite programming. SIAM Rev. 38, 49–95 (1996).
85. Y. LeCun, Y. Bengio, G. Hinton, Deep learning. Nature 521, 436–444 (2015).
86. M. Belkin, D. Hsu, S. Ma, S. Mandal, Reconciling modern machine-learning practice and the

classical bias-variance trade-off. Proc. Natl. Acad. Sci. U.S.A. 116, 15849–15854 (2019).
87. K. Kawaguchi, Y. Bengio, L. Kaelbling, in Mathematical Aspects of Deep Learning (Cam-

bridge Univ. Press, 2022), pp. 112–148.
88. G. Carleo, I. Cirac, K. Cranmer, L. Daudet, M. Schuld, N. Tishby, L. Vogt-Maranto,

L. Zdeborová, Machine learning and the physical sciences. Rev. Mod. Phys. 91,
045002 (2019).

89. T. Neupert, M. H. Fischer, E. Greplová, K. Choo, M. M. Denner, Introduction to machine
learning for the sciences. arxiv:2102.04883 (2021).

90. D. Bures, An extension of Kakutani’s theorem on infinite product measures to the tensor
product of semifinite w∗ -algebras. Trans. Am. Math. Soc. 135, 199 (1969).

91. F. Mezzadri, How to generate randommatrices from the classical compact groups.Not. Am.
Math. Soc. 54, 592–604 (2007).

92. G. A. Carpenter, S. Grossberg, D. B. Rosen, Fuzzy ART: Fast stable learning and categori-
zation of analog patterns by an adaptive resonance system. Neural Netw. 4,
759–771 (1991).

93. I. Straka, M. Miková, M. Miˇuda, M. Dušek, M. Ježek, R. Filip, Conditional cooling limit for a
quantum channel going through an incoherent environment. Sci. Rep. 5, 16721 (2015).

94. S. Ates, L. Sapienza, M. Davanco, A. Badolato, K. Srinivasan, Bright single-photon emission
from a quantum dot in a circular bragg grating microcavity. IEEE J. Sel. Top. Quantum
Electron. 18, 1711–1721 (2012).

95. H. Jayakumar, A. Predojević, T. Huber, T. Kauten, G. S. Solomon, G. Weihs, Deterministic
photon pairs and coherent optical control of a single quantum dot. Phys. Rev. Lett. 110,
135505 (2013).

Acknowledgments: We thank J. Fiurášek for discussion. We acknowledge the use of cluster
computing resources provided by the Department of Optics, Palacký University Olomouc. We
thank J. Provazník for maintaining the cluster and providing support. Funding: This work was
supported by the Czech Science Foundation (grant no. 21-18545S), the Ministry of Education,
Youth and Sports of the Czech Republic (grant no. 8C18002), and European Union’s Horizon
2020 (2014–2020) research and innovation framework programme (project HYPER-U-P-S). D.K.
acknowledges support by the Palacký University (grants IGA-PrF-2022-001 and IGA-PrF-2023-
002). A.P. would like to acknowledge the Swedish Research Council (grants 2017-04467 and
2018-00848). Project HYPER-U-P-S has received funding from the QuantERA ERA-NET Cofund in
Quantum Technologies implemented within the European Union’s Horizon 2020 Programme.
L.G. was supported by the Knut and Alice Wallenberg Foundation [through the Wallenberg
Centre for Quantum Technology (WACQT)]. S.H. acknowledges financial support by the State of
Bavaria. Author contributions: D.K. and M.J. provided the theoretical analysis. D.K. performed
the numerical simulations and experimental data analysis. L.G. and A.P. performed the
measurements on quantum dot source. M.M.-D., S.H., and C.S. fabricated the sample. M.J.
initiated and coordinated the project. D.K., A.P., and M.J. wrote the manuscript. All authors were
involved in revising the manuscript. Competing interests: The authors declare that they have
no competing interests. Data and materials availability: All data needed to evaluate the
conclusions in the paper are present in the paper and/or the Supplementary Materials.

Submitted 29 June 2022
Accepted 16 June 2023
Published 19 July 2023
10.1126/sciadv.add7131

S C I ENCE ADVANCES | R E S EARCH ART I C L E

Koutný et al., Sci. Adv. 9, eadd7131 (2023) 19 July 2023 9 of 9

D
ow

nloaded from
 https://w

w
w

.science.org on July 19, 2023

https://arxiv.org/abs/2102.04883




From Stars to Molecules: AI Guided Device-Agnostic Super-Resolution Imaging
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Super-resolution imaging has revolutionized the study of systems ranging from molecular struc-
tures to distant galaxies. However, existing super-resolution methods require extensive calibration
and retraining for each imaging setup, limiting their practical deployment. We introduce a device-
agnostic deep-learning framework for super-resolution imaging of point-like emitters that eliminates
the need for calibration data or explicit knowledge of optical system parameters. Our model is
trained on a diverse, numerically simulated dataset encompassing a broad range of imaging condi-
tions, enabling generalization across different optical setups. Once trained, it reconstructs super-
resolved images directly from a single resolution-limited camera frame with superior accuracy and
computational efficiency compared to state-of-the-art methods. We experimentally validate our ap-
proach using a custom microscopy setup with ground-truth emitter positions. We also demonstrate
its versatility on astronomical and single-molecule localization microscopy datasets, achieving un-
precedented resolution without prior information. Our findings establish a pathway toward universal,
calibration-free super-resolution imaging, expanding its applicability across scientific disciplines.

MAIN

Optical resolution is fundamentally constrained by
diffraction. This limits the ability to observe struc-
tures comparable to the wavelength of light divided by
the numerical aperture of the imaging system. Super-
resolution imaging has emerged as a transformative tech-
nique in disciplines ranging from biomedical [1, 2] and
material sciences [3] to astronomy [4, 5], by circum-
venting this limit and revealing previously inaccessible
structural details. Numerous applications rely specif-
ically on imaging point-like or single-emitter sources.
In biology, single-molecule localization microscopy en-
ables nanoscale visualization of cellular structures [6–11].
Quantum physics leverages super-resolution for charac-
terizing quantum dots [12] and precisely imaging cold
atoms in optical lattices [13, 14]. Astronomy benefits
through resolving individual stars and galaxies [15, 16].

Despite these successes, super-resolution methods re-
quire precise calibration and extensive knowledge of op-
tical parameters. This requirement presents a substan-
tial barrier, often involving laborious measurements, cal-
ibration data acquisition, and computationally expensive
model retraining. Furthermore, practical applications
frequently struggle with inhomogeneities and instabilities
in imaging conditions, which further limit the versatility
of existing algorithms.

To address these fundamental challenges, we propose a
novel deep-learning framework that is inherently device-
agnostic, eliminating the need for calibration or prior
system-specific information. Our method exploits nu-
merically simulated data encompassing an unprecedented
range of optical conditions, enabling extreme general-
ization and adaptability across different imaging setups.
Once trained, the model delivers rapid and accurate
super-resolution reconstructions directly from a single,

∗ Correspondence email address: jezek@optics.upol.cz

diffraction-limited image frame.
In this work, we demonstrate the efficacy of our ap-

proach through computational evaluations and exper-
imental validations across multiple benchmarks, out-
performing statistical Bayesian and deep-learning-based
state-of-the-art methods. We further confirm the practi-
cal advantages and wide applicability of our approach
using diverse datasets from molecular localization mi-
croscopy to astronomical imaging. The developed frame-
work paves the way towards universal, calibration-free
super-resolution imaging, significantly enhancing its ac-
cessibility and impact across scientific and technological
disciplines.

Super-resolution and device-dependence

Super-resolution imaging can be achieved through var-
ious approaches, such as linear inverse and statistical
Bayesian algorithms [17], sparse representation [18], to-
mographic image synthesis [10, 19, 20], and methods
based on blinking emitters [6–8]. Many deep learning
super-resolution methods have been developed in the last
decade [21–25]. Recently, artificial intelligence has been
used to identify novel super-resolution microscopy se-
tups [26].
Regardless of the specific approach, super-resolution

imaging can generally be classified into two categories:
reconstruction and parameter estimation. Reconstruc-
tion aims to directly restore the whole super-resolved
image [17, 22], while estimation focuses on extracting
key parameters and features, such as emitter localiza-
tion [24, 27, 28]. The localization performance rapidly
decreases for images with higher number of overlapping
emitters, which typically limits its application to stochas-
tically blinking or photoactivated samples. In the follow-
ing discussion, we will focus exclusively on the former,
more universal approach: image reconstruction.
Achieving accurate reconstruction of an object based

on a single intensity image requires substantial knowledge
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about the imaging system under consideration. Central
to this knowledge is an accurate estimation of the point
spread function, which characterizes the response of the
system to a point source of light. The reconstruction
quality is inherently linked to the accuracy of the point
spread function estimate; any inaccuracies will lead to
poor reconstruction results [29]. However, its precise es-
timation entails additional calibration measurements in-
volving an isolated emitting point source. This condition
can prove very demanding, especially in systems with
high concentration of emitters, low signal-to-noise ratio,
or temporally developing systems. Additionally, imaging
systems commonly exhibit variations in the shape of the
point spread function across the image. Consequently,
reconstructing larger areas may require separate calibra-
tion for each segment [30].

Some approaches can be adapted to perform a blind
reconstruction, operating without explicit prior knowl-
edge of the point spread function [31]. Instead, these
methods impose additional assumptions on the imaging
system, typically in the form of a predefined point spread
function shape. During reconstruction, parameters of the
point spread function, such as its width or other defin-
ing characteristics, are iteratively estimated directly from
the input image. As a result, these methods introduce
imperfections by simultaneously reconstructing the ob-
served object and the point spread function of the imag-
ing system. Altogether, blind reconstruction remains a
non-convex optimization problem, posing a challenging
task in real-life scenarios and often yielding inferior re-
sults compared to non-blind algorithms.

Similar device-dependent constraints arise with recon-
struction using deep learning. While these approaches
often outperform classical algorithms in both reconstruc-
tion and parameter estimation tasks [21, 22, 24, 25], their
calibration presents an even more significant obstacle.
Unlike traditional approaches, deep learning model oper-
ates on a data-driven paradigm, inferring the reconstruc-
tion mapping by extracting relevant information from ob-
served samples. However, due to the device-dependent
nature of a typical training process, the model can only
be applied to a particular point spread function profile
and additional conditions such as emitter power, back-
ground noise distribution, and concentration of emit-
ters, each requiring prior estimation from the calibration
datasets [32]. Modifying these parameters requires re-
measuring the calibration set and retraining the model,
making it a resource-expensive procedure.

RESULTS

Device-agnostic modeling

We developed a device-agnostic modeling network
(DAMN) designed to reconstruct an intensity image of
point-like emitting sources, as illustrated in Fig. 1. Un-
like traditional approaches, the DAMN model operates

FIG. 1. Schematic representation of the DAMN approach
and its application to intensity images of point-like emitting
sources. a The model is trained using numerically simulated
data pairs comprising resolution-limited noisy images along-
side their super-resolved counterparts. Each training sample
represents a unique combination of underlying optical param-
eters, such as the width of the point spread function and the
signal-to-noise ratio. b Following training, this model is ap-
plied to enhance the resolution of experimental images ac-
quired using a real-life imaging system.

using a single intensity frame without requiring addi-
tional information about the optical parameters of the
imaging system. Without the need for calibration mea-
surements or retraining, it can directly process images
from diverse applications. Our model leverages the con-
volutional architecture of a neural network (refer to the
Methods section), enabling it to reconstruct frames of
varying shapes and sizes. Moreover, the reconstruc-
tion process is performed by a single-pass propagation
through the neural network, resulting in rapid recon-
struction of super-resolved images.

We train the DAMNmodel using pairs of targeted ideal
objects and their corresponding resolution-limited images
generated through numerical simulation. The ensemble
of data pairs covers various optical parameters, such as
emitter power and concentration, background noise dis-
tribution, and even different shapes and widths of the
point spread function. Their ranges were selected to
cover the majority of realistic situations (additional de-
tails in the Methods section). The extent of the synthetic
training data is unprecedented in the astronomy or emit-
ter microscopy fields. Subsequently, we utilized incre-
mental learning techniques [33] for the model to acquire
knowledge about the widest possible parameter combi-
nations. As a result of the optimization and training
process, this single model accurately reconstructs super-
resolved images independently of the underlying param-
eter values. Consequently, without the need for retrain-
ing or calibration data, the model can be applied to di-
verse imaging systems and is resistant to their parameter
changes, including inhomogeneity across a field of view
and instability, such as drifts and fluctuations in time.
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Evaluation using simulated datasets

To characterize the effectiveness of the DAMN model,
we conduct a comparative analysis with the Richardson-
Lucy deconvolution based on Bayesian estimation with
a uniform prior [34, 35]. This widely used iterative al-
gorithm implements image reconstruction by repeatedly
utilizing a known point spread function. We evaluate
the results using a separate test set of image pairs not
included in the training data to assess the generaliza-
tion ability for new samples. We quantify the perfor-
mance of both methods using the mean absolute error,
calculated between the reconstructed image and its tar-
get object, averaged over the whole test dataset. In con-
trast to the Richardson-Lucy algorithm, which requires
(and was supplied with) prior knowledge of the imag-
ing system, our DAMN model operates independently
of any device-dependent information. Despite this dis-
tinction, the device-agnostic model (without the prior
information) outperforms the classical Richardson-Lucy
deconvolution (with complete information on the point
spread function) in terms of reconstruction quality, as
discussed in the following text. Additionally, due to the
iterative nature of the Richardson-Lucy algorithm, it re-
quires three orders of magnitude higher computational
time on average, further emphasize the advantages of the
DAMN approach, see the Methods section.

Panels a - c in Fig. 2 illustrate the dependence of mean
absolute error on the emitter power, the width of the
point spread function, and the concentration of emit-
ters, respectively. The results of these log-log graphs
are characterized using an average value over the test
dataset with a corresponding 90% confidence interval.
Panel a contains dual horizontal axes representing the
varying emitter power using both the signal-to-noise ra-
tio (SNR) and the peak-to-noise ratio (PNR). For ad-
ditional details regarding the explored parameters and
evaluation of both approaches, see the Methods section.
The DAMN model, represented by the red color, exhibits
significantly better performance than the green-colored
Richardson-Lucy algorithm. Similar results can also be
observed in panels b and c. Panel b depicts the error de-
pendence on the point spread function width (consult the
Methods section). The remaining panel c characterizes
the dependence on the emitter concentration, referring to
the collective number of emitters in a single image. As
seen across all three panels, our device-agnostic approach
provides up to two orders of magnitude more accurate
reconstructions than the device-dependent Richardson-
Lucy deconvolution. The depicted errors were evaluated
across the whole 50×50 pixel image and can be, alterna-
tively, expressed as per-pixel errors by dividing the values
by the number of pixels.

The panel d in Fig. 2 visualizes the error dependence
on the point spread function shape, gradually transition-
ing from an Airy pattern to a Gaussian profile of the
same width. As seen from this semi-logarithmic graph,
the performance of both methods remains approximately

FIG. 2. The dependence of the mean absolute error on
a the signal-to-noise ratio (SNR), b the width of a Gaus-
sian point spread function (PSF), c the number of emitters
in the image (concentration), and d the continuous transi-
tion between an Airy and a Gaussian PSF, respectively. The
resulting averages of the Richardson-Lucy algorithm (green)
and the DAMN model (red) are accompanied by their 90%
confidence intervals over the test set. Panel a is provided
with a secondary horizontal axis recalculating the SNR val-
ues to the peak-to-noise ratio (PNR). Across all panels, the
DAMN model consistently outperforms the Richardson-Lucy
deconvolution by up to two orders of magnitude. The optical
parameters not investigated in a given panel have the follow-
ing values: SNR = 500, the average noise intensity = 10, the
concentration = 50, and the Gaussian PSF with σ = 2 px.

constant during this transition. Such behavior is ex-
pected from the Richardson-Lucy deconvolution, as we
always provide the correct point spread function profile.
On the other hand, the DAMN model was trained using
solely the exact Gaussian and Airy point spread functions
constituting half of the dataset each. Despite this simpli-
fication in the training process, the graph unambiguously
demonstrates the adaptive ability of the DAMN approach
to generalize to previously unseen point spread function
shapes. This adaptability is beneficial during training,
as it significantly reduces the data and simulation com-
plexity required for training device-agnostic models. Al-
together, the presented panels display numerous benefits
of the DAMN approach, proving it superior to the state-
of-the-art algorithm.

Optical microscopy experimental validation

Demonstrating the validity of our approach beyond
the simulated data, we applied it to reconstruct experi-
mentally acquired images. Explicitly for this, we devel-
oped a custom-built optical microscopy setup illustrated
in Fig. 3 and shown in detail in Extended data Fig. 1.
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FIG. 3. Schematic illustration of the optical setup used to
collect experimental data pairs. A ground-truth mask is im-
posed on the digital micromirror device (DMD) by configur-
ing its mirrors. An incoherent illumination light reflected by
these mirrors impinges a high-resolution preparation system.
The DMD-imposed mask is re-imaged into the front sample
plane of the preparation system, creating point-like emitters
with the intended spatial distribution. The imaging part of
the setup, comprised of a low-resolution microscope objective,
images the sample-plane emitters onto a camera. The result-
ing camera-captured intensity image and the DMD-imposed
mask represent the experimental data pairs.

This microscope provides complete control over the spa-
tial distribution of emitting point-like sources, achieving
this for the first time in super-resolution benchmarking.
An incoherent light illuminates a digital micromirror de-
vice (DMD), onto which a mask representing the targeted
ground-truth image is imposed. By configuring the mi-
cromirrors, we prepare a mask containing an arbitrary
number of sources positioned at desired locations. This
mask is then re-imaged by a high-demagnification and
high-resolution preparation system, creating point-like
emitters and thus forming a sample object. Subsequently,
a low-resolution imaging microscope projects the emit-
ters onto a camera. The resulting intensity profile cap-
tured by the camera serves as the resolution-limited input
for reconstruction methods. Together with the ground-
truth mask, this setup provides experimental test data
pairs, which allow for exact metric quantification of each
reconstruction method performance. For details, see the
Methods section.

Using this setup, we investigated the performance of
both methods while varying the concentration of emit-
ters. Panel a in Fig. 4 illustrates the mean absolute er-
ror between reconstructed images and their correspond-
ing target objects using the experimental data, shown as
dot markers. For comparison, the continuous lines repre-
sent the results obtained using simulated data with cor-
responding optical parameters. The DAMN model out-
performs the Richardson-Lucy deconvolution by orders of
magnitude, even when applied to real-world images ac-
quired from experimental measurements. This improve-
ment is achieved despite operating significantly below the
resolution limit of our optical system. To further empha-
size these findings, panel b in Fig. 4 shows a representa-

FIG. 4. a The red and green dots represent the mean abso-
lute error between the DMD-imposed masks and the super-
resolved images reconstructed by each method. These errors
were evaluated across various emitter concentrations. The ac-
companying continuous lines depict error values derived from
simulated data using optical parameters estimated for our
imaging system. b A typical camera image containing nearly
200 emitters, alongside its corresponding DMD-imposed mask
and each method reconstructions. The circled areas contain
a magnified region for easier visual comparison. It is ev-
ident that the DAMN model significantly outperforms the
Richardson-Lucy (RL) algorithm even in regions where mu-
tual emitter distance is well-below the Rayleigh resolution
limit R = 3.9 px (inset scalebars).

tive experimental image containing nearly 200 emitters
and its reconstruction by each method. As observed,
the DAMN model offers a near-perfect reconstruction of
the original image without the need for any calibration.
The Richardson-Lucy deconvolution exhibits severe de-
viations and artifacts despite knowing the point spread
function of the imaging setup. This experimental demon-
stration highlights the benefits of our device-agnostic ap-
proach, which significantly outperforms the established
state-of-the-art algorithm requiring prior knowledge of
the point spread function.

Astronomical and localization microscopy
demonstration

We have also explored the benefits of incorporating
upsampling layers into the DAMN convolutional archi-
tecture, further extending its capabilities. The modified
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FIG. 5. Demonstration of the DAMN model super-resolving
capabilities on an astronomy image of a dense star cluster.
a Intensity image of the spiral galaxy NGC 300 acquired by
European Southern Observatory. b Magnified region of the
galaxy, highlighting key areas of interest. c High-resolution
reconstructions of these regions generated by the DAMN
model, revealing details of individual stars. These reconstruc-
tions do not use any calibration data or prior information on
the employed imaging system. The region III reconstruction
indicates the presence of a secondary source completely be-
yond the optical resolution of the telescope.

network reconstructs images with an eightfold increase
in dimensions, leading to an even more prominent im-
provement in the resolution. We applied this model to
an astronomy image of a dense star cluster from obser-
vations of the southern spiral galaxy NGC 300 in the
Sculptor constellation by the European Southern Obser-
vatory [36], see Fig. 5 a. Panel b depicts a magnified seg-
ment of the galaxy with marked regions of interest, while
panel c presents their high-resolution reconstruction pro-
duced by the DAMN model. Despite the stars in all three
regions being below the resolution limit of the imaging
system, the DAMN reconstruction clearly reveals them.
Notably, a detailed examination of region III shows two
distinct intensity peaks. While the original data resem-
ble a single structure, our reconstruction indicates that
it might be two proximal stars, with an approximate 0.11
arcsec angular distance, hidden deep below the resolution
limit. Confirming this hypothesis would require further
analysis using additional data. While the DAMN model
can process the entire 7600×7600 pixel image, saturation
artifacts in the central part of the original data (Fig. 5 a)
led us to demonstrate the reconstruction of smaller outer
regions of the galaxy. Moreover, as shown in c, the res-
olution enhancement is so significant that proper visual-
ization requires considerable zoom into the reconstructed
areas.

Additionally, we applied the same DAMN model, with-
out retraining, to a publicly available dataset [37, 38]

acquired for the single-molecule localization microscopy
challenge. Fig. 6 depicts the performance evaluation us-
ing these 500 tubulin images of 128 × 128 pixels with
high molecule concentration a. Panel b shows a ref-
erence image provided by the SOSplugin [39], a least-
square localization method assuming a Gaussian point
spread function, which participated in the challenge and
is available as a plugin for ImageJ. Panel c depicts a
tubulin reconstruction from Deep-STORM [22], a state-
of-the-art deep learning model for image reconstruction
in localization microscopy. Unlike our approach, Deep-
STORM operates in a device-dependent regime, requir-
ing extensive optical system information, such as camera
specification, point-spread-function model, approximate
SNR, and expected emitter density. In comparison, the
DAMN model directly processes the dataset without cal-
ibration or prior knowledge of the imaging system and
provides the super-resolved tubulin image, see panel d.
The highlighted areas show a close-up comparison of all
three approaches. Our DAMNmodel accurately captures
the underlying tubulin structure, achieving resolution
significantly surpassing that of the SOSplugin localiza-
tion method. Unlike the localization method, the DAMN
model clearly resolves the two vertically oriented, over-
lapping microtubules and reconstructs the horizontal one
without gaps. Moreover, a close inspection reveals that
our model provides a sharper image with a cleaner and
thinner microtubule structure compared to the device-
dependent Deep-STORM. Panel e visualizes the projec-
tion of the microtubule profile over the yellow segment,
demonstrating the resolution improvement. This result
ultimately underlines the reconstruction ability of device-
agnostic models in real-world applications. Although the
presented model provides super-resolved reconstructions,
the same paradigm of device-agnostic deep learning can
be applied to localization tasks, i.e., directly predicting
the positions and intensities of the emitting sources. Such
a model could be highly advantageous for single-molecule
localization microscopy of densely populated samples.

DISCUSSION

We demonstrated a device-agnostic approach to super-
resolution imaging of point-like emitting sources that
utilizes deep learning techniques. The presented ap-
proach solves the long-standing problems of measuring
calibration data and estimating parameters accompany-
ing the training of a deep learning model. Using only
numerically simulated data, we develop a model ca-
pable of reconstructing intensity images using a single
frame without explicit knowledge of the imaging sys-
tem. This model can be applied to images of arbi-
trary shape and size originating from various optical sys-
tems, and the calibration-free nature grants it resistance
against non-uniformity and drifts of the optical param-
eters. We compared this device-agnostic model with
the well-established Richardson-Lucy deconvolution al-
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FIG. 6. Demonstration of the DAMN model on a high-concentration tubulin dataset from the single-molecule localization
microscopy challenge. a A low-resolution image integrated from the set of 500 measured images, containing numerous emitting
molecules. b A reference binary map of localized molecule positions derived from the dataset. c A reconstruction generated
by Deep-STORM, a device-dependent deep learning approach calibrated using detailed information on the imaging setup. d A
super-resolved image produced from the calibration-free, device-agnostic model without prior information. Panels b-d include
inset images with a magnified region highlighting the resolution details. e Projection of the microtubule profile over the yellow
rectangle segment.

gorithm. The analysis results undeniably show the su-
perior performance of our approach, outperforming the
Richardson-Lucy algorithm by orders of magnitude in
terms of both reconstruction accuracy and speed. More-
over, we designed an advanced optical setup for acquiring
experimental images of emitting sources together with
their precise ground-truth references. Providing full con-
trol over the spatial distribution of emitters, this setup
enables exact performance quantification of any recon-
struction method. Using these experimental data pairs,
we verified the superior performance of our approach.

To further demonstrate the universality of our ap-
proach, we applied the model to astronomy and mi-
croscopy data, achieving significant resolution improve-
ments in both domains. We reconstructed a high-
resolution tubulin image from single-molecule localiza-
tion microscopy data. While in astronomy, we enhanced
the resolution of a densely packed star cluster image. No-
tably, all DAMN reconstructions were performed without
any prior knowledge of the optical setup, data preprocess-
ing, or parameter estimation. Despite this, the obtained
results surpass the state-of-the-art methods. With suffi-
cient computation resources, even further improvements
can be achieved by incorporating more complex data sim-
ulations and larger network architectures. By taking this
first step, our work lays a foundation for universal image
reconstruction, entirely independent of optical settings,
thus contributing to the advancement of image process-
ing in various fields.

METHODS

Data Simulation

A resolution-limited image can be characterized by its
underlying optical parameters. In our case, these param-
eters include the shape and width of the point spread
function, the background noise intensity, the emitter
power representing the number of emitted photons, and
the number of emitters present within a 50×50 pixels field
of view of an image, which we term emitter concentra-
tion. Consequently, all possible resolution-limited images
form a high-dimensional space. To implement the device-
agnostic framework with a data-driven deep learning al-
gorithm, the model must observe data samples covering
the space during training. Therefore, the approach highly
benefits from using simulated data pairs, as collecting
a sufficient amount of experimentally acquired samples
would be exceptionally time-consuming. Additionally,
data simulation allows using incremental learning tech-
niques (see Deep Learning Model), which are ideal for
applications with large datasets. The following ranges of
optical parameters were used for the data simulation: the
emitter power ∈

[
1, 105

]
, the average noise ∈ [1, 100], the

emitter concentration ∈ [5, 500], and the point spread
function width ∈

[
10−0.25, 101.25

]
px ≈ [0.5, 17.75] px.

For the first time in the emitter visualization commu-
nity, data with such a broad scale of imaging parameters
have been generated and used to train an artificial neural
network.
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The generation process of a single simulated data sam-
ple follows these steps. First, we generate the emit-
ter concentration, followed by assigning each emitter its
power and pixel position in the image. Next, we perform
a convolution with the point spread function to simulate
the effects of finite resolution. Subsequently, shot noise is
added to each pixel of the image. With knowledge of the
average noise intensity and emitter power, we can calcu-
late the signal-to-noise ratio of the generated sample as
SNR = emitter power

average noise intensity . Alternatively, we can calcu-

late the peak-to-noise ratio, PNR = peak emitter intensity
average noise intensity ,

using the maximum value of the convolved emitter inten-
sity. It is worth noting that the simulation process can
be further enhanced by incorporating additional features
and parameters, such as point spread function asymme-
try and aberrations [40, 41]. For this showcase study,
we opted to simplify the simulation to reduce the com-
putational demand during training. Despite this simpli-
fication, the DAMN model achieves excellent results on
experimental data and demonstrates significant general-
ization ability beyond the expected regime, as shown in
Fig. 2 d.
To perform the convolution, we generate the convolu-

tion matrix of the point spread function using two dis-
tinct parameters - shape and width. The shape parame-
ter distinguishes between an Airy pattern A, simulating
low numerical aperture scenarios, and a two-dimensional
Gaussian pattern G, typically used for cases with higher
numerical aperture values [42]. The convolution matrix is
normalized to a unit sum to conserve the emitter power.
The pattern functions can be expressed as

A(r, σ) ∼
[
J1(

2r
σ )

r
σ

]2
,

G(r, σ) ∼ exp

(
− r2

σ2

)
,

where r is the distance from the center, and J1 is the
first-order Bessel function of the first kind. The variable
σ is the width parameter, which dictates the full width
at half maximum of the point spread function as 2σ

√
ln 2.

Deep Learning Model

The DAMN model is a deep convolutional neural net-
work comprising 35 hidden layers with 71 channels each
and a final output layer with a single channel. Informa-
tion flows through each hidden layer via trainable 7 × 7
filters that apply local convolutional operations, allowing
the network to detect localized patterns. These transfor-
mations are followed by a LeakyReLU activation function
with a 0.05 negative slope, which introduces a computa-
tionally efficient non-linearity without causing the dying
ReLU problem [43]. Since we normalize the input sam-
ples to a unit sum before processing, the output layer uti-
lizes a softmax activation function [44] to preserve this

condition and ensure non-negative values. To prevent
overfitting, each hidden layer is paired with dropout reg-
ularization at a 0.01 rate, randomly setting a fraction of
input units to zero during training [45]. This regular-
ization encourages the network to learn robust features
that do not rely on any specific neurons. As the DAMN
model consists solely of convolutional layers, it can pro-
cess images of arbitrary shapes and sizes without retrain-
ing. Additional resolution improvement is achieved by
incorporating upsampling layers into the convolutional
architecture. These layers increase the image dimension
by repeating its rows and columns. The modified model
applied in Fig. 5 and 6 contains three upsampling lay-
ers that double the input dimensions, resulting in their
eightfold increase. This architecture makes the network
highly flexible and effective for image-processing applica-
tions.

The presented model architecture results from exten-
sive optimization utilizing a mesh adaptive direct search
using the Nomad library [46], as well as numerous addi-
tional manual adjustments. Altogether, our model con-
tains over 8 million trainable parameters and was trained
incrementally on nearly 3 million simulated images, with
a 25% validation set split. Incremental learning tech-
niques gradually present the training data to the network.
These techniques involve training the model using ran-
domly generated data, which are continuously replaced
with newly generated samples throughout the training
process [33]. The level of network complexity and dataset
size is unprecedented in the field of emitter reconstruction
and localization. Nevertheless, the model remains rela-
tively modest compared to modern large language mod-
els, suggesting further potential to integrate additional
model features by increasing complexity.

The training of the DAMN model follows the back-
propagation algorithm, which computes the gradient of
the loss function with respect to each weight in the net-
work using the chain rule. We use a mean squared error
(MSE) loss, calculated between the predicted I1 and tar-
get I2 images and averaged over a batch of data samples.
Given a set of two-dimensional image pairs, we calculate
the loss as

MSE =
1

J

J∑
j=1

K∑
k=1

L∑
l=1

[I1 (j, k, l)− I2 (j, k, l)]
2
,

where J is the batch size, K and L are the image dimen-
sions, and I(j, k, l) is the intensity of the j-th image in the
batch at the pixel position (k, l). The gradients obtained
from this loss are used to iteratively update the weights
with each batch of 128 training samples. To improve con-
vergence towards the minimum loss, we implement the
Adam optimizer [47], which incorporates adaptive mo-
ment estimation. Adam updates the weights using both
the first and second moments of the gradient, making the
descent more efficient. A portion of the training data is
reserved as a validation set to actively monitor the con-
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vergence using the mean absolute error (MAE) metric

MAE =
1

J

J∑
j=1

K∑
k=1

L∑
l=1

|I1 (j, k, l)− I2 (j, k, l) |.

The metric provides an additional measure of model
performance that is, unlike a loss function, not directly
optimized during training.

Richardson-Lucy Algorithm

The Richardson-Lucy algorithm is an iterative method
used to restore an image blurred by a known point spread
function [34, 35]. This sophisticated and highly flexible
algorithm is derived from the Bayesian probability theory
with a flat prior. It maximizes the posterior probability
that the observed image results from the estimated im-
age convolved with the given point spread function. As-
suming a multinomial distribution of detection events,
the Richardson-Lucy is equivalent to the expectation-
maximization algorithm for likelihood maximization in
positive linear inverse problems [48, 49]. The quality of
the reconstructed image relies heavily on accurate knowl-
edge of the point spread function; discrepancies can lead
to artifacts and inaccurate reconstructions. Since we sim-
ulate the testing data, the Richardson-Lucy algorithm
can use the precise point spread function, making it an
excellent method for providing a state-of-the-art baseline
for evaluating the DAMN model.

In addition to the point spread function P , the iterative
algorithm requires an initial guess for the reconstruction,
I(0). A common practice is to set this guess as the ob-
served resolution-limited image Iblurred or to start with a
uniform image. We explored both approaches and chose
to set I(0) = Iblurred, as there was a negligible difference
in accuracy and computational speed. Then, an iterative
procedure updates the estimation at the k + 1 step

I(k+1) = I(k) ·
(

Iblurred
I(k) ⊛ P

⊛ P ∗
)
,

where ⊛ is convolution, and P ∗ denotes the flipped point
spread function. Both the initial guess I(0) and the point
spread function P need to be normalized to a unit sum.
We implement two stopping criteria for the algorithm:
either the mean absolute error between successive itera-
tions becomes smaller than 10−10 per pixel, or the num-
ber of iterations exceeds 106. The first criterion is typi-
cally met in the majority of cases.

Furthermore, we evaluated the computation time
required by the Richardson-Lucy algorithm. As the
time depends on the underlying optical parameters of
an image, we have simulated an extensive test dataset
containing approximately 300,000 randomly generated
samples. Using an AMD EPYC 7443P 24-core pro-
cessor, the Richardson-Lucy needs almost five days to

reconstruct this dataset. In comparison, the DAMN
model utilizing the same CPU resources reconstructs the
data in a little over two hours. Moreover, the DAMN
model with a GPU-enabled operation requires only
approximately eight minutes for the same task when
using an NVIDIA RTX A5500 GPU.

Experiment

The optical setup, which provides resolution-limited
experimental images with their corresponding target ob-
jects, consists of three segments, see Extended Data
Fig. 1. The first segment prepares the illumination of the
digital micromirror device (DMD). An incoherent broad-
band light with a central wavelength of 555 nm, produced
by a laser-induced fluorescence light source (Crytur Mon-
aLIGHT B01), is coupled to a 4 mm diameter light guide.
The emerging light is collimated by a microscope objec-
tive MOs (OLYMPUS 20x/0.4). An iris diaphragm D is
positioned proximal to the objective. This diaphragm
is re-imaged onto the DMD (Texas Instruments DLP
LightCrafter 6500) by a telescope consisting of two achro-
matic doublets, Ls1 and Ls2, with focal lengths of 50 mm
and 150 mm, respectively. The telescope improves the il-
lumination homogeneity, and re-imaging the diaphragm
reduces reflections from the passive parts of the DMD.
In the second setup segment, point-like emitters with

the targeted spatial distribution are prepared. By ad-
dressing the DMD, we impose a ground-truth mask with
each pixel comprising a 5 × 5 micromirror grid with a
7.6 µm micromirror pitch. As we address only the cen-
tral micromirror of the grid, the closest distance between
two emitting sources is 38 µm in the DMD plane, see
Extended Data Fig. 1. This mask is re-imaged into the
front focal plane of MOp by a preparation telescope con-
sisting of a 200 mm focal-length achromatic doublet Lp

and a high-resolution microscope objective MOp (OLYM-
PUS 100x/0.9). As the point-like emitters, of the approx-
imate 310 nm full width at half maximum and 340 nm
minimal distance, are created in this plane, we term it
the emitter plane.
Unlike the first two segments, which prepare the emit-

ters and provide complete control over their spatial dis-
tributions, the final segment represents an imaging setup
with optical parameters unknown to the DAMN model.
A low-resolution microscope objective MOI (OLYM-
PUS 10x/0.25) projects the emitter plane onto a CMOS
camera (ZWO-ASI 178MM, 2.4 µm square pixels) with
a mounted spectral filter (central wavelength of 532 nm
with 10 nm spectral width). The MOI resolution is ap-
proximately 1.13 µm, regarding the full width at half
maximum in the emitter plane. In comparison, the
340 nm minimal emitter distance is 3.3× below this reso-
lution limit. The emitter plane is imaged with an approx-
imate 230× magnification to match the major part of the
camera chip. The exposure time for each measurement is
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set to 5.7 seconds to utilize the majority of the 14-bit dy-
namic range of the camera while avoiding its saturation.
The captured image is down-scaled by a factor of 32 to
match the 50×50 ground-truth mask size to enable met-
ric evaluations. Using this imaging setup, we collected
the experimental dataset of resolution-limited camera im-
ages and their corresponding ground-truth masks for var-
ious emitter concentrations, see Fig. 4 a. Additionally,
we measured a high-SNR calibration set for precise esti-
mation of the point spread function, which we provided
only to the Richardson-Lucy algorithm. Besides the con-
centration ranging from 50 to 500 emitters, the optical
parameters in the collected dataset exhibit the follow-
ing estimated values: SNR = 2300, average noise inten-
sity = 10, and an Airy-shaped kernel with σ = 2.05 px,
equivalent to the 3.4 px full width at half maximum. The
Rayleigh resolution limit of our imaging system, given by
the radius R of the first dark ring in the Airy pattern, is
approximately 3.9 px, see Fig. 4 b.

DATA AVAILABILITY

The code and data supporting the results of this study
are publicly available on GitHub [50].
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Extended Data Fig. 1. A detailed visualization of the optical setup. In the illumination path, we generate an incoherent
light collimated by a microscopic objective MOs. The subsequent iris diaphragm D and two achromatic doublets, Ls1 and Ls2,
improve the illumination homogeneity and reduce undesired reflections from the passive DMD parts. In the preparation path,
the DMD-induced ground-truth mask is re-imaged by an achromatic doublet Lp and a high-resolution microscope objective
MOp, creating point-like emitters in the emitter plane. Lastly, this plane is projected by a low-resolution microscope objective
MOI onto a camera with a mounted spectral filter.


